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Proof of Proposition 6.8. We assume that ,£ is nonsingular, causal, and 
inputjoutput stable, and that f ,£ is inputjoutput stable. Let f = NPDP-1 be a pole 
representation off, and let,£= ND- 1 be a coprime polynomial matrix fraction 
representation of,£. By Proposition 4.8 we have that DP- 1 ND- 1 is inputjoutput 
stable, and whence so is also DP-1N. But then, since DP is completely unstable, we 
obtain by Lemma 4.6 that the Il!.ap N 1 := DP- 1N is polynomial, and N = DPN 1• 

Further, by Proposition 3.4, Ker,£= D[fW] =:A, and, defining A1 := N[OU], we 
obtain that A1 = ,l[A] c DP[OU] = ~ 8 • Finally, since A1, ••• ,Am are the degree 
indices of A and p 1, •• ·,Pm are those of A0 , the inclusion ,l[A]c A0 implies, by 
Lemmas 6.9 and 6.11, that Ai~ P; for all i = I, . .. ,m, and our proof concludes. D 

Proposition 6.8 is only a manifestation of a stronger result, which is our next 
objective. We start with a brief review of some terminology in realization theory. 
Let f: AU~ AY be a linear input/ output map. An (abstract) realization off is a 
triple ( X, g, h ), where X is an OK-module, and g: OU~ X and h: X I'Y are 
QK-homomorphisms, such that the following diagram is commutative (Kalman 
[1965], Kalman et. al [1969]) 

l 
OU I'Y (6.12) 

X 

The module X is called the state space, and is, of course, a K-linear space as well. 
The realization (X, g, h) is called reachable if g is surjective, observable if h is 
injective, and canonical if it is both reachable and observable. We shall always 
assume that Xis finite dimensional as a K-linear space, in which case one has that 
ranknKKer g = dim KU (see e.g. Fuhrmann [1976]). In this case there exists a 
nonsingular polynomial matrix D: AU~ AU such that Ker g = D[QU]. 

Now, let g: OU~ X be an QK-homomorphism. The pair (X, g) is called a 
semirealization of f if there exists an OK-homomorphism h : X f Y such that 
(X, g, h) is a realization off. (We note that a semirealization is equivalent to a 
pair of matrices (F, G), as mentioned in the introduction.) The semirealization 
( X, g) is called reachable if g is surjective, and canonical if ( X, g, h) is a canonical 
realization off. For a reachable semirealization, we evidently have that X is 
QK-isomorphic to the quotient QK-module OU/Ker g, so that a reachable semi­
realization is determined by the OK-module Ker g c nu up to a state space 
isomorphism. It can be shown that a reachable semirealization off is canonical if 
and only if Ker g = Ker] (see Hautus and Heymann [19781). The reachability 
indices of a reachable semirealization ( X, g) are the degree indices of the 
OK-module Ker g. Finally, let ( X, g) be a reachable semirealization, and let 
Ker g = D[QU]. Then, we say that (X, g) is stable if D - 1 is inputjoutput stable. 

The significance of a semirealization is most clearly demonstrated through 
polynomial matrix fraction representations. Indeed, let ( X, g) be a canonical 
semirealization off, and let Ker g = D[QU]. Then, also Ker J = D[QU], and, by 
Proposition 3.4, there exists a polynomial matrix N: AU~ AY, right coprime 
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with D, such that f = ND- 1
• Thus, a canonical semirealization basically is a 

denominator of a right coprime polynomial matrix fraction representation off. 
We tum now to the main result of the present section. Let f: AU~ AY be a 

rational AK-linear map. We denote by P(f) the set of all nonsingular, causal, 
and input/ output stable precompensators ,£: AU ~ AU for which f ,£ is 
inputjoutput stable. 

Theorem 6.13. Let f: AU~ A Y be a rational AK-linear map with pole indices 
p 1 ::; p2 ::; • • • ::; Pm, and let ( X, g) be any stable and reachable semirealization with 
reachability indices A 1 ::; A 2 ::; • • • ::; Am. Then, there exists a precompensator .i E 

P(f) having (X, g) as a canonical semirealization if and only if Ai? Pi for all 
i=I, ... ,m. 

Proof. The "only if' direction is stated in Proposition 6.8 above. Conversely, 
assume that Ai? Pi for all i = l, . .. ,m, and let Kerg = D[OU]. We can assume 
that the columns d 1, ••• ,dm of Dare properly independent, and that ord di= - A;, 
i = 1, ... , m. Further, let f = NP DP-1 be a pole representation off, where DP has 
ordered properly independent columns di, ... ,d'm, so that ord d; = - P;, i =I, ... ,m. 
Then, since A;? pi for all i = l, ... ,m, it follows by Theorem 6.2 that the map 
-l:= DPD- 1 is causal, and it is easily seen that,£ E P(f ). Moreover, since D- 1 is 
input/ output stable, it follows by Proposition 4.3 _ that DP and D are right 
polynomially coprime. Thus, by Proposition 3.4, Ker,£= D[OU], so that Ker g = 
Ker 1, and ( X, g) is a canonical semirealization of,£. D 

In particular, it follows by Theorem 6.13 that all the precompensators of 
minimal MacMillan degree in P(f) have reachability indices equal to the pole 
indices p 1, ••• , Pm off. 

