





as a map X :RPxC(R™) — C(RM™) which assigns to each
pair (xg,u) € RPxC(R™) an output function x € C(RD),
where xg € R" is the initial condition and u € C(R™) is
the input function. Given a subset A C RDIxC(RM), let
2{A} be the image of the set A through 2, namely, the
set of all output functions generated by the system X
from elements of A. Sometimes, the initial conditions of
the systern £ are known to be restricted to a prescribed
subset S C RP, and its input functions are known to be
restricted to a subset C € C(R™). We shall indicate such
restrictions simply by writing £ : SxC — C(RP). Now, let
w, & > 0 be two real numbers. The set of initial condi-
tions in S that are bounded by w is clearly S n
[-w,w]?, and the set of input functions in C bounded by
9 is C N C(6M). The response of X to the entire set of

such initial conditions and input functions is Z{[S N
[-w,w]P)x[C N Cle™)]). )
(2.5) DEFINITION. A system & : SxC — C(RD) described

by the differential equation (2.1) is BIBO (Bounded-Input
Bounded-Output)-stable if the following conditions hold:
(i) For every initial condition xg € S and every input
function u € C, the equation (2.1) has a unique solution
x(t), t 2 0; and (ii) For every pair of real numbers w, ©
> 0, there exists a real number M > 0 such that Z{[S n
[0, IRIx[C N C(e™)]} € C(MD) o

Next, define the norm p on the space R"xC(R™)

by setting
(2.6) p(x,u) = Ixl + p(u)
for all x € R? and all u € C(R™). The same symbol p
is used here to simplify notation. The notion of stability
employed in the present paper is then as follows.
(2.7) DEFINITION. A system Z :SxC — C(R?) is stable if
it is BIBO-stable, and if, for every pair of real numbers
w, € > 0, its restriction Z :[S N [~w,w]R]x[C N C(e™)] —
C(RM) is a continuous function (with respect to the norm
p). ¢

An important property of the notion of stability de-

fined in (2.7) is the simplicity it lends to the theory of
stabilization of nonlinear systems. Indeed, as the next
statement indicates (see HAMMER [1989d] for proof), a
systermn described by a differential equation of the form
(2.1) is stable whenever it is BIBO-stable. In other words,
boundedness (with respect to the L®-norm) of the out-
put functions x(t), t 2 0, implies their continuous de pen-
dence on the initial condition xp and on the input
function u. This is in close analogy to the situation in
the discrete-time case (HAMMER [1989al)).
(2.8) PROPOSITION. Let X : RPxC(R™) — C(RP) be a sys-
tem described by (2.1), where f : RPxR™M — RD s a
continuously differentiable function. Then, if the system
2 is BIBO-stable, it is also stable.

We consider next the effects of inaccuracies on the
performance of the closed loop system (1.3). There are
two rnamn sources of inaccuracies - the state representa-
tion function f of the system % and the feedback
function o. To take these inaccuracies into account, we
introduce two noise signals v1 and wjy. The noise signal
vy € C(eM) is injected into the differential equation de-
scribing the systern X to accornmodate inaccuracies in
f. The equation with the noise becomes

(2.9) ) = f(x(t),ult)) + vq(t).

The noise signal vy € C(e™M) represents inaccuracies in
the feedback function o, in the form

(2.10) u(t) = a(x(t)) + vylt).

In both cases, the real number € > 0 represents the
level of inaccuracies and noise. Disturbances on the ini-
tial condition xg are already permitted by the notion of
Input/output stability discussed earlier, and so need no
special consideration.

Formally, we regard 44 and wvp as external inputs

(over which no control is provided). The closed loop sys-
tem Zg becomes then a map Zg : RPxC(eM)xC(e™) —
C(RM), where the terms in the cross product represent
the initial condition xg, the noise wv4, and the noise 4wo,
respectively. We now define the notion of internal stabil-
ity.
(2.41) DEFINITION. Let w, @ > 0 be real numbers, and
let S C [~w,w]" be a subset.The closed loop system (1.3)
is Internally stable (over the bounded domain S of initial
conditions) if there is a pair of real numbers ¢, N > 0
such that the closed loop system X5 has a unique re-
sponse x(t),t 20, forall xg € S, vq € C(e™), and wg €
C(e™M), and the following hold.

