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1. INTRODUCTION
Many applications in modern control engineering require track-
ing over extended periods of time. Examples include air-
plane, missile, and spacecraft autopilot and guidance systems;
self-driving cars; certain robots; power distribution systems;
biomedical systems such as heart pacers and aids for diabetes
patients; and many other systems encountered in modern con-
trol engineering practice. The present note explores the exis-
tence and the implementation of state-feedback controllers that
achieve optimal robust tracking for nonlinear input-affine sys-
tems. The note shows that such optimal robust controllers exist
under broad conditions. It also shows that optimal performance
can be approximated by a class of state-feedback controllers
whose implementation is undemanding.
The control configuration considered in the note is the classical
configuration of Figure 1.1, where the controlled system Σ
receives the input signal u(t) and provides its state x(t) as output.
Control is achieved by the state-feedback function ', which
generates the input signal u(t) = '(t, x(t)). The resulting closed-
loop system is Σ', and its response x(t) is often written as
Σ'(x0, t) to point out the dependence on ' and on the initial
state x0. The controlled system Σ is a nonlinear input-affine
system that is beset by modeling inaccuracies and is constrained
by control effort limitations: its input amplitude may not exceed
a specified boundK > 0, and its state amplitude may not exceed
a specified boundA > 0. The purpose of the controller is to keep
the response x(t) as close as possible to a target state xtarget atall times t ≥ 0. After possibly shifting the state coordinates of
Σ, we can take the target state to be the origin x = 0.
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Fig. 1.1. State-feedback configuration
Due to uncertainty about the model of the controlled system Σ,
it is not possible to maintain the state x(t) exactly at the target

state x = 0; some deviation is unavoidable. We use the square
of the L2-norm to quantify the deviation l from the target state
x = 0; for a specific feedback function ', this deviation is then

l(') ∶= sup
t≥0

x⊤(t)x(t). (1.1)
The infinite time horizon t ≥ 0 is an important aspect of our
study; it implies that the optimal robust state-feedback functions
' we derive also attain, in a certain sense, robust stabilization
of the controlled system Σ. The objectives can the be stated as
follows.
Problem 1.1.
(i) Characterize the infimal deviation l∗ = inf' l(') anddetermine under what conditions there are optimal robust

state-feedback functions '∗ that achieves the infimal devi-
ation

l('∗) = l∗. (1.2)
(ii) As optimal state-feedback functions may be difficult to

implement, find simple-to-implement state-feedback func-
tions that approximate optimal performance. □

We show in Section 6 that optimal robust state-feedback func-
tions '∗ that fulfill the requirements of Problem 1.1(i) exist for
nonlinear input-affine systems Σ that meet the requirement of
constrained controllability (Choi and Hammer (2019b, 2018b),
Hammer (2019c)). Constrained controllability is a certain form
of controllability: it simply requires that it be possible to drive
the nominal system to the target state, without violating control
effort constraints. Constrained controllability is close to being a
necessary condition for the existence of '∗.
Regarding Problem 1.1(ii), we show in Section 7 that optimal
performance can be approximated by bang-bang state-feedback
functions; these are piecewise-constant functions that are easy
to implement. The remaining sections of the note introduce
background material (Sections 2, 3, 4, and 5); provide an ex-
ample (Section 8); and a summary (Section 9).
The current note continues the work of Chakraborty and Ham-
mer (2007, 2008a,b,c, 2009a,b, 2010), Chakraborty and Shaik-
shavali (2009), Yu and Hammer (2016a,b), Choi and Ham-
mer (2019a, 2017c, 2018a, 2017a, 2018b, 2019b) and Ham-
mer (2019b,a,c). It draws on classical investigation in opti-
mal control, including Kelendzheridze (1961), Pontryagin et al.
(1962), Gamkrelidze (1965), Neustadt (1966, 1967), Luen-
berger (1969), Young (1969),Warga (1972), the references cited
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in these studies, and many others. It seems that the issues exam-
ined in this note – existence and implementation of nonlinear
optimal robust state-feedback controllers that achieve minimal
tracking error over the infinite horizon – have not been previ-
ously settled in the literature.

2. SYSTEM MODELS AND PROPERTIES
2.1 The system model

The system Σ of Figure 1.1 is a nonlinear input-affine system
given by

Σ ∶ ẋ(t) = a(t, x(t)) + b(t, x(t))u(t), t ≥ 0,
x(0) = x0.

(2.1)
Here, u(t) ∈ Rm is the input and x(t) ∈ Rn is the state at
time t; the initial state x0 is a member of the ball �(�) ∶=
{

x ∈ Rn ∶ |x|22 ≤ �
}, where � > 0 is given:

x0 ∈ �(�). (2.2)
The functions a ∶ R+ × Rn → Rn and b ∶ R+ × Rn → Rn×m
are continuously differentiable. Often, we denote the state x(t)
by Σ(x0, u, t) to bring forth the dependence on the initial state,
the input signal, and the time.
Remark 2.1. Note that by (1.1), Problem 1.1(i), and (2.2), the
minimal deviation satisfies l∗ ≥ �. □

As modeling uncertainties are a constant presence in practice,
we separate the functions a and b of (2.1) into sums

a(t, x) = a0(x) + a (t, x),
b(t, x) = b0(x) + b (t, x),

(2.3)
where a0 ∶ Rn → Rn and b0 ∶ Rn → Rn×m are known
nominal functions; and a ∶ R+ × Rn → Rn and b ∶ R+ ×
Rn → Rn×m are unknown functions representing uncertainties
and noise. The nominal system

Σ0 ∶
ẋ(t) = a0(x(t)) + b0(x(t))u(t), t ≥ 0,
x(0) = x0,

(2.4)
is time-invariant; yet, as a and b may be time dependent, the
actual system Σ is time-varying. It is convenient to set a0(0) = 0to simplify some expressions; this has no impact on the nature
of the results.
Adopting standard notation, let |r| be the absolute value of a real
number r. The L∞-norm of a matrix V = (Vij) ∈ Rn×m is then
|V | ∶= maxij |Vij|; the L∞-norm (also called the amplitude)
of a matrix-valued function W ∶ R+ → Rn×m ∶ t ↦ W (t) is
|W |∞ ∶= supt≥0 |W (t)|. The L2-norm of a vector x ∈ Rn is
|x|2 =

(

x⊤x
)1∕2.

The controllers we developmust respect restrictions on themax-
imal control effort in which the controlled systemΣmay engage.
In this regard, we respect the following amplitude bounds on the
input u and the state x of the controlled system Σ:

|u|∞ ≤ K, (2.5)
|x|∞ ≤ A. (2.6)

To respect the bounds, the domain �(�) of the initial state
satisfies√� < A.
Remark 2.2. Using the fact that the functions a0, b0, a , and bare continuously differentiable, it follows by the mean value
theorem (e.g., Hubbard and Hubbard (2006)) that, for any states
x, x′ ∈ [−2A, 2A]n, the following Lipschitz conditions are
valid:

|a0(x) − a0(x′)| ≤ �|x − x′|, a0(0) = 0,
|b0(x) − b0(x′)| ≤ �|x − x′|, |b0(0)| ≤ �,

|a (t, x) − a (t, x′)| ≤ |x − x′|, |a (0)| ≤ ,
|b (t, x) − b (t, x′)| ≤ |x − x′|, |b (0)| ≤ ,

(2.7)

where �,  > 0 are specified; we assume that  , called the
uncertainty parameter, is a constant. □
Notation 2.3. The class of systems descried by (2.1), (2.3), and
(2.7) and associated with the bounds K,A, �,  > 0 is denoted
by  (Σ0). The following apply.
(i) Input amplitude cannot exceed K .
(ii) State amplitude cannot exceed A.
(iii) All members of  (Σ0) share the initial state x0 ∈ �(�).
(iv) All members of  (Σ0) share the state-feedback function

'. □

The family  (Σ0) represents uncertainty about the controlled
system Σ of Figure 1.1. Therefore, the state-feedback function
' cannot be adjusted individually to each member of  (Σ0);hence item (iv) of Notation 2.3.
2.2 The basic framework

Employing the framework of Chakraborty and Hammer (2009b,
2010), denote byL#,m2 the Hilbert space of Lebesguemeasurable
functions v,w ∶ R+ → Rm with the inner product

⟨v,w⟩ ∶= ∫

∞

0
e−#sv⊤(s)w(s)ds,

where # > 0. This inner product is bounded for all bounded v
and w. By (2.5), the class of input signals of Σ is then

U (K) ∶=
{

u ∈ L#,m2 ∶ |u|∞ ≤ K
}

. (2.8)
Similarly, by (2.6), the class of responses of Σ is included in

X(A) ∶=
{

x ∈ L#,n2 ∶ |x|∞ ≤ A
}

.

