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Step 2. Extend the calls c 1, ... , cm+l to the interval / 111+ 1 
as follows: 

(i) To extend the calls c 1 and cm+l: let a, b 0 be 
two integers satisfying the requirements a~ 
max{ c1(J),j = 1, ... , m} and b ::s; min { c1(J), 
j =I, ... ,m}. If m is even, set c1(m + 1) := a 
and cm+1(m + 1) := b; otherwise, set c1(m+ 
1) := b and cm+1(m + 1) := a. This completes 
step 2 for the case m = 1. 

(ii) To extend the calls c2
, ... , cm form~ 2: choose 

any (m - 1) non-negative integers e2 , ... , em, and 
set ci(m + 1) := ei, i = 2, ... , m. 

We comment that Algorithm 1 cannot generate 
every possible complete family of call classes over a 
given set of segments. Nevertheless, Algorithm 1 pro­
vides a convenient method of producing complete 
families. An interesting aspect of Algorithm 1 is the 
fact that it can be used to build patterns of call classes 
that form a complete family, irrespective of the specific 
values of the calls. These families are complete for any 
call values that are compatible with the pattern. The 
following example demonstrates such a pattern. 

Example 1: Figure 3 shows call patterns generated by 
Algorithm 1 for m = 4. 

To conclude, we have seen that full utilization of 
large backbones (without buffering) is possible only 
with complete families of call classes. In the next section 
we examine backbone efficiency in cases where a com­
plete family of call classes is not available. 

5. Incomplete families of calls 

In view of Theorem 1, the case of complete families 
of calls is the only case in which asymptotic efficiency of 

1 can be achieved by admission control alone. In the 
present section we examine the question of how to deter­
mine the optimal call populations for general families of 
calls. Critical to the discussion is the notion of 'relative 
efficiency', defined next. 

Let F = { c1
, ••• , cm} be a family of calls, let ai be the 

number of calls of the class ci entering the backbone, 
i = 1, ... , m, and let ¢ be the backbone capacity. The 
total number of cells entering the backbone at the step 
k is 

m 

zk := Laict 
i=l 

k= 1, ... ,T (27) 

Since cell loss is not allowed, the amplitude must satisfy 
A(z) ::s; ¢. The relative efficiency 77,(z) of the cell stream z 
is defined by 

77 (z) ·= Ek=l zk (28) 
r • TA(z) 

when A(z) > 0 and 77, := 0 when z = 0. Note that 

0 ::s; 77,(z) ::s; 1 (29) 

In view of equation (7) and the fact that A(z) ::s; ¢, 
we have 

77(z) = 77,(z) A~z) ::s; r,,(z) ::s; 1 (30) 

Thus, the efficiency cannot exceed the relative efficiency, 
and 77(z) = r,,(z) when A(z) = ¢. We sometimes use the 
notation 

r,,(a,, ... , am) := 77,(z) 

to emphasize the dependence on the integers a 1, ... , am. 
The maximal relative efficiency is then given by 

r,;(F) := sup {77,(a1, ... , am) : a,, ... , Gm E z+} 

where z+ is the set of all non-negative integers. The 
following is then true. 

Theorem 2: Let F = { c1, ... , c'n} be a family of call 
classes over the partition { I1, ... , Iq}, where none of the 
call classs c1, .•. , cm is identically zero. Then, the fol­
lowing are true: 

(i) There are integers ai, ... , a: 0 such that 
r,; (F) = 17,( ai, ... , a:), where 77; (F) is the max­
imal relative efficiency of the family F, and 
r,;(F) > 0. 

(ii) The maximal relative efficiency 77; (F), as well as 
the call populations aj, ... , a: yielding it, can be 
determined through the solution of a linear pro­
gramming problem. 

Proof: Substituting (27) into (28), and recalling that 
>.j is the number of steps of the segment Ij and that 



Sturdy control of discrete communication networks I 629 

ci(j) is the value of the call ci on the segment Ij, we 
have 

Then, inequality (29) implies 

q m Q· . 