(i) o {SxC(eMx=C(eM)) ¢ C(NM), and

(ii) The map Zg : SxC(eM)xC(e™) — C(RM) is continu-
ous (with respect to p).

The number ¢ is referred to as the noise level. ¢

When the noises vq and 45 are present, we shall
refer to the (o,p) -confinement problem as the disturbed
(o,p)-confinement problem. To solve it we need to find a
continuous function o :[«a,p] = R™ which is continu-
ously differentiable over (o,p), and for which the follow-
ing is valid: the closed loop systermn Zg5 of (1.3) is well
defined for all relevant initial conditions and noise sig-
nals, and satisfies g {(o,p)xC(e™)xC(e™)} € Cl{x,p)) for
some real number ¢ > 0. Note that the differential
equation describing the closed loop system X5 with the
noises w41 and vy present is given by

(212)  3t) = £(x(0),0(x()+vo(t) + v4(t), x(0) = xq.
Regarding v, and vy as (unspecified) input functions,
introduce the augmented input wvector wi(t) =
vl(t),112(t)) € RP*M t > 0, and define the function

(2.13) g(x,w) = f(X,G(X)‘H)Q) + Vg,

Then, the differential equation of the closed loop system
becornes

(2.14) A{t) = gx(t),w(t)), x(0) = xg,

where the function g: RBxRP*™M g continuous (or con-
tinuously differentiable) wherever the functions f and
o are continuous (or continuously differentiable). By
definition, internal stability of the closed loop system X,
simply means stability over the augmented input space
(ox,B)xC(eM)xC(e™). By Lemma (2.8) the latter is equiva-
lent to BIBO-stability over the same input space. Now, if
o is a solution of the disturbed («,p)-confinement prob-
lem, the closed loop system X5 has a unique solution
x(t), t 2 0, for any initial condition xg € (o,p) and for
any noise signals v4 € C(e?) and wg € C(e™), and this
solution satisfies x(t) € (e,p) for all t 2 0. Recalling that
BIBO-stability means existence of a unique solution and
boundedness, these facts imply the following conclusion
(HAMMER [1989d]).

(2.15) PROPOSITION. Let ¥ be a system described by the
differential equation (2.1), where f : RPxR™ — RD is a
continuously differentiable function. Let o < p be two
fixed vectors in R, and let o : R? —» R™ be a continu-
ously differentiable feedback function. If ¢ is a solution
of the disturbed («,p)-confinement problem for the sys-
tern Z, then the closed loop system Zg is internally
stable (over the domain («,p) of initial conditions).

Thus, a solution for the disturbed («,p)-confinement
problem also yields internal stabilization of the given
systemm Z. This result provides yet another manifesta-
tion of the convenience resulting from the use of the
norm p. Even the rather complex notion of internal
stability reduces to a simple condition in this framework.




3. CONFINEMENT AND STABILIZATION.

The present section contains a review the solution of
the problem of disturbed («,p)-confinement derived in
HAMMER [1989d]. By Proposition (2.15), such a solution
also provides internal stabilization of the system £ that
needs to be controlled. We assume that Z is described
by a differential equation of the form (2.1). First, some
notation. Let o, p € R be two fixed vectors satisfying
o ¢ g, and let I'(x,p) denote the boundary of the rect-
angular box [o,pl. In explicit terms, the boundary con-
sists of 2n faces, given by

F;(a,ﬁ):=((x1,‘..,xn)€[o¢ Blixi= o)

(3.1) 4
Ii(o,p)i={(xg,..xn) eloc plixi=p;)

where 1 =1, ..,n, and,
(3.2) (o) = Upq [Ti(e,p) U T, (at,p)l

Let ¥ be a system described by the differential
equation xt) = f(x(t),u(t)), x(0) = xg. The closed loop
system Xg is then represented by the differential
equation xt) = f(x(t),0(x(t))), x(0) = xq. Clearly, the
state representation function f has n components fy,
...fn, each of which represents the derivative of the cor-
responding coordinate x;, 1 =1, ..,n, along the system's
trajectory. Now, let «, p € R?® be two fixed vectors
with o < p. Consider the class of feedback functions o
satisfying the following inequalities on the boundary of
the box [«,pl, for sorne real number ¢ > Q.

fi(x,o(x))2¢ forall xe I‘-:(a,a)_ im1cami

(3.3) i
filtx,o(x))<-¢ forall xel';(a,p) i=1 .. n.

