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Then o is a reversible feedback function, and the closed-loop system Z_ : S(6™) — S(RP?)
is internally stable.

Proof

The validity of the corollary is a consequence of the following. First, since r(x) > x,
the function o, is a homeomorphism for every x. The continuity of the functions g(x)
and r(x) implies the continuity of a(x, v). Finally, condition (ii) of the corollary implies
that (3.17) is satisfied for the present o, and the conclusion of the corollary is then valid
by Theorem 3.2. |

The feedback function given by (3.16) is a particular case of the feedback functions
described by the corollary, with the function r(x) simply being taken as a constant. In
practice it is desirable to increase the set Im o, as much as possible, so as to provide
the system X in the Figure with a set of input vectors u that is as large as possible at
each instant, since this results in an increased set of reachable output vectors x in the
next step. Consequently, in the corollary it is desirable to choose the value of (x) as
large as possible for each x, without violating, of course, the continuity of r and
condition (ii) of the corollary. In the next section we discuss the computation of
stabilizing feedback functions described by the corollary, and we provide some
computational examples. As it turns out, the corollary provides an effective,
implementable and relatively simple method for the computation of stabilizing
feedback functions for global non-linear control. Of course, in general, a further
increase of the domain of stabilization can be obtained through the use of more
general feedback functions, as described in Theorem 3.2.

Another point of interest is the connection between our results here and the
standard linear state feedback theory. In the next section we show that when the given
system X is a linear finite-dimensional time-invariant system, the class of feedback
functions described by the corollary to Theorem 3.2 includes the classical linear state
feedback functions.

4. The construction of eigensets and feedback functions
The present section is devoted to a brief discussion of the computational aspects of
the static state feedback theory developed in § 3. A number of detailed examples on the
computation of eigensets and feedback functions are provided. It is probably most
appropriate to start with an examination of the linear case, to show that our results
include standard linear state feedback theory. In addition to providing a connection
to previously known material, this will also enable us to exhibit some of the simplest
instances of eigensets and feedback functions. Since the purpose of the discussion of
the linear case here is mainly didactic, we restrict ourselves to the consideration of a
single-input linear system X : S(R) — S(R") with n > 1 states. The recursion function is
then of the form
X1 = Ax, + by, (4.1)

and we assume that the pair (A4, b) is reachable and that the initial condition is x4 = 0.
Then, without loss of generality, the pair (A4, b) can be taken in controller canonical
form, and, denoting by x;, the ith component of the state vector at time k, the
recursion becomes

Xig+1=Xi+140 i=1,..,n—1
(4.2)

n
Xpk+1= Z a; Xy + Uy
i=1

i=
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The components fi, ..., f, of the recursion function f are then given by

filx,u)=x;44, i=1,...,n—1

n 43
fulx,u) = Z a;x;+u (43)

where, somewhat abusing our notation, x; here denotes the ith component of the
vector x. Assume further that the desired bound on the input amplitude is 6 and that
the desired bound on the output amplitude (including the noise) is J, so that we need
to find a reversible feedback function ¢:R" x R— R such that X is internally stable
and Z,[S(6)] = $(6"). Now let { > 0 be a real number satisfying

Y laill <30, (<36 (4.4)
i=1
Then it is easy to verify that the set
L 1 1 i
&= {(x, weR' xR: Z a;x;+u sgé, [x;] < §5+ %,i= 1,..., n} (4.5)
i=1

is an e-eigenset of f for e = {/n. A graphing function for this set is then given by

n

gx)=— Y ax; (46)

i=1

Letting A:= /30 and defining the function ¢:R" x R— R by

o(x, v) == Av — i a;x; (4.7)

we obtain a reversible feedback function. By the corollary to Theorem 3.2 it then
follows that ¢ internally stabilizes the system X over the input space S(6). It is also
clear that 6 and 6 can be chosen arbitrarily large here, and internal stabilization over
the entire space can be achieved. Obviously, (4.7) is a standard linear state feedback
formula, and thus classical linear state feedback results are included in our framework.

We turn now to a brief discussion of the computational aspects of the non-linear
state feedback theory developed in § 3. A more complete study of this topic will be
provided in a separate report. As we have seen, the process of computing a static state
feedback function that stabilizes a given non-linear input/state system can be divided
into three main steps. First, one needs to find an appropriate ¢-eigenset of the given
recursion function of the system that needs to be stabilized. Then a graphing function
for the ¢-eigenset needs to be found. Finally, a stabilizing state feedback function o
needs to be computed, using Theorem 3.2 or its corollary. Of course, all of this is under
the assumption that the recursion function of the system that needs to be stabilized is
uniformly conductive.