0 :s; ~ 8 )..j TA ( z) c' (j) :s; 1 

Now, define the quantities 

Q· 

{3i := A(:) 
1 q . 

and \J!i :=TL>./(}), 
j=l 

i = 1, ... ,m 

(31) 

Note that '1!1, ... , \J!m are determined by the calls 
c1

, ••• , cm and the intervals 11, .•• , Iq, and are therefore 
fixed and specified. Since none of the calls is identically 
zero, we have \J!i > 0 for all i = 1, ... ,m. Note also that 
{3i ~ 0, i = 1, ... , m. Letting z(j) be the value of the flow 
z on the segment ~, we can write 

and 

m 

7J,(a1, ... ,am)= Lf3i\J!i 
i=I 

j = 1, ... ,q 

Let us regard for a moment {31, ... , f3m as indeterminate 
non-negative real numbers, while regarding \J! 1, ..• , \J! m, 
c1 (1), ... , c1(q), c2(1), ... , c2 (q), ... , cm(l), ... , cm(q) as 
specified non-negative real numbers. Then, consider 
the linear programming problem of finding a maximum 
of the function 

m 

L(f31, ... , f3m) := L {3i\J!i (32) 
i=l 

subject to the constraints 

m 

L {3ici u) :s; 1, j = 1, ... , q (33) 
i= I 

and 

i = 1, ... ,m (34) 

Let S be the set of all real numbers {31, ••• , f3m that 
satisfy the inequalities (33) and (34), and denote 

µ(ci) := max {/(j) :j = 1, ... , q} 

Since none of the calls c1
, .•. , cm is identically zero, it 

follows that µ( ci) > 0 for all i = 1, ... , m; that S is a 
closed set; and that 

0 :s; /3i :s; 1/ µ(c\ i = I, . .. ,m. 

These facts imply that S is closed and bounded, and 
whence is a compact set. Consequently the continuous 
function L has a maximum over S, and our linear pro­
gramming problem has a solution. 

As in every linear programming problem, the max­
imal value of L is attained on a boundary point of the 
set S. In other words, L has a maximum point at which 
at least m of the (q + m) constraints (33) and (34) are 
satisfied with equality. These equality constraints induce 
a system of at least m simultaneous linear equations. 
Any solution f3i, ... , f3:n of this system of linear equa­
tions yields the maximal value of L, i.e. 

L(f3i, ... , f3:n) ~ L(/31, ... , f3m) for all f31, ... , f3m E S 

Since { ci (j)} are all integers, we are dealing here with a 
system of linear equations over the field of rational num­
bers. Consequently, we can select the solution f3i, ... , f3:n 
to consists of rational numbers. 

Next, since the rational numbers \J! 1, ... , \J! m are all 
positive, the nature of the constraints (33) and (34) 
implies that L(f3i, ... , f3:n) > 0, so that at least one of 
f3i, ... , f3:n is not zero. Consequently, not all them con­
straints of (34) are satisfied with equality; since at least m 
of the constraints (33) and (34) must hold with equality, 
it follows that at least one of the constraints (33) holds 
with equality, i.e. that there is an integer p E { 1, ... , q} 
such that 

m 

L {3;ci(p) = 1 (35) 
i=I 

Now, let a> 0 be the least common integer denomi­
nator of the rational numbers f3i, ... , f3:n ~ 0, and define 
the integers 

a; := a{3; ~ 0, i= 1, ... ,m (36) 

Consider the linear combination z := E~:1 a/ = 
a[E: 1 f37/(J)]. In view of (33) and (34), this yields 

z(p) = a and z(j) :s; a for all}= 1, ... , q 

Whence, the amplitude A(z) = a, which implies that 

L(f3i, . .. , f3:n) = 17,( 01, ... , am) 

In other words, the maximal relative efficiency is 
achieved by the populations a 1, ••• , 0 111 of (36) and 
part (i) of Theorem 2 is valid with a; := a;, i = 1, ... , m. 