Weuse a few concepts frommathematical analysis (e.g.,Willard
(2004), Zeidler (1985)).
Definition 2.4. In a Hilbert spaceH with inner product ⟨⋅, ⋅⟩:
(i) A sequence {vi

}∞
i=1 ⊆ H converges weakly to a member

v ∈ H if limi→∞ ⟨vi, y⟩ = ⟨v, y⟩ for every y ∈ H .
(ii) A subset W of H is weakly compact if every sequence in

W has a subsequence that converges weakly to a member
ofW . □

We need the following statement taken from Chakraborty and
Hammer (2009b, 2010).
Lemma 2.5. The set U (K) of (2.8) is weakly compact in the
topology of the Hilbert space L#,m2 . □

For an initial state x0 ∈ �(�) and a time � > 0, let
U (x0, K, A, , �) be the set of input signals for which the re-
sponse of every member of  (Σ0) is bounded by A during the
time [0, �], i.e.,
U (x0, K, A, , �)

∶=
{

u ∈ U (K) ∶
|

|

Σ(x0, u, t)|| ≤ A for all Σ ∈  (Σ0)and for all t ∈ [0, �].
}

(2.9)
Based on the fact that √� < A, it can be shown that, for some
� > 0, this class of input signals is not empty (see Hammer
(2019c) for details):



Lemma 2.6. Assume that √� < A. Then, for every initial
state x0 ∈ �(�), there is a time � > 0 such that U (K) =
U (x0, K, A, , �). □

2.3 State feedback

A state-feedback function for a system Σ ∈  (Σ0) is a
Lebesgue measurable function ' ∶ R+×Rn → Rm. Employing
the framework of Hammer (2019b,a), let L#,n,m2 be the Hilbert
space of measurable functions v,w ∶ R+ × Rn → Rm with the
inner product

⟨⟨v,w⟩⟩ ∶= ∫R+×Rn
e−#(s+|z|2)v⊤(s, z)w(s, z)d(s, z),

where # > 0. This inner product is bounded for bounded v and
w.
As the feedback function generates the input of the controlled
system Σ in Figure (1.1), it must be bounded by K . Thus,
feedback functions can come only from the family
Φ(K)

∶=
{

' ∈ L#,n,m2 ∶ |'(t, x)| ≤ K for all (t, x) ∈ R+ × Rn
}

.

The following fact is taken from Hammer (2019b,a).
Lemma 2.7. The set of state-feedback functionsΦ(K) is weakly
compact in the topology of the Hilbert space L#,n,m2 . □

When a state-feedback function ' is applied to a system Σ ∈
 (Σ0), we obtain the system Σ' of Figure 1.1; it is described
by

Σ' ∶
ẋ'(t) = a(t, x'(t)) + b(t, x'(t))'(t, x'(t)),
x'(0) = x0.

We use Σ'(x0, t) to refer to x'(t).
2.4 Admissible feedback functions

Denote by Φ(x0, K, A,Σ, �) the family of state-feedback func-
tions that keep the closed-loop response bounded by A during
the time [0, �] for the system Σ, namely,

Φ(x0, K, A,Σ, �)
=
{

' ∈ Φ(K) ∶ |Σ'(x0, t)| ≤ A for all t ∈ [0, �]} .
Feedback functions that keep the closed-loop response bounded
by A at all times t ≥ 0 are members of the family

Φ(x0, K, A,Σ) =
{

' ∈ Φ(K) ∶ sup
t≥0

|Σ'(x0, t)| ≤ A
}

.

As the family  (Σ0) describes uncertainty, it is not possible toadjust the feedback function separately to each member Σ ∈
 (Σ0). Thus, we can use only feedback functions that keep
the response bounded by A for (almost) all members, namely,
feedback functions of the family

Φ(x0, K, A, ) =
{

' ∈ Φ(K) ∶ ess sup
Σ∈ (Σ0), t≥0

|Σ'(x0, t)| ≤ A
}

.

To encompass every initial condition x0 ∈ �(�), we must
confine to the family of feedback functions

Φ(�,K,A, )

=
{

' ∈ Φ(K) ∶ ess sup
Σ∈ (Σ0), x0∈�(�), t≥0

|Σ'(x0, t)| ≤ A
}

.

(2.10)

If we are interested only in a finite interval of time [0, �], � > 0,
then the corresponding class of feedback functions is
Φ(�,K,A, , �)

=
{

' ∈ Φ(K) ∶ ess sup
Σ∈ (Σ0), x0∈�(�), t∈[0,�]

|Σ'(x0, t)| ≤ A
}

.

In Section 4, we show thatΦ(�,K,A, ) andΦ(�,K,A, , �) are
not empty, if the nominal system Σ0 has a certain controllabilityproperty.
Now, feedback functions in Φ(K) create input signals in U (K),
and, conversely, an input signal u ∈ U (K) is produced by a
'pseudo' feedback function '(t, x) = u(t) ∈ Φ(K). On this
account, we obtain the following consequence of Lemma 2.6,
which shows that Φ(�,K,A, , �) is not always empty.
Lemma 2.8. Assume that√� < A. Then, there is a time � > 0
such that Φ(K) = Φ(�,K,A, , �). □

3. FORMAL PROBLEM STATEMENT
Referring to Figure 1.1, recall that our intent is to find a state-
feedback function that minimizes the deviation l = x⊤x of
the closed-loop system over all times t ≥ 0. Recall also that,
by construction, only feedback functions belonging to the fam-
ily Φ(�,K,A, ) of (2.10) can be used. For a function ' ∈
Φ(�,K,A, ), the supremal deviation is

l(�,K,A, , ') = ess sup
Σ∈ (Σ0), x0∈�(�), t≥0

|

|

|

Σ'(x0, t)
|

|

|

2

2
. (3.1)

When Φ(�,K,A, ) ≠ ∅, the potentially minimal deviation
over all permissible state-feedback functions is

l∗(�,K,A, ) = inf
'∈Φ(�,K,A,)

l(�,K,A, , '). (3.2)
The question we are facing is: under what conditions is there an
optimal robust state-feedback function '∗ ∈ Φ(�,K,A, ) that
achieves this infimum:

l(�,K,A, , '∗) = l∗(�,K,A, ). (3.3)
In these terms, Problem 1.1 can be restated as follows.
Problem 3.1. Refer to (3.2) and (3.3).
(i) Under what conditions is there an optimal robust state-

feedback function '∗?
(ii) Are there simple-to-implement state-feedback functions

that approximate optimal performance? □

Answers to the questions of Problem 3.1(i) and (ii) are provided,
respectively, in Sections 6 and 7 below. We show that the exis-
tence of '∗ is guaranteed by a certain controllability require-
ment on the nominal controlled system Σ0, while bang-bang
state-feedback functions (Hammer (2019b,a) provide effective
and easy to implement approximations of optimal performance.

