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Proof

Consider the differential equation x(2) = g(x(z), w(?)), x(0) = x, € (o, B), with the
function g of (3.13). It is a direct consequence of our assumptions that g is
continuous over [a, f] x[—¢&,€]"*™ and continuously differentiable over
(@, B) x [—¢&, &]"*™. Now assume that (3.15) holds, set ¢:=1min {£, {}, and y:=¢.
Then, slight reflection shows that the function g satisfies

gi(x,w) >y forall we[—e¢,g]"*™ andall xel'[(a,f), i=1,..,n
gi(x,w)< —y forall we[—ee]”™™ andall xel'f(a,B), i=1,..,n

and thus the conditions of Proposition 3 hold for the function g with § =¢ > 0.
This implies that the closed-loop system X, has a unique solution x(#), t =0, for any
initial condition x, € («, f) and for any noise functions v, € C(¢”) and v, € C(e™);
and that x(¢) € (o, f) for all ¢ >0. In other words, the feedback function ¢ is a
solution of the disturbed («, f)-confinement problem.

Conversely, assume that the function o : [a, f] - R™ is a solution of the dis-
turbed (a, f)-confinement problem with the noise level ¢ >0, and let £:=¢/2. Let
a € R™ be a constant vector within the ball %,(0), and consider the function
6, : [a, B} = R™ given by a,(x) :=a + o(x). Then o, is still continuous over [«, f] and
continuously differentiable over («, f), and it is easily seen that it forms a solution
of the disturbed (a, f)-confinement problem with the noise level ¢ = ¢/2. Invoking
the argument used in the proof of Proposition 2, we obtain that (3.3) is valid for
{ =¢/2 with the feedback function ¢,. However, the latter has to hold for any
vector a € #,(0), which means that (3.15) is valid for £ =¢/2 and { =¢/2. O

Notice that the conditions of Lemma 4 refer specifically only to the values of the
feedback function o on the boundary I'(a, ) of the box [a, f]; the values of ¢ within
that box are not restricted except for the requirement that ¢ be continuous over
[«, B] and continuously differentiable on the interior (a, f). We consider now the
question of internal stability for the case of confinement by pure feedback.

Proposition 4

Let £ be a non-linear system described by the differential equation (1.1), where
f:R"x R™— R" is a continuously differentiable function, and let a, § € R” be a pair
of fixed vectors with a < f. Let o : [¢, f] = R™ be a continuous function which is
continuously differentiable over (a«, ), and for which (3.15) hold for some real
numbers &, { > 0. The closed-loop system Z, :(a, f) = C(R") is then internally
stable over the domain (o, f) of initial conditions.

Proof

Following the proof of Lemma 4, let g be as in (3.13) and notice that the
state representation function of the (disturbed) closed-loop system X, is given by g.
Now, let x, € (2, f) be any initial condition, and choose a real number u >0 in
accordance with the second paragraph of the proof of Proposition 3 (setting
6:=¢ =1imin {¢ ¢}, w=(,,0,)T and p=m+n in the latter). Then,
Xo € (@ + u, B — p), and the proof of Proposition 3 implies the following. The
closed-loop system X, has a unique solution x(z), ¢t > 0, for every initial condition
X € [x + p, B — p] and any noise signals v, € C(e”) and v, € C(¢™), and this solution
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satisfies x(¢) e[+, B —p] for all 7>0. Consequently, X, {[o + p, f — u] x
C(e") x C(e™} = C([o + p, B — p]). Furthermore, since the feedback function o is
continuously differentiable over the domain (e, ), it is continuously differentiable
over the closed domain [o¢ + u, f —u]. We now invoke Lemma 3 with
S = [ + u, B — p] and no external input space (i.e., we drop the terms [ —6, 6]™ and
C(6™) from the statement of the lemma). It follows that the closed-loop system X,
is internally stable over the domain [a + p, f — u] of initial conditions, with noise
level € > 0. Since this is true for all sufficiently small g > 0 with the same noise level
g, we conclude that X, is internally stable over the domain (a, f) of initial
conditions. O