Generally speaking, the computation of ¢-eigensets of functions involves the
solution of certain sets of inequalities. More specifically, let Z:S(R™) — S(R?) be
an input/state system with the recursive representation x,.,= f(x, ), where
f:RP x R"—>RP is a continuous function. Assume that the system X needs to be
stabilized over a range of output amplitudes |x| < d. According to our discussion in
§ 3, we need to find an e-eigenset & of the function f for which the projection IT,[£7]
onto the state space is bounded by J. This can be handled in the following way. Find
a subset £ < R? and a real number { > 0 for which the following conditions hold:
(i) Z = [—4, 6]7; (i1) for each element x € #,(Z) there is a non-empty bounded subset
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%(x) = R™ such that f[%,(x), B,(%(x))] = %; and (iii) there is a real number o >0
such that #(x) = [ —a, «]™ for all x € . Then it follows directly from the definitions
that the set

E={(x,u)eRPxR":xeZ and ue¥(x)} (4.8)

is an g-eigenset of the function f for ¢ = {. This procedure will in general, yield a class E
of ¢-eigensets of the function f, where [E is empty in the case that no such e-eigensets
exist. Now there are two possibilities—either E contains an e-eigenset & for which
A.(&) is a uniform graph, or it does not. In the first case let &, € E be an e-eigenset for
which 4,(¢,) is a uniform graph, and let g(x) be a graphing function for %,(&,). Then
a stabilizing feedback function ¢ for the system X can be directly computed using
Theorem 3.2 or its corollary. Otherwise, if E does not contain an e-eigenset & for which
A.(&) is a uniform graph, it follows by Theorem 3.1 that the system X cannot be
internally stabilized with output amplitude bounded by the specified bound 6.
However, it may still be possible to internally stabilize the system X if the output
amplitude bound ¢ is increased.

In qualitative terms, condition (ii) of the previous paragraph is a controllability-
type condition. It requires that for every state x € 4" there be a set #(x) of input values
u that steer the state so that it stays within the set &, even if errors (of amplitudes not
exceeding {) in x or in u are present. Condition (iii) simply requires all relevant input
values to have bounded ampitudes; Proposition 3.4 (i#) can be used to help satisfy this
condition in the case where the sets of input values turn out to be too large. For low-
dimensional systems g-eigensets can also be found through graphical methods.

We consider now some examples of the computation of e-eigensets and stabilizing
feedback functions. The simplest case is, of course, that of a single-input single-output
system, so we consider this first.

Example 4.1
Let :S(R) - S(R) be the input/state system with the recursive representation

Xerq = (%) sinx, + [1+ (%)% Ju,, k=0,1,2,... (4.9)

and the nominal initial condition x4, = 0. Suppose that it is required to internally
stabilize the system X. Let 6, 6 > 0 be the desired bounds on the input and output
amplitudes of the closed-loop system respectively. From (4.9) the recursion function f
of the given system is a continuous function R x R— R given by

f(x,u) =x?sin x + (1 + x?)u (4.10)

The first step is to construct an appropriate e-eigenset for the function f. Since the
output (including the noise) has to be bounded by J, we start by considering the set 2
of all elements (x, u) € [—6, 6] x R for which f[2] = [—%6, %6], namely

D ={(x,u) € R x R:|x?sin x + (1 + x*)u| <34, |x| < 6} (4.11)

Incidentally, the set 2 is a bounded uniform graph, and a continuous graphing
function for it is given, for instance, by
x2 sin x

e 4.12
1+ x2 (12)

glx)=—
Next, set
y:=x2sin x + (1 + x*)u (4.13)
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Then for any pair of elements x and y the appropriate input value is given by

y—x?sin x

u
1+ x?

(4.14)

Thus for each value of x the set %'(x) of all input values u for which |y| < %6 consists of
all elements u € R satisfying
~%5—x?sin x 25— x?sin x
1+ x? 14 x?
Now let {:=min {$6/(1 + x?), |x| <8} =%5/(1 + %) and let %(x) be the set of all
elements u € R for which

<u< (4.15)

—25 —x%sinx
1+ x?