4. CONSTRAINED CONTROLLABILITY
The existence of optimal robust state-feedback functions de-
pends on the following variant of the notion of constrained
controllability (Choi and Hammer (2017b), Choi and Hammer
(2019b, 2018b), Hammer (2019c).
Definition 4.1. The system Σ is (K,A, �)-controllable if there
are times �2 > �1 > 0 and a positive number �′ < � for
which the following holds: for every state x ∈ �(�), there is
a time tx ∈ [�1, �2] and an input signal ux ∈ U (K) such that
Σ(x, ux, tx) ∈ �(�′), and ||Σ(x, ux, t)|| ≤ A for all t ∈ [0, tx]. □

We show later that (K,A, �)-controllability guarantees the ex-
istence of optimal robust state-feedback functions '∗ that fulfill



the requirements of Problem 3.1(i). A slight reflection shows
that, when omitting the contractive requirement �′ < �, the
remaining parts of Definition 4.1 are, in fact, necessary condi-
tions for the existence of '∗. Thus, (K,A, �)-controllability is
a tight sufficient condition for the existence of optimal robust
state-feedback functions '∗.
4.1 Model uncertainty

Recall that the family  (Σ0) describes modeling uncertainty
of the controlled system Σ of Figure 1.1. The next statement,
which is taken from Choi and Hammer (2017b), shows that
the entire family  (Σ0) is (K,A, �)-controllable, if so is the
nominal system Σ0 (as long as the uncertainty parameter  is
not too large).
Proposition 4.2. Let the nominal system Σ0 be (K,A0, �)-
controllable and assume that√� < A0. Then, for everyA > A0,there is an uncertainty parameter  > 0 for which all members
of the family  (Σ0) are (K,A, �)-controllable. □

The next statement states that, in case the nominal system
Σ0 is (K,A, �)-controllable, the class of permissible feedback
functions Φ(�,K,A, ) is not empty.
Proposition 4.3. Assume that √� < A and that the nominal
system Σ0 is (K,A, �)-controllable. Then, there are an uncer-
tainty parameter  > 0 and a bound A′ > A for which
Φ(�,K,A′, ) is not empty.
Proof (sketch). Let x0 ∈ �(�) be an initial state. The definition
of (K,A, �)-controllability implies the existence of an input
ux0 ∈ U (K), t1 ∈ [�1, �2], and an number �′ ∈ (0, �) such
that x(t1) ∈ �(�′) and |Σ0(x0, ux0 , t)| ≤ A for all t ∈ [0, t1].
As �(�′) ⊂ �(�), the same argument implies the existence of
ux(t1) ∈ U (K) and t2 ∈ [t1 + �1, t1 + �2], t2 ≥ t1 + �1 ≥ 2�1,
satisfying x(t2) ∈ �(�′) and |Σ0(x(t1), ux(t1), t)| ≤ A for all
t ∈ [t1, t2]. Using the time-invariance of Σ0, we can continue
in this way for every integer k ≥ 2 to obtain an input signal
ux(tk−1) ∈ U (K) and a time tk ≥ k�1 satisfying x(tk) ∈ �(�′)
and |Σ0(x(tk−1), ux(tk−1), t)| ≤ A for all t ∈ [tk−1, tk]. Setting
t0 ∶= 0, we obtain a state-feedback function

'(t, x(t)) ∶= ux(tk−1)(t), t ∈ [tk−1, tk), k = 1, 2,… (4.1)
This state feedback functions keeps the nominal system bounded
byA at all times. It can then be shown that, for every " > 0, there
is an uncertainty parameter  > 0 such that ' ∈ Φ(�,K,A′, )
for A′ = A + " (see Hammer (2019c) for details). □
We list now two properties of the set of inputs U (x0, K, A, , �)of (2.9). These properties relate to continuity and compactness;
they are critical to proving the existence of optimal robust state-
feedback functions.
Theorem 4.4. (i) Let x0 ∈ �(�) and � > 0, and assume that
the sequence of inputs {ui

}∞
i=1 ⊆ U (x0, K, A, , �) convergesweakly to the input u. Then, for any system Σ ∈  (Σ0),

the sequence {Σ(x0, ui, t)
}∞
i=1 converges to Σ(x0, u, t) uniformly

over [0, �].
(ii) U (x0, K, A, , �) is a weakly compact set.
Proof (sketch). Considering Remark 2.2, Part (i) was proved
in Yu and Hammer (2016a). Regarding Part (ii), it follows by
Lemma 2.5 that u ∈ U (K). By Part (i),

lim
j→∞

Σ(x0, ui, t) = Σ(x0, u, t) for all t ∈ [0, �]. (4.2)
As Σ(x0, ui, t) ∈ [−A,A]n for all i = 1, 2,…, it follows by the
compactness of [−A,A]n that Σ(x0, u, t) ∈ [−A,A]n as well, so

that u ∈ U (x0, K, A, , �). Hence, U (x0, K, A, , �) is weaklycompact. □

5. STATE-FEEDBACK AS A PRECOMPENSATOR
It is generally recognized that, from an input/output perspective,
feedback controllers can be represented as precompensators
(e.g., Hammer (1984, 1986)). Needless to say, feedback has
many advantages over precompensation: if properly designed,
feedback can lessen the impact of modeling uncertainties and
disturbances, and it can stabilize unstable systems. Nonetheless,
representing feedback controllers as precompensators is some-
times instrumental in simplifying mathematical expressions.
5.1 External input and precompensation