Among all precompensators, the bicausal ones are of particular inter.est, since 
they are related to feedback, and they do not affect the internal delay of the 
system (see Hammer and Heymann [1981]). Every causal feedback, be it state 
feedback or output feedback, induces an equivalent bicausal precompensator. Our 
next objective is to show that Theorem 6.13 can be sharpened in such a way that 
the precompensator ,£ there will also have the property of being bicausal. This can 
be done under a mild assumption on the stability set (}, as follows. Let (} be a 
stability set. We say that (} is a strict stability set if there exists an element f3 E K 
such that (z + /3) is coprime with every element'¥ of 8. Clearly, in case K is the 
field of real numbers, the set of all polynomials having their roots in a region of 
the complex plane which includes part of, but not all of, the real line, forms a 
strict stability set. Given a strict stability set 8, we denote by (Jc the multiplicative 
set generated by all primes p E OK which are coprime with every element'¥ of 8. 
Then, since (z + /3) E (JC, we have that oc is nonempty, and it forms a stability set. 

Theorem 6.14. Assume that (} is a strict stability set, and let f: AU~ AY be a 
rational AK-linear map with pole indices p 1 ::; p2 ::; • • • ::; Pm. A !so, let ( X, g) be any 
stable and reachable semirealization with reachability indices A 1 ::; A 2 ::; • • • ::; Am. 
Then, there exists a bicausal precompensator ,£ E P(f) having ( X, g) as a canonical 
semirealization if and only if A; ? P; for all i = 1, ... , m. 
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Proof The "only if" direction is evidently stated in Theorem 6.13. Conversely, 
assume that A;~ P; for all i = 1, ... ,m, and let t:= A; - P; ( ~ 0), i = 1, ... ,m. Since 
(} is a strict stability set, there is an element /3 EK such that (z + /3) is coprime 
with every element in 8. Define the matrix r=diag((z+fi)t 1

, ••• ,(z+,B)tm). 
Then, using the notation and argumentation of the proof of Theorem 6.13, it can 
be readily seen that the map ,le:= DPtn - 1

: AU~ AU is bicausal, and that it 
satisfies our assertion. D 

Example. Computation of pole indices: For the sake of simplicity, we assume that 
the stability set 8 consists of all powers of (z + I), and we consider the map 

·- ( z + 2 z + 4) . A 2 ~ A 
/.- (z+l)(z+3) 'z+5 · K K. 

Defining 

NP:= ((z+2)(z+5) (z+4)(z+3)) 
(z+l) ' I 

and DP:= (z + 3)(z + 5), we obtain that/= NPDP- 1 is a pole representation off. 
The pole index off is then p = - ord( z + 3)( z + 5) = 2. 

7. The Stability Indices 

In the previous section we directed our attention to the dynamical properties of 
the precompensators that stabilize a given system. In the present section, we 
consider the dynamical properties of the resulting stabilized systems. For the sake 
of simplicity, we start our discussion with the injective case, and later we show 
that all our statements are valid for the general noninjective case as well. It will be 
convenient to compare our present situation with the one encountered in Hammer 
and Heymann [ 1983], where we studied general precompensation, and for this 
purpose we reproduce from there the following 

Definition 7.1. Let/: AU~ AY be an injective linear inputjoutput map. The 
reduced reachability indices P 1, ••• , Pm off are the degree indices of the OK-module 
KerTrf. 

Let/: AU~ AYbe an injective linear inputjoutput map, and let f(/) be the 
set of all linear inputjoutput maps of the form f' = f ,f, where L: AU~ AU is a 
rational bicausal precompensator. Then, the dynamical properties of the systems 
in f (/) are characterized in terms of the reduced reachability indices of/ as 
follows (Hammer and Heymann [1983]). 

Theorem 7.2. Let f: AU~ AY be an injective linear input/output map, with 
reduced reachability indices P 1 ::::;; P2 ::::;; • • • ::::;; Pm. Then, the following hold true. 

(i) Let f' E e ( f) be any element, and let A 1 ::::;; A 2 ::::;; · • · ::::;; Am be the reachabil­
ity indices of any reachable realization of f'. Then, for all i = I, ... , m, 
A;~P;. 
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(ii) Let ( X, g) be any reachable semirealization with reachability indices I\ 1 5 
/\ 2 5 · · · 5 /\m, and assume that /\i ~ vi for all i = I, ... ,m. Then, there 
exists a linear input/output map f' E f:(f) such that (X, g) is a semi-reali­
zation off'. Moreover, if the field K is infinite, then there exists a linear 
input/ output map f" E e ( f) such that ( X, g) is a canonical semirealization 
off". 

Our main objective in the present section is to show that a similar situation 
also holds in the case of stable precompensation, when the reduced reachability 
indices are replaced by the following set of invariants. 