Notice that the conditions (3.3) refer only to the values
of the component functions f{(x,0(x)) on the boundary
I'«,p), namely, on the faces of the box [o,p]; the specific
values of these functions within the box are not consid-
ered. Note also that the feedback function ¢ needs to be
defined only over the domain [«,p], since, under
(o,p)-confinement, the values of the vector x are con-
fined to this domain during the operation of the closed
loop system. Conditions (3.3) have a simple intuitive in-
terpretation. They guaranty that the trajectory =x(t) of
the closed loop system is 'reflected’ back into the box
(t,p) whenever it nears the boundary I'(«,p). This im-
plies that x(t) € (x,p) for all t > 0 whenever x(0) ¢
(o,p). The fact that ¢ > 0 assures that this situation is
not changed even when the noise w4 is present, as long
as the noise level is small enough. The following state-
ment, which is reproduced here from HAMMER [1989d],
provides a formal indication of the significance of condi-
tions (3.3).

(3.4) PROPOSITION. Let o :{«x,p] = R™ be a continuous
function solving the disturbed (o,p)-confinement prob-
lern. Then, there is a real number ¢ > 0 for which
conditions (3.3) are satisfied.

Thus, (3.3) is a necessary condition for the feedback
function g to be a solution of the disturbed
(x,p)-confinement problern. As one might expect, it is
also a critical ingredient in a sufficient condition for dis-
turbed («,p)-confinement. We consider next some pre-
liminary implications of this condition on the existence of
solutions for our differential equations.

Let o, p € R™ be two fixed vectors satisfying o < g,
and let & > 0 be a real number. Let ¥ be a system
described by the differential equation

(3.5° Ht) = g(x(t),wlt), x(0) = xq,

where the dimension of x(t) is n; the dimension of
w(t) is p; the input function w is restricted to C(&P);
and g : [o,plx[-9,0]P - RP® is a continuous function
which is continuously differentiable over the domain
(x,p)x[-9,8]P. Assume that there is a real number X >0
such that the function g satisfies the following condi-
tions on the boundary I'(o,p).

(3.6)

gi(x,w)2 X forallwe[-o olPandallxel’ -:(oz,fi)'i =1i..n

gi(x,w)s-X forallwe[-o elPandallxel :(a,a)‘i= 1..n.

Then, as the next statement indicates (HAMMER
[19894d]), a unique solution for the differential equation
(3.5) is guarantied to exist.

(3.7) PROPOSITION. Let o ¢ p be two fixed vectors in
RD, and let g : [x,plx[-9,8]P — R® be a continuous
function which is continuously differentiable over the
domain (o ,p)x[-9,9]P. If (3.6) is satisfied for some real
number 7YX > 0, then, for any initial condition xg € (x,p)
and any input function w € C(9P), the differential
equation (3.5) has a unique solution x(t), t = 0, and x(t)
€ (o¢,p) foralltz 0.

In order to apply the Proposition to the (o,p)-con-
finement problem, rewrite the differential equation of
the closed loop system in the form x(t) = g(x(t),w(t)),
x(0) = xp, of (2.14). Here, the input function w is gener-
ated by the noises w4 and wp through wi(t) =
(w1(1),vo(t)T € RO*M and the functign g : RPxRM*M —
RP is given by glx,w) = f(x,c(x)wz + 44, as in (2.13).
Clearly, w ¢ C(e?*™M) whenever wvq € C(e™) and wvg ¢
C(e™). Thus, the results of Propositions (3.4) and (3.7) can
be combined tc obtain necessary and sufficient conditions
for the existence of a solution to the disturbed
(a,p)-confinement problem. For this purpose we need
some notation.

First, given a function h : R® — R, a subset S ¢ RP,
and a real number ¢ > 0, let h{S} 2 ¢ indicate the
condition h(y) = ¢ for all y € S. Also, Let Bg(2) de-
note the closed ball in R™ having radius & > 0 and
center at the point z in R™, namely,

(3.8) Be(z) = {u e R™:|u -zl < &)

Note that due to the noise vy in (2.10), the input value
u of the system I generated by the feedback at the
state x may be any element of the ball Bg(o(x)),
where ¢ > 0 is the noise level. Conditions (3.3) have to
hold, of course, for each such input value. When this fact
is taken into account, (3.3) take on the following form,
where & and ¢ are two positive real numbers.

fi(x,iBE(c(x))) >¢forallxel i-(on,a) andi=1,..n,

(3.9) "
fi(x,isﬁ(c(x))) s-tforallxel’ [ (x,plandi=1,..n.