Figure 5.1 describes a feedback configuration with an external
input signal w(t). The controlled system is Σ ∈  (Σ0) and the
additive state-feedback function is 'i; the closed-loop system is
marked by Σ(+)'i .
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'i
<latexit sha1_base64="n/SMmgw3vFD1XBm3yQZUGFu5wJA=">AAACL3icZZDLTsJAFIZPwQvWG+jSTSMhYUVaN25J3LjERC4JEDIdpjBhOtPMTBHSEJ/CrfoKPo1xY9z6Fk4LCwsnmeTP9585Oef3I0aVdt0vq1Dc2z84LB3ZxyenZ+flykVHiVhi0saCCdnzkSKMctLWVDPSiyRBoc9I15/dpX53TqSigj/qZUSGIZpwGlCMtEH9wRzJaEpHCV2NylW34Wbl7ApvI6rNYu35HQBao4p1NhgLHIeEa8yQUn3PjfQwQVJTzMjKHsSKRAjP0IQkIdJTqQKVo30jOQqJGibZJSunZsjYCYQ0j2sno7k5KFRqGfqmM52otr0Upt6Wk+JIh4v8Tpw86UX2w67955RHsSYcr9cJYuZo4aThOWMqCdZsaQTCkpo7HTxFEmFtIrZNgt52Xruic9PwjH4wUdZhXSW4gmuogwe30IR7aEEbMAh4gVd4sz6sT+vb+lm3FqzNn0vIlfX7B6+5q5c=</latexit><latexit sha1_base64="uFz1lx7rdm472dfGbscMEjtCK90=">AAACL3icZZDNTgIxFIVb8AdHRdClm0ZCworMuHFL4sYlJvKTACGd0oGGTmfSdhAyIW58BRduND6CG1/FuDFufQs7AwsHbtLk5Du3N/ceN+RMadv+grn8zu7efuHAOjw6Lp6UyqdtFUSS0BYJeCC7LlaUM0FbmmlOu6Gk2Hc57bjT68TvzKhULBB3ehHSgY/HgnmMYG1Qrz/DMpywYcyWw1LFrttpoW3hrEWlka8+fDw/vjWHZVjsjwIS+VRowrFSPccO9SDGUjPC6dLqR4qGmEzxmMY+1hOpPJWhPSMF9qkaxOklS1Q1ZIS8QJonNEppZg72lVr4rulMJqpNL4GJt+EkONT+PLuToPd6nv6wqv85E2GkqSCrdbyIIx2gJDw0YpISzRdGYCKZuRORCZaYaBOxZRJ0NvPaFu3LumP0rYmyBlZVAOfgAtSAA65AA9yAJmgBAgLwBF7AK3yHn/Ab/qxac3D95wxkCv7+AZDGrWs=</latexit><latexit sha1_base64="uFz1lx7rdm472dfGbscMEjtCK90=">AAACL3icZZDNTgIxFIVb8AdHRdClm0ZCworMuHFL4sYlJvKTACGd0oGGTmfSdhAyIW58BRduND6CG1/FuDFufQs7AwsHbtLk5Du3N/ceN+RMadv+grn8zu7efuHAOjw6Lp6UyqdtFUSS0BYJeCC7LlaUM0FbmmlOu6Gk2Hc57bjT68TvzKhULBB3ehHSgY/HgnmMYG1Qrz/DMpywYcyWw1LFrttpoW3hrEWlka8+fDw/vjWHZVjsjwIS+VRowrFSPccO9SDGUjPC6dLqR4qGmEzxmMY+1hOpPJWhPSMF9qkaxOklS1Q1ZIS8QJonNEppZg72lVr4rulMJqpNL4GJt+EkONT+PLuToPd6nv6wqv85E2GkqSCrdbyIIx2gJDw0YpISzRdGYCKZuRORCZaYaBOxZRJ0NvPaFu3LumP0rYmyBlZVAOfgAtSAA65AA9yAJmgBAgLwBF7AK3yHn/Ab/qxac3D95wxkCv7+AZDGrWs=</latexit><latexit sha1_base64="pGetNhBGh+bL8ynU+M0zY/dyrLA=">AAACL3icZZDNTgIxFIVb/MNREXTpppGQsCIzbtySuHGJifwkQEindKCh02naDkImPIZbfQafxrgxbn0LO8MsHLhJk5Pv3N7ce3zJmTau+wVLB4dHxyflU+fs/KJyWa1d9XQUK0K7JOKRGvhYU84E7RpmOB1IRXHoc9r3Fw+p319SpVkkns1a0nGIZ4IFjGBj0XC0xErO2SRhm0m17rbcrNC+8HJRB3l1JjVYGU0jEodUGMKx1kPPlWacYGUY4XTjjGJNJSYLPKNJiM1c6UAX6NBKgUOqx0l2yQY1LJmiIFL2CYMyWpiDQ63XoW8704l610th6u04KZYmXBV3EvTFrLIfTuM/Z0LGhgqyXSeIOTIRSsNDU6YoMXxtBSaK2TsRmWOFibEROzZBbzevfdG7a3lWP7n1djPPsgxuwC1oAg/cgzZ4BB3QBQRE4BW8gXf4AT/hN/zZtpZg/ucaFAr+/gFDNqoQ</latexit>

+
<latexit sha1_base64="lzqKj6Q1s/AxBE2kjquaqOL7Fco=">AAACJXicZZDPSwJBFMff2i/byrSOXZZEEALZ7dIxoUtHhfwBKjI7PnVwdnaZmS1FhO5d62/o1J/SLYJO/QtdujerHlIfDHz5fN97vPn6EWdKu+6Xldra3tndS+/bB4dHmeNs7qSuwlhSrNGQh7LpE4WcCaxppjk2I4kk8Dk2/NFN4jfuUSoWijs9ibATkIFgfUaJNqh60c3m3ZI7L2dTeEuRv/75fXsEgEo3Z2XavZDGAQpNOVGq5bmR7kyJ1IxynNntWGFE6IgMcBoQPZSqr1Zoy0hBAlSd6fz+mVMwpOf0Q2me0M6cruwhgVKTwDedyUa17iUw8dacBEc6GK/eJPBBj+cTduE/ZyKKNQq6OKcfc0eHThKZ02MSqeYTIwiVzPzToUMiCdUmWNsk6K3ntSnqlyXP6KqbLxdhUWk4g3MoggdXUIZbqEANKCA8wTO8WK/Wu/VhfS5aU9Zy5hRWyvr+AyJ3qII=</latexit><latexit sha1_base64="pfBlhXsMo7iz1VWVaKlADBTl9yE=">AAACJXicZZC9SgNBFIVn/Y2rxiSWNoshEBDCro2lARvLBMwPJCHMTu4mQ2Znl5lZTQh5Alu1ttLKR7ETwcpXsLF3dpPCTS4MHL5z7+XOcUNGpbLtL2Njc2t7ZzezZ+4fHGaPcvlCUwaRINAgAQtE28USGOXQUFQxaIcCsO8yaLnjq9hv3YKQNOA3ahpCz8dDTj1KsNKoftbPFe2KnZS1LpylKF7+/L49vTwXav28ke0OAhL5wBVhWMqOY4eqN8NCUcJgbnYjCSEmYzyEmY/VSEhPpmhHS459kL1Zcv/cKmkysLxA6MeVldDUHuxLOfVd3RlvlKteDGNvxYlxqPxJ+iYOd2qSTJil/5zyMFLAyeIcL2KWCqw4MmtABRDFplpgIqj+p0VGWGCidLCmTtBZzWtdNM8rjtZ1u1gto0Vl0Ak6RWXkoAtURdeohhqIIED36AE9Gq/Gu/FhfC5aN4zlzDFKlfH9B2N/qfA=</latexit><latexit sha1_base64="pfBlhXsMo7iz1VWVaKlADBTl9yE=">AAACJXicZZC9SgNBFIVn/Y2rxiSWNoshEBDCro2lARvLBMwPJCHMTu4mQ2Znl5lZTQh5Alu1ttLKR7ETwcpXsLF3dpPCTS4MHL5z7+XOcUNGpbLtL2Njc2t7ZzezZ+4fHGaPcvlCUwaRINAgAQtE28USGOXQUFQxaIcCsO8yaLnjq9hv3YKQNOA3ahpCz8dDTj1KsNKoftbPFe2KnZS1LpylKF7+/L49vTwXav28ke0OAhL5wBVhWMqOY4eqN8NCUcJgbnYjCSEmYzyEmY/VSEhPpmhHS459kL1Zcv/cKmkysLxA6MeVldDUHuxLOfVd3RlvlKteDGNvxYlxqPxJ+iYOd2qSTJil/5zyMFLAyeIcL2KWCqw4MmtABRDFplpgIqj+p0VGWGCidLCmTtBZzWtdNM8rjtZ1u1gto0Vl0Ak6RWXkoAtURdeohhqIIED36AE9Gq/Gu/FhfC5aN4zlzDFKlfH9B2N/qfA=</latexit><latexit sha1_base64="pbym9gs6w5NFLO9QnVgqmPkn+sM=">AAACJXicZZDNSgMxFIUTf+uotdWlm8FSKAhlxo3bghuXLdgfaEvJpHfa0CQzJBltKX0Ct/oMPo07EVz5KmamXTjthcDhO/debk4Qc6aN5/3gvf2Dw6PjwolzenZevCiVLzs6ShSFNo14pHoB0cCZhLZhhkMvVkBEwKEbzB5Sv/sMSrNIPplFDENBJpKFjBJjUet2VKp4dS8rd1f4G1FBm2qOyrg4GEc0ESAN5UTrvu/FZrgkyjDKYeUMEg0xoTMygaUgZqp0qHO0b6UkAvRwmd2/cquWjN0wUvZJ42Y0t4cIrRcisJ3pRr3tpTD1tpwUx0bM8zdJeDHzbMKp/udMxokBSdfnhAl3TeSmkbljpoAavrCCUMXsP106JYpQY4N1bIL+dl67onNX961ueZVGbZNlAV2jG1RDPrpHDfSImqiNKAL0it7QO/7An/gLf69b9/Bm5grlCv/+AdyVpTE=</latexit>