D 

There is an intimate connection between relative effi­
ciency and asymptotic efficiency. In fact, the maximal 
asymptotic efficiency is equal to the maximal relative 
efficiency and is achieved similarly, as indicated next. 

Optimal population control for incomplete families: Let 
F = { c1, ••• , c111

} be a family of non-empty call classes 
transmitted over a backbone of capacity ¢. Let 



630 J. Hammer 

z* := E~: 1 a;ci be a flow that achieves the maximal re­
lative efficiency ry;(F) for the family F, and let A(z*) 
be the amplitude of z*. Using the integer division algo­
rithm, write ¢ = {3A(z*) + p, where {3 ~ 0 is an integer 
and O:::; p < A(z*). Define the backbone flow 

z( ¢) := {3z*. (37) 

Theorem 3: In the above notation, let ry( ¢) be the effi­
ciency of the flow z( ¢) of (37). Then, the following hold: 

(i) For any flow z := E~:1 'Y/ of the family F, the 
efficiency satisfies ry(z) :::; ry;(F). 

(ii) The maximal asymptotic efficiency is given by 
ry* := lim¢__,00 'TJ( ¢). 

(iii) ry* = 'f/; (F), where 'f/; (F) is the maximal relative 
efficiency of the family F. 

Proof: (i) Let ry,(z) be the relative efficiency of the 
flow z, and recall that the maximal relative efficiency 
ry; (F) exists by Theorem 2. Then, we clearly have that 
ry,(z) :::; ry;(F), and, since 'TJ(z):::; ry,(z) by (30), we 
obtain that ry(z) :::; 'TJ;(F). This proves part (i) of Theo­
rem 3. 

Regarding part (ii) of Theorem 3, let z* := E~: 1 a7 / 
be a flow with relative efficiency ry,(z*) = ry;(F), as given 
by Theorem 2 (i). Let A(z*) be the amplitude of z*, and 
note that A(z*) > 0. For the flow (37), the amplitude 
satisfies A(z(¢)) = {3A(z*). Direct substitution into (28) 
shows that the relative efficiency ry,(z( ¢)) of the flow 
z( ¢) satisfies 

7J,(z(¢)) = ry,.(z*) = ry;(F) (38) 

independently of the value of the integer {3 > 0. Using 
(30), (37), and (38), we get 

77(z(</>)) = 'l,(z(</>)) A(zl)) = ,,;(F) fJAr) 

= 77; ( F) [ </> ; p] = ,,; ( F) [ I - ~ l 
Taking into account that O :::; p < A(z*) and that A(z*) 
is a fixed number, it follows that 

lim ry(z(¢)) = lim ry;(F) [1 -j] = ry;(F) 
Q)-->00 Q)-->00 <p 

In view of part (i) of this proof, this implies that 
ry(z) :::; lim4i__,00 'TJ(z(¢)) for any flow z of the family F. 
Consequently, the maximal asymptotic efficiency satis­
fies ry* = lim4i__,00 ry(z(¢)), and our proof concludes. D 

In view of Theorem 3 and (37), the flow that achieves 
maximal asymptotic efficiency consists of fixed propor­
tions of the call classes, as characterized by the integers 
a7, ... , a~n of Theorem 2. In other words, the flow that 

achieves the maximal asymptotic efficiency is obtained 
through a scalable process, by using integer multiples of 
the basic flow package z* = ai c1 + · · · + a:ncm. Thus, 
when backbone capacity is increased, one only needs 
to scale the flow upwards, leaving the consistency 
unchanged. 

Of course, in order to achieve the maximal asymp­
totic efficiency with the family F, the pool of calls wait­
ing for admission into the backbone must contain a 
sufficient number of calls of each class. Specifically, the 
call pool must contain at least f3a7 calls of the class ci for 
each i = I, ... , m. The next section addresses situations 
where this requirement is not met. 