Of course, the conditions of Lemma 4 cannot be directly used to verify the
existence of a solution of the disturbed (a, f)-confinement problem, since they
involve the feedback function ¢, which is not known in advance. The next objective
is to eliminate the function ¢ from the conditions of the lemma, in order to obtain
verifiable conditions involving only the given state representation function f of the
system X. The new conditions also yield an explicit method for the construction of
feedback functions o that solve the disturbed (a, f)-confinement problem for the
system X. With this objective in mind, we introduce some basic quantities (see also
Hammer 1989 b). As before, as subset S < R” x R™ is the graph of a function
g:R">R™if S={(x,u) e R"x R™:u =g(x)}. Denote by II, : R” x R"—» R" the
standard projection on to the first n-coordinates, so that IL,(y;, ..., Vusm) =
(P15 oy ¥,) T for every vector (31, ..., Vuim) ' € R" x R™. Now let S « R" x R™ and
X < R” be subsets. Then S is a uniform graph on X if there is a continuous function
g : X > R™ and a real number & > 0 such that S = {(x, u) € X x R™: u € B,(g(x))}.
The function g is then called a graphing function on X of the set S, and the number
¢ is a graphing radius. Intuitively speaking, a uniform graph is simply a ‘thickened’
graph of a continuous function. It contains the graphs of all continuous functions
g’ X - R™ satisfying |g’(x) — g(x)| < ¢ for all x € X. For this reason, the notion of
a uniform graph is crucial to the discussion of properties of continuous functions
whose values are contaminated by noise.

Returning to the (o, f)-confinement problem of the system X described by (1.1),
let { > 0 be a real number. For each point x of the boundary I'(«, ), construct the
set of input values

file,u) =¢  for all ie{l,...,n} for which x eIy (, B)
Uy, B, x):==< ueR™| and
filtx,u) < —{ forall ie{l,..,n} for which x e I';" (2, )
(3.16)

Note that the set Uy (a, B, x) is obtained simply by solving a set of inequalities
determined by the given state representation function f of the system X. For
boundary points x that are common to several faces of the box [, 8], several of the
conditions listed on the right-hand side of (3.16) need to be satisfied. Of particular
importance to our discussion is the following subset of R" x R™ directly derived
from the subsets Uy, (a, B, x).

Se(a, B, ) ={(x,u) e R" x R": x e T'(t, B), u € Up(a, B, x)} 3.17)
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Definition 5
Let f: R" x R” > R" be a continuously differentiable function and let « < f be
two fixed vectors in R". Then, the function fis (&, f)-uniformly conductive if there

is a real number { > 0 such that the set S;(a, §, {) contains a uniform graph on the
boundary I'(a, f).

In intuitive terms, the notion of uniform conductivity is quite simple. It means
that a continuous function g : I'(a, f) - R™ defined on the boundary I'(a, f) exists
for which the following holds for all i =1, ..., n: there is a real number ¢ > 0 such
that f;(x, #,(g(x))) = { whenever x € I';” (, f) and f;(x, #:(g(x))) < —{ whenever
x eI}t (o, B). To discuss the relevancy of uniform conductivity to our present
investigation, consider a system X described by the differential equation
X(H) =f(x(®), u(¢)), and assume there is a continuous feedback function
o : [a, f] - R™ solving the disturbed («, f)-confinement problem for X. Then, by
Lemma 4, there are real numbers &, { >0 for which (3.15) is valid. This then
directly implies that %,(o(x)) = Uy (e, B, x) for all x € I'(a, f), so that Sy(a, B, {)
contains a uniform graph on I'(e, ). We conclude then that if a solution of the
disturbed (a, f)-confinement problem exists, the state representation function f of
the system X must be («, f)-uniformly conductive. The main point of the present
discussion is that the converse of this statement is also true, namely if the given
function fis (a, f)-uniformly conductive, then there is a feedback function ¢ solving
the disturbed (a, f)-confinement problem.

Indeed, assume that the function f'is (a, f)-uniformly conductive. Then, on the
boundary I'(«, ), there is a continuous function oy : I'(a, f) = R™ and real numbers
¢, ¢ > 0 such that

Be(or(x)) < Uge(a, B, x) for all x eI'(a, ) (3.18)

Suppose for a moment that the function o : I'(x, ) = R™ can be extended into a
continuous function ¢ : [, f] - R™ which is continuously differentiable over the
interior (x, f). For this extension o, we have #.[o(x)] = Uy (e, B, x) for all
x € I'(a, B), which means that (3.15) holds for ¢ with the present values of ¢, { > 0.
By Lemma 4, this implies that ¢ is a solution of the disturbed («, §)-confinement
problem. Now, whenever f is uniformly conductive, a continuous boundary func-
tion oy satisfying (3.18) is quite easy to derive from the inequalities (3.16), as some
later examples will indicate. Thus, the only aspect of the problem that still needs to
be considered is the extension of the continuous boundary function o into a
continuous function ¢ : [a, f] > R™ which is continuously differentiable over the
interior (a, f). Such an extension ¢ can be derived using standard results from the
theory of partial differential equations. For instance, consider the use of the Laplace
equation for this purpose. Let 4 : R">R: (x,, ..., x,) T — A(x{, ..., X,) be a twice
continuously differentiable function, and denote by
0*h  0°h 0%h