'i(t,xi(t))
<latexit sha1_base64="h5KfIW7y/PBQGIWBQpvhMZ2G5lY=">AAACO3icZZA9SwNBEIbn/IzxK1GsbA5DIAGROxvbgI1lBPMBSTj2Nptkyd7esTsXE4/8GFv9DYK/QrC2E1t795IUJhlYeHne2WHm9SPBNTrOp7WxubW9s5vZy+4fHB4d5/IndR3GirIaDUWomj7RTHDJashRsGakGAl8wRr+8Db1GyOmNA/lA04i1glIX/IepwQN8nJn7RFR0YB7CZ+W8HLs8RKWy16u4Fw5s7LXhbsQhUrm6eMdAKpe3jpqd0MaB0wiFUTrlutE2EmIQk4Fm2bbsWYRoUPSZ0lAcKB0Ty/RlpGSBEx3ktlVU7toSNfuhco8ifaMLs0hgdaTwDed6US96qUw9VacFEcYjJd3kuwRx7Mf2eJ/zmUUI5N0vk4vFjaGdhqk3eWKURQTIwhV3Nxp0wFRhKKJO2sSdFfzWhf16yvX6HsTZQnmlYFzuIASuHADFbiDKtSAQgLP8AKv1pv1ZX1bP/PWDWvx5xSWyvr9A145r/M=</latexit><latexit sha1_base64="cYtS0ITi4uhsEZHTSYJJIhGTOqI="></latexit><latexit sha1_base64="cYtS0ITi4uhsEZHTSYJJIhGTOqI="></latexit><latexit sha1_base64="6uS7g/6B5PBPq0SWxY37EU6s618=">AAACO3icZZDNTsJAFIWn+IeoCBpXbhoJSUkMad24JXHjEhP5SYA002EKE6bTZuYWIQ0P41afwQdx7c64de+0sLBwk0lOvnPn5t7jRZwpsO1Po7C3f3B4VDwunZyelc8r1YuuCmNJaIeEPJR9DyvKmaAdYMBpP5IUBx6nPW/2kPq9OZWKheIZlhEdBXgimM8IBo3cytVwjmU0ZW7CVhbcLlxmQaPhVmp2087K3BXORtTQptpu1SgPxyGJAyqAcKzUwLEjGCVYAiOcrkrDWNEIkxme0CTAMJXKVzk60FLggKpRkl21MuuajE0/lPoJMDOam4MDpZaBpzvTiWrbS2HqbTkpjiBY5HcS9AUW2Y9S/T9nIoqBCrJex4+5CaGZBmmOmaQE+FILTCTTd5pkiiUmoOMu6QSd7bx2Rfeu6Wj9ZNda1ibLIrpGN8hCDrpHLfSI2qiDCErQK3pD78aH8WV8Gz/r1oKx+XOJcmX8/gGl462b</latexit>

xi(t)
<latexit sha1_base64="w9M4wmrOxD6cNltVoOfGedvUXbI=">AAACKnicZZDPTsJAEMan+A+rIujRSyMhwQtpvXgl8eIRE/mTACHbZQsr222zO1WQ8A5e9Rl8CJ/Bgwnx6oO4BQ4Ck2zy5ffNTmY+PxZco+vOrczO7t7+QfbQPjo+yZ3mC2cNHSWKsjqNRKRaPtFMcMnqyFGwVqwYCX3Bmv7oNvWbT0xpHskHnMSsG5KB5AGnBA1qjHu8jFe9fNGtuItytoW3EsVq9uX7EwBqvYKV6/QjmoRMIhVE67bnxtidEoWcCjazO4lmMaEjMmDTkOBQ6UCv0baRkoRMd6eLI2ZOyZC+E0TKPInOgq7NIaHWk9A3nelEvemlMPU2nBTHGI7Xd5LsGceLH3bpP+cyTpBJulwnSISDkZPm5vS5YhTFxAhCFTd3OnRIFKFo0rVNgt5mXtuicV3xjL43UZZhWVm4gEsogwc3UIU7qEEdKDzCK7zBu/VhfVlz62fZmrFWf85hrazfP5QNqZU=</latexit><latexit sha1_base64="MhPm8FcQG4rgiL66OPwnJML3f3o=">AAACKnicZZDNTgIxFIU7+AeoCLp0M5GQ4IbMuHFL4sYlRvlJgJBO6UCl7UzaOwoS3sGtPoNv4s6FCXHrg9gZWDhwkyYn37m9ufd4IWcaHGdpZXZ29/YPsrn84dFx4aRYOm3pIFKENknAA9XxsKacSdoEBpx2QkWx8Dhte5Ob2G8/UaVZIB9gFtK+wCPJfEYwGNSaDlgVLgfFslNzkrK3hbsW5Xr25fvzvpFrDEpWoTcMSCSoBMKx1l3XCaE/xwoY4XSR70WahphM8IjOBYax0r5O0a6REguq+/PkiIVdMWRo+4EyT4Kd0NQcLLSeCc90xhP1phfD2NtwYhyCmKZ3kvQZpsmPfOU/ZzKMgEqyWsePuA2BHedmD5miBPjMCEwUM3faZIwVJmDSzZsE3c28tkXrquYafWeirKJVZdE5ukBV5KJrVEe3qIGaiKBH9Ire0Lv1YX1ZS+tn1Zqx1n/OUKqs3z+0kapM</latexit><latexit sha1_base64="MhPm8FcQG4rgiL66OPwnJML3f3o=">AAACKnicZZDNTgIxFIU7+AeoCLp0M5GQ4IbMuHFL4sYlRvlJgJBO6UCl7UzaOwoS3sGtPoNv4s6FCXHrg9gZWDhwkyYn37m9ufd4IWcaHGdpZXZ29/YPsrn84dFx4aRYOm3pIFKENknAA9XxsKacSdoEBpx2QkWx8Dhte5Ob2G8/UaVZIB9gFtK+wCPJfEYwGNSaDlgVLgfFslNzkrK3hbsW5Xr25fvzvpFrDEpWoTcMSCSoBMKx1l3XCaE/xwoY4XSR70WahphM8IjOBYax0r5O0a6REguq+/PkiIVdMWRo+4EyT4Kd0NQcLLSeCc90xhP1phfD2NtwYhyCmKZ3kvQZpsmPfOU/ZzKMgEqyWsePuA2BHedmD5miBPjMCEwUM3faZIwVJmDSzZsE3c28tkXrquYafWeirKJVZdE5ukBV5KJrVEe3qIGaiKBH9Ire0Lv1YX1ZS+tn1Zqx1n/OUKqs3z+0kapM</latexit><latexit sha1_base64="KWc9VurkuMt/KEqhOK2MybXIuuA=">AAACKnicZZDNTgIxFIVb/MNREXTpZiIhwQ2ZceOWxI1LTOQnEUI6pQOVtjNp7yiE8A5u9Rl8GnfErQ9iZ2DhwE2anHzn9ubeE8SCG/C8FS7s7R8cHhWPnZPTs9J5uXLRMVGiKWvTSES6FxDDBFesDRwE68WaERkI1g2m96nffWXa8Eg9wTxmA0nGioecErCoMxvyOtwMy1Wv4WXl7gp/I6poU61hBZf6o4gmkimgghjz7HsxDBZEA6eCLZ1+YlhM6JSM2UISmGgTmhx9tlIRycxgkR2xdGuWjNww0vYpcDOam0OkMXMZ2M50otn2Uph6W06KY5Cz/E6KvcEs++HU/nOu4gSYout1wkS4ELlpbu6Ia0ZBzK0gVHN7p0snRBMKNl3HJuhv57UrOrcN3+pHr9qsb7Isoit0jerIR3eoiR5QC7URRS/oHX2gT/yFv/EK/6xbC3jz5xLlCv/+Adu3pz0=</latexit>