6. Incomplete call families with limited call supply 

Consider a family of call classes F = { c1
, ..• , cm} to 

be transmitted over a backbone of capacity¢. For each 
integer i = I, ... , m, let Pi be the number of calls of the 
class / present in the call pool at the initial time. We 
refer to p 1, ... ,Pm as the call pool populations. It is con­
venient to define the ratios 

Pi 
Pi:¢, i = I, ... ,m 

called the call pool parameters. As ¢ --j, oo, we assume 
that the call pool populations increase so as to maintain 
constant values of the call pool parameters p1, .•. , Pm· 
This maintains constant proportions among the differ­
ent call populations as the backbone capacity grows to 
infinity. The call pool parameters are specified system 
parameters and are not all equal zero. 

If one would attempt to transmit all calls of the call 
pool simultaneously through a backbone of capacity ¢, 
one would obtain the flow z = E: 1 Pi¢/. The ampli­
tude of this flow is A(z) = ¢A(E;: 1 p/). As mentioned 
earlier, in order for the backbone optimization problem 
to be meaningful, one must have A(z) > ¢; otherwise, all 
waiting calls can be transmitted simultaneously, and 
there is no place for optimization. This yields the 
requirement ¢A(E: 1 PiCi) > ¢, or 

(39) 

Our discussion in the present section is subject to the 
condition (39). 

Consider now a flow z := E: 1 a/, where a 1, ... , 

am ~ 0 are integers, not all of which are zero. The 
limitation on the call pool populations imposes the 
conditions 

ai ::;pi= Pi¢, i =I, ... ,m 

Let ry,(a1, .•• ,am) be the relative efficiency of the flow z, 
as given by (28). Then, the maximal relative efficiency ry; 
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that can be achieved under the present circumstances is 
given by 

r,;: = sup{r,,(a1, ... ,am): 0 ~ ai ~Pi,A(z) 

~ ¢, i = 1, ... , m} 

Defining the variables {Ji:= adA(z) as in (31), we can 
write the restriction ai ~ Pi in the equivalent form 

i = 1, ... ,m (40) 

Let us revisit now the function L = I::~:1 {3iwi of (32) 
which, as shown in the proof of Theorem 2, represents 
the relative efficiency. To accommodate our present 
additional restrictions, we have to add them constraints 
(40) to the constraints (33) and (34) considered earlier. 
However, the constraints (40) are not linear constraints, 
due to the fact that the amplitude A(z) depends 
on {31, ••• , !3m-Thus, the new optimization problem is 
no longer a linear programming problem-a potential 
complication. 

In order to circumvent this complication, consider 
the constraints 

i = 1, .. . ,m ( 41) 

Recall that the call pool parameters p1, ••• , Pm are fixed 
and specified system parameters. Consequently, the 
maximization of the function L subject to the con­
straints (33), (34) and (41) is a linear programming prob­
lem. As we show below, for the maximization of 
asymptotic efficiency, (40) and (41) are equivalent con­
straints. This fact allows us to represent the optimiza­
tion of large backbones as a linear programming 
problem, and indicates another important advantage 
of the notion of asymptotic efficiency. The equivalency 
of ( 40) and ( 41) for asymptotic efficiency originates from 
the fact that, for an optimal flow z*(¢), one has 
lim¢-->oo A (z* ( ¢)) /¢ = 1; see the proof of Theorem 4 
below for details. 

We start our technical discussion by showing that 
the problem of maximizing the function L under the 
constraints (33), (34) and (41) has a rational solution. 
This an important fact, since the optimal call popula­
tions are derived later from this solution. 

Proposition 3: The linear programming problem of 
maximizing the function L of (32) subject to the con­
straints (33), (34) and (41) has a solution that consists 
of a list of rational numbers f3i, ... , f3;. 

The proof of Proposition 3 is in the Appendix. 

We can now characterize the general features of the 
problem of optimizing backbone utilization with call 
pool constraints. In particular, we show that the max-

imal asymptotic efficiency of the backbone is given by 
the solution of the linear programming problem of 
Proposition 3. 