Propositions (3.4) and (3.7) yield then the following pre-
liminary form of necessary and sufficient conditions for
the existence of a feedback function o that solves the
disturbed («,p)-confinement problem (see HAMMER
[1989d] for detailed proof).

(3.10) LEMMA. Let X be a nonlinear system described
by the differential equation (2.1), where f : RUxR™ —
RD is a continuously differentiable function, and let «,
p ¢ RM be a pair of fixed vectors with o < p. Then, the
disturbed («,p)-confinement problem by pure feedback
has a solution for the system 2 if and only if thereis a
continuous function o :[o,p] = R™ continuously differ-




entiable over (o,p) and a pair of real numbers &, £ >0
for which (3.9) hold.

In fact, the conditions of Lemma (3.10) also guaranty
that the closed loop system is internally stable, as one
might expect from Proposition (2.15). We state this ob-
servation as an independent result (HAMMER [1989d]).
(3.11) PROPOSITION. Let £ be a nonlinear system de-
scribed by the differential equation (2.1), where f :
RExR™M — RP is a continuously differentiable function,
and let o, p € R? be a pair of fixed vectors with o < p.
Let o :[o,p]l = R™ be a continuous function which is
continuously differentiable over («,p), and for which
(3.9) hold for some real numbers &, ¢ > 0. Then, the
closed loop system Zg : (x,p) = C(R®) is internally
stable over the domain (o,p) of initial conditions.

Our next objective is to eliminate the function o
from the conditions of Lemma (3.10), in order to obtain
necessary and sufficient conditions for disturbed («,p)-
confinement that involve only the given state represen-
tation function f of the system ZXZ. The new conditions
will also yield an explicit method for the construction of
feedback functions a that solve the disturbed
(e,p)-confinement problem, whenever such functions
exist. With this objective in mind, we introduce some
basic quantities (see also HAMMER [1989b]).

As usual, a subset S ¢ R"xR™ s the graph of a
function g:RP — RM if S = {(x,u) € RPxR™M :u = g(x)).
Denote by T, : RPxR™ — R the standard projection
onto the flrst n coordinates, so that TT,(y1, ....Yn+m)
(yq, . ,yn) for every vector (y4, ..,¥Yn+m)' € RPxRM,
Now, let S € RPxR™ and X c R® be two subsets.
Then, S is a uniform graph on X if there is a continu-
ous function g:X — R™ and a real number & > 0
such that S = {(x,u) € XxR™ : u ¢ Bg(g(x))). The func-
tion g is then called a graphing function on X of the
set S, and the nurnber & is called a graphing radius.
Intuitively speaking, a uniform graph is simply a
‘thickened’ graph of a continuous function. It contains
the graphs of all continuous functions g' : X — R™ sat-
isfying lg'(x) - g(x)l < € for all x e X. The notion of a
uniform graph is a natural tool for the discussion of con-
tinuous functions whose values are contaminated by
noise.

We return now to the problem of disturbed
(ex,p)-confinement for the system £ described by (2.1).
Let ¢ > 0 be a real number. For each point x of the
boundary T'(«,p), construct the set of input values
(3.12) Ut e(ex,px) =

fi(x,u)2 ¢forallie{1,..,n}forwhichx el | (a,p),

ueRM | and

fi(x,u)<-cforallie{1,..,n}forwhichxe I“;(oc,a)‘

The set Ug (ot,p,x) € R™M is obtained simply by solving a
set of inequalities determined by the given state repre-
sentation function f of the systern ZX. For boundary
points x that are common to several faces of the box
[a,pl, several of the conditions listed on the right side of
(3.12) need tc be satisfied simultaneously. By listing each
point x € I'(x,p) together with its corresponding set
Ut c(e,p,x), we obtain the following subset of RPxRM™
(3.13)  S¢le,p,t) :=
{(x,u) € RPxR™ : x € T(e,p), u € Ugelx,p,x)).
(3.14) DEFINITION. Let f : RPxR™M — R be a continu-
ously differentiable function, and let « < p be two fixed
vectors in R™. The function f{ 1is (x,g)-uniformly con-
ductive if there is a real number ¢ > 0 such that the
set S¢{o,p,t) contains a uniform graph on the boundary
o,p). ¢