zi(t)
<latexit sha1_base64="EC/wW2EPLPZggWy0/QE+/UroSm4=">AAACKnicZZBLTgJBEIZrfCIqgi7dTCQkuCEzbtySuHGJiTwSIKSn6YGWnp5Jd43yCHdwq2fwEJ7BhQlx60HsARYOVNLJn++vrlT9XiS4RsdZWDu7e/sHh5mj7PHJae4sXzhv6DBWlNVpKELV8ohmgktWR46CtSLFSOAJ1vRGd4nffGZK81A+4iRi3YAMJPc5JWhQY9rjZbzu5YtOxVmWvS3ctShWM9PvTwCo9QpWrtMPaRwwiVQQrduuE2F3RhRyKtg824k1iwgdkQGbBQSHSvs6RdtGShIw3Z0tj5jbJUP6th8q8yTaS5qaQwKtJ4FnOpOJetNLYOJtOAmOMBind5LsBcfLH9nSf85lFCOTdLWOHwsbQzvJze5zxSiKiRGEKm7utOmQKELRpJs1CbqbeW2Lxk3FNfrBRFmGVWXgEq6gDC7cQhXuoQZ1oPAEr/AG79aH9WUtrJ9V6461/nMBqbJ+/wCXmamX</latexit><latexit sha1_base64="0E7c6WGba9iv8nXkTu1sKxWi15g=">AAACKnicZZDLTgIxFIY7XgEVQZduJhIS3JAZN25J3LjEKJcECOmUDlTazqQ9o1zCO7jVZ/BN3LkwIW59EDsDCwdO0uTP95+enPN7IWcaHGdp7ezu7R8cZrK5o+OT/GmheNbUQaQIbZCAB6rtYU05k7QBDDhth4pi4XHa8sa3sd96pkqzQD7CNKQ9gYeS+YxgMKg567MKXPULJafqJGVvC3ctSrXM7PvzoZ6t94tWvjsISCSoBMKx1h3XCaE3xwoY4XSR60aahpiM8ZDOBYaR0r5O0Y6REguqe/PkiIVdNmRg+4EyT4Kd0NQcLLSeCs90xhP1phfD2NtwYhyCmKR3kvQFJsmPXPk/ZzKMgEqyWsePuA2BHedmD5iiBPjUCEwUM3faZIQVJmDSzZkE3c28tkXzuuoafW+irKBVZdAFukQV5KIbVEN3qI4aiKAn9Ire0Lv1YX1ZS+tn1bpjrf+co1RZv3+4HapO</latexit><latexit sha1_base64="0E7c6WGba9iv8nXkTu1sKxWi15g=">AAACKnicZZDLTgIxFIY7XgEVQZduJhIS3JAZN25J3LjEKJcECOmUDlTazqQ9o1zCO7jVZ/BN3LkwIW59EDsDCwdO0uTP95+enPN7IWcaHGdp7ezu7R8cZrK5o+OT/GmheNbUQaQIbZCAB6rtYU05k7QBDDhth4pi4XHa8sa3sd96pkqzQD7CNKQ9gYeS+YxgMKg567MKXPULJafqJGVvC3ctSrXM7PvzoZ6t94tWvjsISCSoBMKx1h3XCaE3xwoY4XSR60aahpiM8ZDOBYaR0r5O0Y6REguqe/PkiIVdNmRg+4EyT4Kd0NQcLLSeCs90xhP1phfD2NtwYhyCmKR3kvQFJsmPXPk/ZzKMgEqyWsePuA2BHedmD5iiBPjUCEwUM3faZIQVJmDSzZkE3c28tkXzuuoafW+irKBVZdAFukQV5KIbVEN3qI4aiKAn9Ire0Lv1YX1ZS+tn1bpjrf+co1RZv3+4HapO</latexit><latexit sha1_base64="df1TZYwyFj8VtQGLykEaCQLLwGE=">AAACKnicZZDNTsJAFIWn+IdVEXTpppGQ4Ia0btySuHGJifwkQMh0mMLIzLSZuVWQ8A5u9Rl8GnfErQ/itHRh4SaTnHznzs29x4840+C6a6uwt39weFQ8tk9Oz0rn5cpFR4exIrRNQh6qno815UzSNjDgtBcpioXPadef3Sd+94UqzUL5BIuIDgWeSBYwgsGgztuI1eFmVK66DTctZ1d4maiirFqjilUajEMSCyqBcKx133MjGC6xAkY4XdmDWNMIkxme0KXAMFU60DnaN1JiQfVwmR6xcmqGjJ0gVOZJcFKam4OF1gvhm85kot72Eph4W06CIxDz/E6SvsI8/WHX/nMmoxioJJt1gpg7EDpJbs6YKUqAL4zARDFzp0OmWGECJl3bJOht57UrOrcNz+hHt9qsZ1kW0RW6RnXkoTvURA+ohdqIoGf0jj7Qp/VlfVtr62fTWrCyP5coV9bvH99Dpz8=</latexit>

ui(t)
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Fig. 5.1. Feedback with external input
Denoting by ◦ system composition, Figure 5.1 indicates the
following relations:

zi = 'i◦Σui,
xi = Σui,
ui = w + zi.

(5.1)

Denoting by I the identity, these relations yield
(I − 'i◦Σ)ui = w. (5.2)

The next statement shows that (I −'i◦Σ) is a set isomorphism.
Proposition 5.1. When all signals in the configuration of Figure
5.1 are bounded, then (I−'i◦Σ) is an isomorphism in measure.
Proof (sketch). The continuous-time system of Figure 5.1 is
approximated by a discrete-time system through sampling; then,
the result follows from known facts about discrete-time sys-
tems (e.g., Hammer (1986)). For a detailed proof, see Hammer
(2019c). □
Using Proposition 5.1, equation (5.2) can be rewritten as

ui = (I − 'i◦Σ)−1w. (5.3)
Together with (5.1), we obtain

xi = Σui = Σ◦(I − 'i◦Σ)−1w.
As xi = Σ(+)'iw in Figure 5.1, we get the input/output relation

Σ(+)'i = Σ◦(I − 'i◦Σ)
−1, (5.4)

showing that the input/output effect of the state feedback func-
tion 'i is equivalent to the effect of the precompensator (I −
'i◦Σ)−1.



5.2 Feedback and continuity

In this subsection we show that the response of the closed-loop
system Σ' of Figure 1.1 depends in a continuous way on the
state-feedback function '. We need the following notions from
mathematical analysis (e.g., Zeidler (1985), Willard (2004)).
Definition 5.2. LetH be a Hilbert space, S a subset ofH , and
z a point of S.
(i) A functional F ∶ S → R is weakly lower semi-continuous

at z if, for every sequence {

zi
}∞
i=1 ⊆ S that converges

weakly to z and for every " > 0, there is an integer N > 0
such that F (z) − F (zi) < " for all i ≥ N .