Theorem 4: Let F = {c1, ••• , cm} be a family of call 
classes over the partition { I1, ... , Iq}, and let PI, ... , Pm 
be the call pool parameters. For a backbone capacity cp, 
let r,( ¢) be the maximal backbone efficiency possible for 
F with the call pool parameters PI, ... , p111• Denote 
by L* the maximal value of the function L of (32), 
subject to the constraints (33), (34) and (41). Then, 
lim¢-->oo r,( ¢) = L *. 

Proof: Consider a flow z = I::;:1 aici with amplitude 
0 < A(z) ~¢,let {3; := ad A(z), i = 1, ... , m, as in (31), 
and let L be given by (32). Using (30) and (32), the ef­
ficiency r,(z) of z satisfies 

A(z) 
r,(z) := TL(/31, ... ,/3m) =: A(/31, ... ,/3m,A(z)) 

Using the constraint A(z) ~ cf> (lossless transmission) 

0 < L - A= cf> - A(z) L 
- ¢ 

(42) 

since all quantities are non-negative and O ~ L ~ 1. 
For a flow of amplitude A(z) and a backbone ca­

pacity ¢ ~ A(z), use the integer division algorithm to 
set the integers {3, c ~ 0 according to 

¢ = {3A(z) + c, where O ~ c < A(z) (43) 

Assuming that ¢ is large enough, we have {3 > 0. 
Define zf3 := {3z, which has the amplitude A(z(3) = 

{3A(z). Substituting zf3 for z in (42), we get 

IL-Al :',sup[~] -,Q asef,-,oo 
for every z, as long as the largest possible number {3 of 
packages z is transmitted. Consequently, under these 
circumstances, the maximum of A approaches the maxi­
mum L * of L as ¢ ---+ oo. But then, since the maximum 
of A is the maximal efficiency r,( ¢) by definition, we 
conclude that lim¢-->oo r,( ¢) = L *. D 

The following technical property of the linear pro­
gramming problem of Proposition 3 is needed for our 
discussion (a proof of Lemma 2 is provided in the 
Appendix). 

Lemma 2: Let f3i, ... , f3;
1 

be as in Proposition 3. Then, 
( '\'m ' ) the amplitude A L.Jj=I f3jcl = I. D 
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We can now characterize the optimal call popula­
tions. 

Optimal population control for incomplete families with 
call pool restrictions: Let F = { c1, ••• , c'11

} be a family 
of calls with call pool parameters p1, ... , Pm, flowing 
into a backbone of capacity ¢. Let ,Bi, . . . , ,a:n be a ra-
tional solution of the linear programming problem of 
Proposition 3, and let n > 0 be an integer common 
denominator of ,Bi, ... , ,Bi

1
• Denote 

i = 1, ... ,m (44) 

Define the flows 

m 

z := La/ and z/3 := ,Bz (45) 
i=l 

where ,B ~ 0 is the integer of ( 43). 

The fact that the flow z/3 of (45) achieves maximal 
asymptotic efficiency under the stated restrictions is vali­
dated by the following. 

Proposition 4: (i) The Population Control Algorithm 
above achieves maximal asymptotic efficiency under its 
stated restrictions, and (ii) the flow z of ( 45) has the am­
plitude A(z) = a, where a is from (44). 

Proof: Part (i) follows directly from Theorem 4 and 
Proposition 3. Part (ii) is a con sequence of Lemma 2, 
since 

A (z) = A (at ,a; c;) = nA (t /37 /) = n 
1= 1 1= 1 

D 

As we can see, the flow z of ( 45) forms a basic 'pack­
ing unit' for calls travelling through the backbone. To 
achieve the maximal asymptotic efficiency, the popula­
tion control algorithm admits calls from the call pool in 
combinations that form integer multiples of the packing 
unit z. In this way, the population control algorithm 
provides a scalable solution of the optimization problem 
for large backbones. Note that, in general, the combina­
tion z is not unique-there can be different basic pack­
ing units that achieve (the same) maximal asymptotic 
efficiency. 