Uniform conductivity simply means that a continu-
ous function g : I'(x,p) = R™ exists for which the fol-
lowing holds for all 1 =1, n Th re is a real number &
> 0 such that f X, ’B (gx))) = ¢ whenever , x €
I (a,p) and f x,Be g(x) )ﬁ< -t whenever x €T’ (oc,ﬁ).
To see the 1mphcat1ons of uniform conductivity, consic_ler
a system I described by the differential equation x(t)
= f(x(t),u(t)). Assume there is a continuous feedback
function o : [x,p] = R™  solving the disturbed
(a,p)-confinement problem for Z. Then, by Lemma
(3.10), there are real numbers &, ¢ > 0 for which (3.9) is
valid. This directly implies that Bg(o(x)) C Uy o(o,,%)
for all x € I'(,p), so that Sglex,p,t) contains a uniform
graph on TI'(«,p). Thus, if a solution of the disturbed
(o,p)-confinement problem exists, the state representa-
tion function f of the system % must be
(o,p)-uniformly conductive. As it turns out, the converse
of this statement is also true, namely, if the given func-
tion f is («,p)-uniformly conductive, then there is a
feedback function (o solving the disturbed
(at,p)-confinement problem.

Indeed, assume that f is («,p)-uniformly conduc-
tive. Then, on the boundary I'(«,p), there is a continu-
ous function o :I'(e,p) = R™ and real numbers &, ¢ >
0 such that
(3.15) Belop(x)) € Ug (ex,p,x) for all x € I'(et,p).
Suppose for a moment that the function o : T'(e,p) —
R™M can be extended into a continuous function < : [«,p]
— R™ which is continuously differentiable over the in-
terior («,p). For this extension o, we have Bglo(x)] C
Ug o(o,p,x) for all x € I'(x,p), which means that (3.9)
holds for o with the present values of g, ¢ > 0. By
Lemma (3.10) this implies that ¢ is a solution of the
disturbed (o,p)-confinement problem. Now, whenever f
is uniformly conductive, a continuous boundary function
o satisfying (3.15) is quite easy to derive from the
inequalities (3.12), as a later example will indicate. Thus,
the only aspect of the problem that still needs to be con-
sidered is the extension of the continuous boundary
function o into a continuous function o :[&,p] — R™
which is continuously differentiable over the interior
(o,p). Such an extension ¢ can be derived in numerous
ways; one way is by using partial differential equations.

For instance, consider the use of the Laplace equa-
tion for this purpose. Let h : R® — R (x4,

x)T - h(xq, ..,x,) be a twice continuously differen-
tiable function, and denote by
L9 o
b op* axd

d%h

y g m—
ax;?1

(3.16)

the Laplace operator. Next, let o; be the i-th compo-
nent of our feedback function o, let (op); be the i-th
component of the function oy, and let oj|r(«,p) denote
the values of the function o; on the boundary I'(x,p).
Then, by the continuity of o and the form of the
boundary TI'(«,p), it follows frorn the theory of Laplace
equations (e.g.,, PETROVSKY [1964, Chapter 111]) that the
subsequent is true. For every i = 1, ..,m, the boundary
value problem

Aaj
(3.17) {O‘il [ee,p) = (ap); ,

has a unique and continuous solution o over the do-
main [«,p], and this solution is (twice) continuously dif-
ferentiable over the interior («,p). When the solutions
01, ., O are combmed into the vector valued function
(01, .20m) T, they create an extension o : [o,p] —
Rm of the boundary function op. This extension is con-
tinuous over [«,p] and continuously differentiable over
(e,p); by the choice of op, it satisfies the conditions (3.9).




Thus, invoking Lemma (3.10), it follows that o is a so-
lution of the disturbed (o ,p)-confinement problem.

Of course, partial differential equations other than

(3.17) could also be used to obtain suitable extensions o,
or such extensions could be obtained through other
methods, without the use of partial differential equa-
tions. In any case, when the discussion of the last few
paragraphs is combined with Lemma (3.10) and
Proposition (3.11), we obtain the following theorem,
which is our main result (HAMMER [1989d]).
(3.18) THEOREM. Let X be a system described by the
differential equation x(t) = f(x(t),u(t)), x(0) = xg, where
f:RAxR™M — RD is continuously differentiable, and let
o ¢ p be two fixed vectors in RP™. Then, the following
two statements are equivalent.