(ii) A function G ∶ S → Rn is weakly continuous at z if,
for every " > 0, there is an integer N > 0 such that
|

|

G(z) − G(zi)|| < " for all i ≥ N . □

In the process of examining continuity of Σ'i , we consider firstthe system [I − 'i◦Σ] of (5.2).
Lemma 5.3. Assume that all signals in the configuration of
Figure 5.1 are bounded. If {'i

}∞
i=1 ⊆ Φ(K) is a sequence

of state-feedback functions that converges weakly to the state-
feedback function ', then the sequence {[I − 'i◦Σ]

}∞
i=1 con-verges weakly to [I − '◦Σ] for almost every Σ ∈  (Σ0).

Proof (sketch). Let g ∈ L#,n,m2 be a function. The inner prod-
ucts ⟨g◦Σu, 'i◦Σu⟩, ⟨g◦Σu, '◦Σu⟩, and ⟨g◦Σu, ('i − ')◦Σu⟩are restrictions to Σu of the inner products ⟨⟨g, 'i⟩⟩, ⟨⟨g, '⟩⟩, and
⟨⟨g, ('i − ')⟩⟩, respectively. Consequently, since ⟨⟨g, ('i − ')⟩⟩converges to 0 as i → ∞, the sequence ⟨g◦Σu, ('i − ')◦Σu⟩converges to 0 as i → ∞ for almost every Σ ∈  (Σ0). This
shows that {'i◦Σu

}∞
i=1 converges weakly to '◦Σu for almost

every Σ ∈  (Σ0). As the addition of the identity does not
impair convergence, the lemma follows. □
The next statement shows that the signal u of Figure 1.1 de-
pends continuously on the state-feedback function '. A similar
statement was derived in Hammer (2019b,a) via a different ap-
proach. Note that the configuration of Figure 5.1 reduces to the
configuration of Figure 1.1 upon setting w = 0.
Lemma 5.4. Referring to Figure 1.1, assume that all signals are
bounded. Then, u is a weakly continuous function of ' ∈ Φ(K)
for almost every Σ ∈  (Σ0).
Proof The sequence ui = [I − 'i◦Σ]−1w, i = 1, 2,…, of
(5.3) is bounded by the lemma's assumption, say ui ∈ U (B),
i = 1, 2,…, B > 0. By Lemma 2.5, this sequence has a weakly
convergent subsequent {uik}∞k=1 that converges weakly, say, to
u ∈ U (B). For an integer j ∈ {1, 2,…}, introduce the set
Sj ∶= ∪k≥juik = ∪k≥j[I − 'ik◦Σ]

−1w. Recalling that u is the
weak limit of {uik}∞k=1, the weak closure S̄j of Sj satisfies

∩j≥pS̄j = {u}, p = 1, 2,… (5.5)
Let q ≥ j be an integer and define the set Vq,j ∶= [I −
'iq◦Σ]S̄j . In view of Lemma 5.3, the weak limit limq→∞ Vq,j
= [I − '◦Σ]S̄j for almost every Σ ∈  (Σ0). As the external
input signal w is fixed, w = [I − 'ik◦Σ]uik for all k = 1, 2,…Therefore, w ∈ [I − 'iq◦Σ]S̄j for all q ≥ j, and we obtain

w ∈ [I − '◦Σ]S̄j . (5.6)
Invoking Proposition 5.1 in combination with (5.6) and (5.5)
yields

w ∈ ∩j≥1 [I − '◦Σ] S̄j
= [I − '◦Σ]

[

∩j≥1S̄j
]

= [I − '◦Σ] {u},
so that w = [I − '◦Σ]u for almost every Σ ∈  (Σ0).
Proposition 5.1 then shows that u = [I − '◦Σ]−1w, so that u
is the weak limit of the sequence [I − 'ik◦Σ]−1w for almost
every Σ ∈  (Σ0). □

The class of feedback functions Φ(�,K,A′, ) is not empty
under the conditions of Proposition 4.3; combining this with
Lemma 5.4 yields the following (see also Hammer (2019a,c)).
Theorem 5.5. Let Σ' be the closed-loop system of Figure 1.1.
Under the conditions of Proposition 4.3, Σ' is a weakly continu-
ous function of' ∈ Φ(�,K,A′, ) for almost everyΣ ∈  (Σ0).
□

The existence of optimal state-feedback functions hinges on
the following property of compactness (compare to Hammer
(2019c)).
Lemma 5.6. The family Φ(�,K,A, ) of (2.10) is weakly com-
pact in the topology of the Hilbert space L#,n,m2 .
Proof (sketch). Given a sequence {'k}∞k=1 ⊆ Φ(�,K,A, ), it
follows by Lemma 2.7 that there is a subsequence {'ki}∞i=1 thatconverges weakly to a function ' ∈ Φ(K). Then, by Theorem
5.5, we have limi→∞ Σ'ki (x0, t) = Σ'(x0, t). The compactness
of [−A,A]n then implies that Σ'(x0, t) ∈ [−A,A]n, so that
' ∈ Φ(�,K,A, ). □

6. EXISTENCE OF OPTIMAL SOLUTIONS
We use the following facts from mathematical analysis (e.g.,
Zeidler (1985), Willard (2004)).
Theorem 6.1.
(i) A weakly continuous functional is weakly lower semi-

continuous.
(ii) Let S and A be topological spaces. Assume that, for every

member a ∈ A, there is a weakly lower semi-continuous
functional fa ∶ S → R. If supa∈A fa(s) exists at everypoint s ∈ S, then the functional f (s) ∶= supa∈A fa(s) isweakly lower semi-continuous on S.

(iii) The Generalized Weierstrass Theorem: A weakly lower
semi-continuous functional attains a minimum in a weakly
compact set. □

Over the time interval [0, �], the supremal deviation of Σ' from
the target state x = 0 is
l(�,K,A, , ', �) ∶= ess sup

Σ∈ (Σ0), x0∈�(�), t∈[0,�]

|

|

|

Σ'(x0, t)
|

|

|

2

2
.

(6.1)
As we plan to use infinite time, we utilize only state-feedback
functions ' belonging to the family Φ(�,K,A, ). Then, the
infimal deviation over such state-feedback functions is

l∗(�,K,A, , �) = inf
'∈Φ(�,K,A,)

l(�,K,A, , ', �). (6.2)
Theorems 5.5 and 6.1(ii) imply the following.
Corollary 6.2. Refer to (3.1) and (6.1). As a function of state-
feedback functions ' ∈ Φ(�,K,A, ), the functionals
l(�,K,A, , ') and l(�,K,A, , ', �) are weakly lower semi-
continuous. □

As the set Φ(�,K,A, ) is weakly compact by Lemma 5.6, the
existence of an optimal solution for Problem 3.1(i) follows by



Corollary 6.2 and Theorem 6.1(iii); this leads us to the following
(compare to Hammer (2019c)).
Theorem 6.3. Under the conditions of Proposition 4.3, there are
optimal robust state-feedback functions'∗� , '∗ ∈ Φ(�,K,A′, )that implement the minimal deviations l(�,K,A′, , '∗� , �) =
l∗(�,K,A′, , �) and l(�,K,A′, , '∗) = l∗(�,K,A′, ), re-
spectively. □

Thus, the existence of optimal robust state-feedback functions
is assured by (K,A, �)-controllability of the nominal controlled
system Σ0; the uncertainty parameter  should not be too large.

7. APPROXIMATION BY BANG-BANG FUNCTIONS
Optimal solutions are often difficult to implement. In this sec-
tion we use bang-bang feedback functions – piecewise constant
functions whose components switch between −K and K – to
approximate optimal performance (Hammer (2019b)). Bang-
bang functions are easier to calculate and implement than actual
optimal functions.
7.1 A disturbance

The errors created by approximating feedback functions must be
considered in the context of other disturbances and noise signals
that affect the closed-loop system of Figure 1.1. Of particular
interest in the present context is the disturbance signal � of
Figure 7.1; it affects the input of the state-feedback controller.
We let Δ > 0 be the amplitude bound of the signal �, so that �
is a member of the family

V (Δ) ∶=
{

� ∈ L#,m2 ∶ |�|∞ ≤ Δ
}

.