Our discussion in this paper dealt with the develop­
ment of an optimal policy of admitting calls into the 
network. We have taken a functional approach to this 
issue, viewing it as a global optimization problem. In 
comparison, the classical approach to admission control 
tilts more toward an instant-by-instant evaluation of the 
network load (compare to Decina and Toniatti 1990, 
Rathgeb 1991, CCITT 1992). In the second part of 
this paper (Hammer 2003), we expand our framework 

to include reshaping of call waveforms. This will allow 
us to further improve network performance for incom­
plete families of calls and for calls with random com­
ponents. 

Appendix 

This appendix contains some technical results and 
proofs. 

Lemma 3: Let (81,82), (83,84) be two pairs of non­
negative integers, where 81 ::; 82 and 83 ~ 84. Then, 
there are two integers n, ,B ~ 0 not both zero, such that 
n81 + ,883 = n82 + ,884. 

Proof: It is clearly enough to show that there are two 
integers n, ,B ~ 0 not both zero, such that 

By assumption, the two integers a1 := (82 - 8i) and 
a2 := (83 - 84 ) are both non-negative. Now, if a 1 = 0, 
we can choose n > 0 and ,B = 0. If a1 -=I-0 but a2 = 0, 
we can choose ,B > 0 and n = 0. Finally, if a1 -=I-O and 
a2 -=I-0, then the existence of n, ,B is a consequence of the 
fact that two positive integers have a positive common 
multiple. D 

Proof (of Algorithm 1): We show that, for every inte­
ger m ~ 1, Algorithm 1 yields a complete family of call 
classes c1, ••• , c111 over the segments { I 1, ••• , Im}. We 
use induction on m. 

For the case m = 1, the start step of Algorithm 1 
generates a complete family over the single-segment par­
tition I 1, since any constant non-zero call class over a 
single segment partition forms a complete family. 

Next, let m = p ~ I be an integer, and assume that 
every family F(p) := { c1

, ••• , cP} of p calls over the p 
segments { I1, ••• , IP} created by Algorithm 1 is com­
plete. Let {a1, ••• ,ap} E VP(F(p)) be a list of integers, 
where VP(F(p)) is the set of constancy coefficients of 
F(p); the linear combination 

is then constant over the union (I1 U · ·. u Ip). 
Now, consider the family F(p + 1) := {c1

, ... , c11+1} 

over the segment set I 1, ••• , Ip+I, built from the family 
F(p) by one more iteration of Algorithm 1. Define two 
lists of integers n 1, ... , np+I and ,81, ... , ,Bp+I by setting 
n1 := ai, i = 1, ... ,P, np+I := O; and ,81 := 0, ,B; := a;, 
i = 2, ... , p , ,Bp+I = a1, and consider the two calls 
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over the segment set {/1, ... ,lp+I }. Recalling that Step 1 
of Algorithm 1 assigns c11+1 (J) = c1 (J) for all 
j = 1, ... ,p, it follows by the selection of a1, ... , aP that 

c" 1(J) = d and c"2(J) = d for all}= 1, ... ,P 

(46) 

Further define 

r1 (J) : = a2c2(J) + · · · + ap+l c11+1(J) 

r2(J): = /31c1(j) + · · · + /3pd'(J), j = 1, ... ,P + 1 

The structure of the lists { ai} and {/3J implies that 
r 1 (J) = r2(J) for all j = 1, ... ,P + 1. Setting 
r(J) := r1(J) = r2 (J), we have 

c" 1 (J) = r(J) + a1 c
1 (J), 

c" 2(j) = r(J) + a 1 c11+1 (J), J=l, ... ,p+l 

In view of Step 2(i) of Algorithm 1, this implies that 
c" 1(p + 1) 2:'.: c" 2 (p + 1) when p is even, while 
c"'[l(p + 1) ~ c" 2 (p + 1) when p is odd, since a1 2:'.: 0. 
Combining this with (46), we obtain that c" 1 and c"2 

form a reversed pair over the two segments 
(/1 U /2 U · · · U Ip) and lp+l · But then Proposition 2 
shows that F(p + 1) is a complete family of call classes 
over the segments {/1, ... Jp+t}, and the validity of 
Algorithm 1 follows by induction. D 