~x? + PP +..+ o (3.19)
the Laplace operator. Also, let g; be the ith component of the function o, let (or);
be the ith component of the function o, and let ;|4 denote the values of the
function g; on the boundary I'(a, f). Then, by the continuity of o and the form of
the boundary I'(a, f), it follows from the theory of Laplace equations (Petrovsky

Ah:
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1964, ch. 3) that the following is true. For every i =1, ..., m, the boundary-value

problem
Ac;=0 } 2755
aill'(a.ﬁ) =(or); (3.20)

has a unique and continuous solution ¢; over the domain [a, §], and this solution is
continuously differentiable over the interior (o, ). When the solutions ¢, ..., 0,, are
combined into the vector valued function ¢ = (o, ..., 6,,)7, they create an extension
o : [a, f] = R™ of the boundary function a. This extension is continuous over [a, f]
and continuously differentiable over («, f); by choice of o, it satisfies the condi-
tions (3.15). Thus, invoking Lemma 4, it follows that ¢ is a solution of the
disturbed (o, f)-confinement problem. Of course, partial differential equations other
than (3.20) could also be used to obtain suitable extensions o, or such extensions
could be obtained through other methods, without the use of partial differential
equations. In any case, when the discussion of the last few paragraphs is combined
with Lemma 4 and Proposition 4, we obtain the following theorem, which is the
main result of the present paper.

Theorem

Let X be a system described by the differential equation
x(t) =f(x(2), u(9)), x(0) = x,, where f: R" x R™" - R" is continuously differentiable
and let « < f be two fixed vectors in R”. The following two statements are then
equivalent:

(a) there exists a feedback function o : [«, f] = R™ solving the disturbed (o, 8)-
confinement problem for the system X, with the closed-loop system X, being
internally stable for all initial conditions x, € (o, f8);

(b) the given state representation function f of X is (o, f)-uniformly conductive.

We can summarize the procedure of solving the disturbed («, f)-confinement
problem for a non-linear system X described by a differential equation of the form
x(?) =f(x(2), u(f)) in the following steps.

Step 1

Check whether the given state representation function f is (e, §)-uniformly
conductive; if it is, find a continuous boundary function oy : I'(a, f) = R™ which is
a graphing function on I'(a, f) for the set S;(«, B, {). Computer programs can be
developed to check for uniform conductivity and to compute an appropriate
function o whenever it exists. For low dimensional systems, graphical methods
may also be employed.

Step 2

Find a continuous extension o : [x, f] = R™ of o which is continuously differen-
tiable on («, 8). This can be done, for instance, by solving the partial differential
equation (3.20). Note that since the closed-loop configuration X, is internally
stable, approximate solutions for the feedback function ¢ are also adequate.

A few examples on the implementation of Steps 1 and 2 are provided below.
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An additional important aspect of the Theorem is the fact that it characterizes
all degrees of freedom involved in the solution of the disturbed (a, B)-confinement
problem. These consist of the degrees of freedom available in the choice of the
boundary function o in Step 1 and the degrees of freedom available in the
construction of the extension ¢ in Step 2. In other words, the Theorem presents a
complete and constructive solution to the disturbed («, §)-confinement problem. It
also provides a general method for the internal stabilization of non-linear input—
state systems through the use of static state feedback. The solution to the problem
of confinement with internal stabilization provided here is stated directly in terms of
quantities derived from the given state representation function f of the system X
that needs to be controlled. Note that the solution depends on the amplitude
bounds « and f and that a solution may exist only for certain choices of these
bounds. The values of « and f for which a solution exists can be derived through
the Theorem. We conclude with a few computational examples on the solution of
disturbed (a, f)-confinement problems.