We assume that members of V (Δ) have a uniform probability
distribution. Denoting byΔ(x) the hyper-square of edge 2Δ cen-
tered at a state x, the average signal produced by a state-feedback
function ' at a state x in the presence of the disturbance � is

'̄(t, x) ∶= 1
(2Δ)n ∫Δ(x)

'(t, z)dz.
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Fig. 7.1. A disturbance signal �(t)
7.2 Bang-bang functions approximate optimal performance

A bang-bang state-feedback function for a system Σ ∈  (Σ0)
is a function ∶ R+ × Rn → Rm, whose components switch
between −K and K; here, K is the input amplitude bound
of Σ. According to Hammer (2019b), the performance of any
state-feedback function can be approximated by a bang-bang
state-feedback function. Combining this fact with Theorem 6.3,
which states that optimal state-feedback functions exist, we
obtain the following statement (compare to Hammer (2019c)).
Theorem 7.1. Let the nominal system Σ0 be (K,A0, �)- con-trollable and let " > 0 be a real number. Then, there are a
bang-bang state-feedback function '± ∈ Φ(�,K,A, ) and an
uncertainty parameter  > 0 satisfying |l(�,K,A, , '±, �) −
l∗(�,K,A0, , �)| < ", whereA = A0+". (The feedback signalis averaged over the disturbance signal �(t) of Figure 7.1). □

Thus, bang-bang feedback functions can be used to approximate
optimal performance. This simplifies implementation to a sig-
nificant extent.
7.3 Practical aspects

Bang-bang state-feedback functions that operate over long peri-
ods of time may be prone to inducing jitter in the control loop.
One way to avoid such jitter is to 'soften' the bang-bang state-
feedback function by implementing gradual transitions, instead
of the abrupt transitions of a true bang-bang function. As an ex-
ample, consider a bang-bang state-feedback function ', whose
j-th component 'j switches from K to −K at the value xis ofthe i-th state coordinate xi. Then, this switching can be replace
by the gradual transitions

'j ∶=
⎧

⎪

⎨

⎪

⎩

K xi < xis − �,

K
xis − x

i

�
xi ∈ [xis − �, x

i
s + �],

−K xi > xis + �,

(7.1)

where � > 0 is a real number. This modification eliminates
jitter. Of course, other remedies can also be used to eliminate
jitter. Regardless, 'true' bang-bang functions with abrupt switch-
ings can be used during the process of calculating bang-bang
state-feedback functions that approximate optimal performance.
Once such functions have been derived, they can be 'softened'
prior to implementation.

8. EXAMPLE
Inverted pendulums are common in many engineering applica-
tions, including missiles guidance and control, walking robots,
and others. The following is amodel of a non-linearized inverted
pendulum:

Σ ∶ ẋ1(t) = x2(t),
ẋ2(t) = d1 sin x1(t) + d2x2(t) + d3 tanh u(t);

(8.1)
here, d1, d2, and d3 are constants with nominal values of d01 =
12, d02 = −0.1, d03 = 7 and uncertainty ranges of d1 ∈
[11.5, 12.5], d2 ∈ [−0.105,−0.095], and d3 ∈ [6.7, 7.3] (ap-
proximately 5% uncertainty). The input amplitude bound is
K = 1, the state amplitude bound is A = 0.5, and the initial
state domain is �(�) with � = 0.2.
In some cases, such as the present case, a bang-bang state
feedback function '± that approximates optimal performance
can be found through insight into the dynamics of the controlled
system Σ. Such consideration yields the following bang-bang
function (which has been 'softened'):

'± =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

1 if x1 ≤ 0 and x2 < 0.19,
−1 if x1 ≤ 0 and x2 > 0.21,
1 − 100(x2 − 0.19) if x1 ≤ 0 and x2 ∈ [0.19, 0.21],
1 if x1 > 0 and x2 < −0.21,
−1 if x1 > 0 and x2 > −0.19,
−1 − 100(x2 + 0.19) if x1>0 and x2∈[−0.21,−0.19];

(8.2)
this function is depicted in Figure 8.2 over the time domain
[0, 0.5]. The response of the closed-loop system with this state-
feedback function is shown in Figure 8.1 for the initial state
x0 = (−0.3,−0.3)⊤ ∈ �(0.2) and the time interval [0, 0.5]. Note
that at the end of this time interval, x(0.5) ∈ �(0.2). Therefore,



based on the time invariance of Σ, this feedback function can
be extended to the entire time axis in 0.5 steps, using the time
intervals [0.5, 1], [1, 1.5], [1.5, 2],…, as described in the proof
of Proposition 4.3. The figure shows that the maximal deviation
from the origin for this initial state is l = maxt∈[0,0.5]{x21(t) +
x22(t)} = 0.18, equal to the deviation of the initial state x0. Thus,this is the minimal achievable deviation in this case.

Fig. 8.1. The response

Fig. 8.2. State-feedback function

8.1 A search process

When qualitative considerations do not yield an appropriate
bang-bang state-feedback function, the following numerical
search process can be used.
Step 1: Use a numerical search process to verify that the

controlled system Σ is (K,A, �)-controllable, as de-
scribed in Choi and Hammer (2019a). This process
also yields a time � > 0 by which all initial states in
�(�) can be steered into �(�′) for some �′ < �.

Step 2: Choose integers N,N ′ ≥ 1 for which �∕N and
2A∕N ′ are sufficiently small to satisfy implemen-
tation accuracy requirements (recall that states are
bounded by A).

Step 3:

(i) Partition the interval [0, �] intoN sub-intervals
of length �∕N : [0, �∕N], [�∕N, 2�∕N], …,
(N − 1)�∕N, �].

(ii) Partition each state coordinate interval [−A,A]
into N ′ sub-intervals of length 2A∕N ′: [−A,
−A + 2A∕N ′], [−A + 2A∕N ′,−A + 4A∕N ′],
…, [−A + 2(N ′ − 1)A∕N ′, A].

(iii) Denote by C the resulting set ofN(N ′)n points.
Step 4: Use the following sub-steps to search for bang-bang

state-feedback functions 'with an increasing number
of switching points in C that satisfy the requirements

sup
t∈[0,�],x0∈�(�)

|

|

|

Σ'(x0, t)
|

|

|

≤ A

and
sup

x0∈�(�)

|

|

|

Σ'(x0, �)
|

|

|

2

2
≤ �′

(8.3)

for a �′ < �.
(a) Starting with k = 0 switching points, and in-

creasing the number of switching points in steps
k = 1, 2,…, search bang-bang state-feedback
functions with k switchings in C , testing all pos-
sible selections of k switching points in C . Elimi-
nate all bang-bang state-feedback functions that
violate (8.3). Among the remaining bang-bang
functions, let lk be the minimal deviation of
the closed-loop system's state from x = 0 over
the time [0, �], and let 'k be a bang-bang state-
feedback function that achieves lk.(b) The search ends when increasing k above a value
k′ does not reduce the deviation below lk′ . Then,
'k′ can serve as a bang-bang state-feedback func-tion. □

9. CONCLUSION
The note proves the existence of optimal robust state-feedback
functions that minimize tracking error over the infinite horizon
for nonlinear input-affine systems. It also shows that optimal
performance can be approximated by bang-bang state-feedback
functions – functions that are relatively easy to design and
implement.
High accuracy tracking is a design goal in many applications of
modern control engineering, ranging from missile guidance to
power distribution systems to personal transport systems. Future
research will concentrate on the development of fast algorithms
for the design of bang-bang state-feedback functions.
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