Proof (of Proposition 3): We can decompose our pre­
sent situation into two subcases: (i) At the maximum 
point /3i, ... , /3';,, none of the constraints ( 41) hold with 
equality; and (ii) At the maximum point /3i, ... , /3';,, 
one or more of the constraints (41) hold with equality. 
In case (i), the constraints ( 41) can be ignored, and the 
existence of the rational solution /3i, ... , /3';, follows by 
Theorem 2. 

Regarding case (ii), let n 2:'.: 1 be the number of con­
straints of (41) that hold with equality, i.e. 13;(1) = Pi(I), 
13;(2) = Pi(2), .. · , 13;(n) = Pi(n), and denote the set 
a':= {i(l), ... , i(n)}. Recall that the pool parameters 
P1, ... , Pm are rational numbers. Now, if n = m, then 
/37 = Pi for all i = 1, ... , m, and Lemma 3 is valid by 
the rationality of p1, ... , Pm· Otherwise, and let a be 
the set of all integers i E { 1, ... , m} that are not in the 
set a'. Define the functions 

L' := Lf3iwi and L" = L' + LPj'Yj 
iEa jEa' 

In view of the fact that /37 := Pi for all i E a', it follows 
that the maximum of the function L" occurs at the same 
values of /3i, i E a, as the maximum of the function L. 
Furthermore, the corresponding values of /3i, i Ea, 
induce a maximum of the function L' as well. 

Thus, our problem reduces to finding a maximum 
point of the function L ', subject to the constraints (33) 
and (34), where we set /3i := Pi for all i E a'. We can then 
rewrite (33) and (34) in the form 

:Z::::13/(J) ~ 1 - LPic
1
(J), }= 1, ... ,q (47) 

iEa iEa' 

i Ea (48) 

This yields an optimization problem similar to the one 
considered in Theorem 2, since the right side of (47) is 
rational for all j = 1, ... , q. The arguments used in the 
proof of Theorem 2 show then that there are rational 
numbers {/37 : i E a} at which L' attains its maximum, 
subject to the constraints. This concludes our proof. D 

Proof ( of Lemma 2): In view of the constraints (33), 
we must have 

(49) 

We consider now each possible scenario separately. 

Case 1: All the constraints ( 41) hold with equality at 
the maximum point /3i, ... , /3';,. Then, /37 = Pi for 
all i = 1, ... ,m, and whence A(E'!:: 1 f3;ci(J)) = 
A (E'!:: 1 Pi Ci (J)). But in view of (39), this equality vio­
lates (49), which implies that Case 1 cannot occur. 

Case 2: One or more of the constraints (33) holds 
with equ~lity at the maximum point /3i, ... , /3!. Then, 
E'!::1 /37d(J) = 1 for an integer j E {1, ... ,q}, which to­
gather with (49) directly implies that A(E'!:: 1 f3;ci) = 1. 

Case 3: All the constraints (33) hold with strict 
inequality at the maximum point /3i, ... , /3!, Now, 
since Case 1 cannot occur, there must be an integer 
s E {1, ... ,m} such that /3; < Ps· Also, since Ws is 
strictly positive (see the paragraph following (31)), the 
function L of (32) is a monotone strictly increasing 
function of f3s 2:'.: 0. Thus, the value of L can be in­
creased by increasing the value of f3s beyond /3;; in­
deed, the value of f3s can be increased until one of the 
constraints (33) becomes valid with equality, or until 
f3s becomes equal to Ps (whichever occurs first). But 
then /3i, ... , /3! do not constitute a maximum point of 
L, contrary to their definition. This shows that Case 3 
cannot occur at a maximum point of L. Consequently, 
only Case 2 is possible, and our proof concludes. D 
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