(i) There exists a feedback function o : [x,p] = R™
that solves the disturbed («,p)-confinement problem for
the system Z, with the closed loop system Zs being in-
ternally stable for all initial conditions xg € («,p).

(ii) The given state representation function f of X
is (o,p)-uniformly conductive.

From our discussion, we obtain the following proce-
dure for the solution of the disturbed («,p)-confinement
problem. The given system X is described by a differen-
tial equation of the form t) = f(x(t),u(t)).

Step 1. Check whether the given state representation
function f is (o,p)~uniformly conductive; If it is, find a
continuous boundary function op: '(e,p) = R™ which
forms a graphing function on TI'(x,p) for the set
St(e,p,t). In mathematical terms, this step involves the
solution of certain sets of inequalities. Computer pro-
grams can be developed to check for uniform conductiv-
ity and to compute an appropriate function o when-
ever it exists. For low dimensional systems, graphical
rmethods may also be ernployed.

Step 2. Find a continuous extension o : [«x,p] = R™M™ of
or which is continuously differentiable on (e,p). This
can be done, for instance, by solving the partial differ-
ential equation (3.17). Note that since the closed loop
configuration Z is internally stable, approximate solu-
tions for the feedback function ¢ are also adequate.

Since Theorem (3.18) lists necessary and sufficient
conditions, it characterizes all degrees of freedom in-
volved in the solution of the disturbed («,p)-confinement
problem. These consist of the degrees of freedom avail-
able in the choice of the boundary function o in Step
1, and the degrees of freedom available in the construc-
tion of the extension o in Step 2. Furthermore,
Theorem (3.18) provides a general method for the inter-
nal stabilization of nonlinear input/state systems
through the use of pure static state feedback. We con-
clude with a simple example.

(3.19) EXAMPLE. Consider the system % with two states
and one input, described by the differential equation

% = 1+[1+(x9)?]xqu
(3.20) '

w = 1+[1+(x1)2]xqu.
For the domain of confinement, we choose o = (0,0)T
and p = (1,1)7, so that the systerm has to be confined
within the unit square in the first quadrant. The com po-
nents of the state representation function f here are

{fl(xl,}{g,u) =1+[1+(x2)%)xqu )

fo(xq,%0,u) = 1+[1+(x1)Hxpu.

We need to compute the sets U (x,p,x) of (3.12) for
some ¢ > 0. Choosing ¢ = 1, this simply requires solving
for u the inequalities

f4(xq,%x9,u) 2 1 for all x4, xp with %9 = 0 and
0 < x9=<1;
f1(xq,%xp,u) = -1 for all x4, xp with x9 =1 and
0 < xp < 1
fo(xq,%x9,u) 2 1 for all x4, xg with 0<x4 <1 and

Xp = 0
fo(xq,x0,u) < -1 for all x4, xp with 0<x4 <1 and
Xo = 1.

A straightforward calculation yields
Us 1(ot,p,x1,%0) =

{allueR}ifxq1=0and0sxp¢1
{allu € Rsatisfyingu<-2/[1+(x5)2))ifx4 =1andO<xp<1 ,
{allueR}ifO¢<x ¢landxy=0

{allueRsatisfyingu<-2/[1+(x1)2))ifO<xq <1andxp=1.

The set S¢(a,p,1) is directly determined by the above
expression for Ugq(x,p,x), and it is easy to see that it
contains a uniform graph on the boundary TI'(«,p).
Indeed, observing that the set {all u € R satisfying u =
-2} is contained in Ug4(c,p,x) for all x € I'(«,p), it fol-
lows that the constant function o :I'(«,p) = R given
by op(x):= -3 is a graphing function for S¢(e,p,1), with
graphing radius & = 1. Now, one easy way of extending
the function o into a continuous function o :[«,p] —
R continuously differentiable over («,p), is by simply
taking the constant function
a(x) = -3

for all x ¢ [«,pl. For this choice of o, Theorem (3.18)
implies that the closed loop system Z, is («,p)-confined
for the present «, B, and internally stable for all initial
conditions xg € (o,p). ¢

As we can see from the example, the computation of
an appropriate feedback function ¢ Is quite simple, and,
in many cases, it is not necessary to resort to the solu-
tion of the partial differential equation (3.17) for finding
an appropriate extension of the boundary function or.
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