25— x%sinx

T 4 (4.16)

{<u<

Note that for every pair of elements (x, u), where |x|<d and u e %(x), we have
|f(x, u)| <%4. Consequently, setting ¢:={ and recalling that { <34, it follows that
the set

&={(x,u)e Rx R:|x| <%d,ue¥(x)} (4.17)
is an e-eigenset of the function f. Furthermore, it is easy to see that 4,(&) is a uniform
graph, and a possible choice of a graphing function for it is

x2 sin x

i

In order to construct a stabilizing feedback function for the system X by using the
corollary to Theorem 3.2, we define

2
Mx) = < ; fxl - c) / 6 (4.18)

Noting that A(x) > 46/[(1 + 6%)0] for all |x| < 4, it then follows by our construction and
the corollary to Theorem 3.2 that

x? sin x
olx.0) = Ax)p — ———
( > v) ( )U 1

2 (4.19)
is a reversible feedback function that internally stabilizes the system X for all input
sequences belonging to S(6). The nominal initial condition of X can be any satisfying
|x00| <%6. Since the numbers § and 6 here can be chosen as large as desired, internal
stabilization of the system X is obtained over an arbitrarily large domain. Note,
however, that when ¢ is increased, the maximal permissible noise amplitude {
decreases.

As this example demonstrates, the non-linear static state feedback theory
developed in § 3 can be used to explicitly compute reversible feedback functions that
internally stabilize a given non-linear system. In the example other stabilizing
feedback functions can be obtained by changing the graphing function g or the
function A, or by using an entirely different form of the feedback function ¢ consistent
with the conditions of Theorem 3.2. As can be seen from the example, the stabilizing
feedback function ¢ is, in general, non-additive, and non-additive feedback is indeed
essential for achieving stabilization over large domains.
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We next provide an additional example of the computation of a stabilizing
feedback function for a non-linear system. This time the system that needs to be
stabilized has two states and one input.

Example 4.2
The term ‘nominal’ is used here to refer to signals before noise is added. Consider
the non-linear input/state system X :S(R) — S(R?) described by the recursion

X1 k+1 (%14)* + X2
=| ) (4.20)
X2 k+1 sin x5 + [+ (x2) " 1wy
where x; and x, are the coordinates of the state vector, and the nominal initial
condition is x4, = 0. The recursion function is clearly given by

_ (x1)2+x2 (4.21
Hxu= sin x, + [1 4 (x,)*]u -

The output sequences of the closed-loop system (including the noise) are required to
be bounded by the real number § > 0; the input sequences are taken from S(6), where
0 > 0 is a specified real number. In order to construct a stabilizing feedback function,
we first need to find an appropriate e-eigenset for the recursion function f. Assume
that the noise level does not exceed 5; namely, take 0 < ¢ < %6 and consider the set 2
of all points (x,, x,, u) € R? x R satisfying |(x,, x,)| < J and | f(x, u)| < %4. In explicit
form, the set 2 consists of all points for which the following conditions hold:
() (1, x2)| < & (i) |(x;)? + x,| < £6; and (iii) [sin x, + [1 + (x,)*]u| < %5. Denote

yi=(x1)* +x; (4.22)
2= sinx; + [1+(x;)*Ju (4.23)

Then for a given value of y,
X, =y, —(x;)? (4.24)

Now let {; and {, be real numbers describing the permissible range for y, excluding
the noise, so that —{, < y; < {,; as we shall see later, {, and {, can be chosen positive
here. By (ii), |y, | <39, so that 0 < {,, {, <34. Since x, and y, correspond to the same
state, also —{; < x; <(,. Let ¢; denote the maximal permitted noise amplitude on x; .
Then 0 <é¢; <44, and the entire range for x,, including the noise, is —{, —¢, < x; <
{, +¢;. For each x, it follows from (4.24) that the nominal domain of x, is given by

—C1_(x1)2<x2<C2_(x1)2 (4.25)

and, since the nominal x, is bounded by 24, the two conditions —{; —(x,)?>> —%6
and {, —(x,)? <%d must hold. In order to satisfy the first condition, we need

G+(C+e)2<30, (4 (L +e)*<30 (4.26)

The second condition will then hold since ¢, <%4.
Next, allowing a noise level of 0 <e, <15 for x,, we need, by (4.22), that
—{ < (%) 4+ x, <, o1