Example 1

Consider first a simple system X with one input and one state variable, described
by the differential equation

x=1+x% (3.21)

Assume that it is required to find a feedback function ¢ with no external inputs,
such that the closed-loop system maintains an output amplitude range in the
domain (1, 2), whenever started from an initial condition in that domain. The state
representation function here is given by

fOo,u) =14+ x%u

and we have « =1 and f = 2. The boundary I'(1, 2) consists only of the two points
1, 2, where ' (1,2) =1 and T*(1,2) =2 (we omitted the index i since f has only
one component in this case). Choosing { =1 in (3.16), we obtain

Un(L,2,)={u:1+17uz21}={u:u>0}
1
Ui (1,2,2)={u:1+4+2%u < —l}={u:u< _5}
Therefore

(l’u)a {u>0}
S.(1,2,1) =
r(1:2.1) (2, w), {us—%}

Now, in this case, the boundary I'(1, 2) consists of only two discrete points and
so every function o:I'(1,2) >R is continuous. For instance, the function
or(1):==1 and o (2):=—1 is a continuous boundary function, and since
B12(0r(1)) € U, (1,2,1) and B,,(0r(2)) < Uy, (1, 2, 2), it follows that S,(1, 2, 1)
contains a uniform graph on I'(1, 2). In view of the Theorem this implies that our
present confinement problem has a solution. In order to obtain the solution, we
only need to extend the boundary function oy into a continuous function
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o :[1, 2] » R which is continuously differentiable on (1, 2). One possible choice for
o is clearly given by

o(x)=—2x+3

By the Theorem, this function ¢ yields a closed-loop system X, which is (1, 2)-
confined and internally stable for all initial conditions within the inverval (1, 2). The
state representation of the internally stable closed-loop system X, is obtained simply
by setting u:=0(x) in (3.21), and it is given by

Xx=14+x3(—-2x+3)
Our construction implies that, for any initial condition x, € (1, 2), this differential

equation has a unique solution x(#), ¢ > 0, satisfying 1 < x(¢) <2 for all > 0. As we
can see, the computation of ¢ is quite simple.

Example 2

Consider an example of a system X with two states and one input, described by
the differential equation

% =141 +(xz)2]x1u} (3.22)

.7&2 = 1 + [1 + (X1)2]x2u
For the domain of confinement, we choose & = (0,0)T and g =(1, 1)7, so that the

system has to be confined within the unit square in the first quadrant. The
components of the state representation function f here are

fl(xh X2, u) =1 + [1 + (x2)2]xlu
Loens X, u) =141+ (x,)?]x,u

We need to compute the sets Uy, (a, B, x) of (3.16) for some { > 0. Choosing { =1,
this simply requires solving for u the inequalities

fi(xy, x5, u) 21 for all x,, x, satisfying x,=0 and 0<x,<1
filxy, %, u)< =1 for all x;, x, satisfying x;=1 and 0<x,<1
Solxy, %, u) 2> 1 for all x,, x, satisfying 0<x;,<1 and x,=0
folxy, %, u) < —1 for all x;, x, satisfying 0<x,<1 and x,=1
A straightforward calculation yields
{all u e R} if x,=0 and 0<x,<1
{all ueR satisfying u < —2/[1+(x,)%} if x,=1 and 0<x,<1
U[,l(as ﬂa X1s x2) =
{all u e R} if 0<x;<1 and x,=0
{all ueR satisfying u<—2/[1+(x;)?} if 0<x, <1 and x,=1
The set Sy(a, B, 1) is directly determined by the above expression for Uy, (a, B, x)
and it is easy to see that it contains a uniform graph on the boundary I'(a, ).
Indeed, observing that the set {all u e R satisfying u < —2} is contained in
U (o, B, x) for all x e I'(«, P), it follows that the constant function or-: I'(a, ) = R
given by or(x):=—3 is a graphing function for S/(«, f, 1), with graphing radius
¢ =1. Now, one easy way of extending the function oy into a continuous function
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o : [, f] = R continuously differentiable over (o, f), is by simply taking the constant
function

o(x) = -3

for all x € [a, f]. For this choice of o, the Theorem implies that the closed-loop
system X, is (o, f)-confined for the present a, f and internally stable for all initial
conditions x, € (o, f). The state representation of the closed-loop system X, is
obtained by setting u = a(x) = —3 in (3.22). It is given by

X =1-=3[14+(x,)%x,
X =1-=3[14(x,)%x,

As we can see from these examples, the computation of the confining and
stabilizing feedback function ¢ is quite simple, and in many cases it is not necessary
to resort to the solution of the partial differential equation (3.20) for finding an
appropriate extension of the boundary function o
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