=L < +n) 2 +y,+n, < (4.27)

where |n,|<e,; and |n,|<e,. Now let &, <, &, <{, and ¢ <e¢; be positive real
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numbers such that (4.27) holds whenever

=& <)+ <E, L y)I<36, In<é, |ny|<¢ (4.28)
Defining z:=(y,)? + y,, we get from (4.22) and (4.23)
z=[(x)2+x, 1% +sinx, + [1 +(x3)*Ju, —&,<2<¢, (4.29)

Thus for every permissible x,, x, and z the input value is determined by

_Z= [(x1)® + x,]* —sin x,
u= T+ 0x,)? (4.30)

Further, setting the maximal noise level of the noise v of (3.8) at |v|<min
{3&, /(1 +6%),53&,/(1 +6%)} =:¢", and denoting &:=min {¢,¢"}, n,:=¢, —¢ and
n,:= ¢, —¢, we find that the nominal domain %(x) for u is

_’11—[(x1)2+x2]2—5in X2 <u<n2—[(x1)2+x2]2—sin X2
1 +(x,)? ST 1+(x,)?

(4.31)

for any permissible values of x; and x,. It then follows that the set of all points
(x1,%,u) e R?Zx R for which —¢&, <x,<¢&,, —&, —(x;)*<x,<¢,—(x;)? and
u € %(x) forms an e-eigenset for our recursion function f. It is then easy to verify that
2,(8) is a uniform graph, and a graphing function for it can be directly obtained from
(4.31). A possible choice for the graphing function is

_ 3y —n,) — [(x;)? + x,1* —sin x,

&) I+ (o)

(4.32)

Using this graphing function, a stabilizing feedback function can be derived using the
corollary to Theorem 3.2 as follows. Recalling that 6 is the desired bound on the input
amplitude of the closed-loop system, define A(x) == 3(n, + 1,)/{[1 + (x,)*16}. Then a
reversible feedback function that internally stabilizes the system X is given by

a(x, v) == A(x)v + g(x) (4.33)

where |v| < 6. Thus we have obtained a stabilizing feedback controller for our system.
The domain over which internal stabilization is achieved can be increased by
increasing the value of 6. The nominal initial condition of the system X can be any
(Xo1, Xo2) satisfying —&; < xq; <&, and —&; — (X01)* < Xgp < &, — (X0, )?; the noise
amplitudes must not exceed &.

As we have seen throughout our discussion, and in particular in Theorem 3.1, the
notion of a uniformly conductive function is the most fundamental notion of the
theory of static state feedback for non-linear systems. An input/state system is
internally stabilizable if and only if its recursion function is uniformly conductive. We
conclude this section with a discussion related to the question of the size of the class of
uniformly conductive functions. The result that we provide below in this context is
both strong and weak at the same time. It is strong since it shows that the class of
uniformly conductive functions is very large, and includes most systems of practical
interest. At the same time, it is rather weak, since it is based on linearization
techniques, and is thus of a local nature, referring only to stabilization over small
amplitudes of the state variables. This contrasts with the scope of the non-linear state
feedback theory developed in the present paper, which is a truly global non-linear

—df
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feedback theory, entirely devoid of linearization techniques or local arguments. Still,
the result is relevant to our present discussion, and so we provide it here without
proof. It is a direct consequence of Theorem 3.1 and some well-known results on local
stabilization of non-linear systems through linearization.

Fioposition 4.1

Let f:R? x R"—>[R? be a function that is continuously differentiable in a
neighbourhood of the origin. Let J:=(A, B) be the jacobian matrix of the partial
derivatives of f at the origin, partitioned into the p x p matrix 4 and the p x m matrix
B. If the pair (A, B) is reachable then the function f is uniformly conductive at the
origin.

To conclude, a comprehensive static state feedback theory for non-linear systems
has been presented in § 3. The theory is of a global nature, and provides necessary and
sufficient conditions for stabilization. These conditions are stated in terms of
properties of the given recursion function of the system that needs to be stabilized.
When stabilization is possible, the theory provides a computational method that
yields static reversible feedback controllers that internally stabilize the system. The
main step of this method is the derivation of ¢-eigensets of the given recursion
function, and it involves the solution of certain sets of inequalities. Computer
programs can be developed to implement the required computations.
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