Definition 7.3. Let/: AU~ AY be an injective rational AK-linear map. The 
stability indices off (in the sense of 0), a 1 5 <J2 5 · · · 5 <Jm, are the order indices of 
the OK-module t:l ( := Ker 'TTj n n9U). 

In more explicit terms, let/: AU~ AY be an injective rational AK-linear 
map, and let f = N n- 1 be a zero representation of/. Also, let M: AU~ AU be a 
polynomial unimodular matrix such that the columns d 1, ... , d m of D M are 
ordered and properly independent. Then, the stability indices <J 1, •.. , <Jm of f are 
ai = - ord di, i = I, ... , m. We now examine some properties of stability indices, 
starting with a magnitude evaluation. 

Proposition 7.4. Let f: AU~ AY be an injective rational AK-linear map with 
reduced reachability indices v1 5 v2 5 · · · 5 vm, and let 1\1 5 /\ 2 5 · · · 5 Am be the 
reachability indices of any reachable realization off. Then, the stability indices off, 
a 1 5 <J2 5 · · · 5 O'm, satisfy for all i =I, ••• ,m, vi 5 <Ji 5 /\i. 

Proof. Let (X, g, h) be any reachable realizations off. Then, by (6.12), Ker g c 
Kerj. Also, by definition, Ker] c tl(f) c Ker'TTj, so that Ker g c ti(!) c Ker'TTj. 
But then, our assertion follows directly by Lemma 6.9. D 

One consequence of Proposition 7.4 is that, when f is causal, its stability 
indices are nonnegative integers. This is implied by the fact that, when f is causal, 
its reduced reachability indices are nonnegative (see Hammer and Heymann 
[ 1983], Section 5). The connection between the stability indices and the reduced 
reachability indices is made clear through the notion of 0-invertible maps (see end 
of Section 5) as follows. 

Proposition 7.5. Let f: AU~ AY be an injective rational AK-linear map with 
reduced reachability indices v1 5 v2 5 · · · 5 vm and stability indices <J1 5 <J2 5 · · · 5 
O'm. Then, O'; = vi for all i = I, ... , m if and only if f is 0-invertible. 

Proof. If / is 0-invertible, then, by Proposition 5.17, Ker 'TTj c n0u, so that 
tl = Ker'TTf and <Ji= vi for all i = l, ... ,m. Conversely, assume that <Ji= v;, i = 

1, ... , m. Then, the submodule ti c Ker 'TT f has the same degree indices as Ker 'TT f, 
so that, by Lemma 6.9, tl = Ker'!Tf. But then, since t:.8 c 0 8U, also Ker'TT/ c n,p, 
and/ is 0-invertible by Proposition 5.17. D 

Next, we show that the stability indices cannot be reduced by stable precom­
pensation. 
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Proposition 7.6. Let f: AU~ AY be an injective rational AK-linear map with 
stability indices a1 ,::;; a2 ,::;; • • • ,::;; am. Also, let i: AU~ AU be a nonsingular, causal, 
and input/ output stable AK-linear map. Then, the stability indices a; ,::;; a~ ,::;; · · · ,::;; 
a:n off i satisfy a( ~ <1; for all i = 1, ... , m. 

Proof Let f':= f i. Then, i[Ker7Tf'] = Ker7Tf and, since i is inputjoutput 
stable, also i[Q 8U]cQ 8U. Now, let ~:=i[~ 8

(/')], let a 1, ••• ,am be the order 
indices of~, and note that, by Lemma 6.11, we have a(~a; for all i=l, ... ,m. 
Using the facts that i is nonsingular and input/output stable, we obtain ~ = 
i[Ker 7Tf' n 0 8U] = i[Ker 7Tf']ni[Q 8U] c Ker 1Tj'i- 1 n 0 8U = Ker 7Tf n 0 8U = 
~ 8(!). Hence, ~ c ~8(!), so that by Lemma 6.9, a;~ a; for all i =, ... ,m, and 
since also a(~ a;, we conclude that a(~ a;, i =, ... , m. D 

A reconsideration of our proof leads to the following. 

Corollary 7.7. Let f: AU~ AY be an injective rational AK-linear map, and let 
i: AU~ AU be 0 8 K-unimodular. Then, f and f i have the same stability indices. 

Combining Propositions 7.4 and 7.6, we directly obtain the following bound 
on the reachability indices of the stabilized system. 

Corollary 7.8. Let f: AU~ AY be an injective AK-linear map with stability 
indices a1 ,::;; a2 ,::;; • • • ,::;; am. Also, let i: AU~ AU be a nonsingular, causal, and 
input/output stable AK-linear map, and let A1 ,::;; A2 ,::;; • • • ,::;; Am be the reachability 
indices of any reachable realization off i. Then, A; ~ <1; for all i = 1, ... , m. 

Thus, the stability indices form a lower bound for the sets of reachability 
indices attainable under stability restrictions. We now show that this bound is 
tight, and leads to a stable-dynamics assignment theorem. We denote by "2.(/) the 
set of all input/ output stable AK-linear maps of the form f i, where i: AU~ AU 
is a nonsingular, causal, and inputjoutput stable precompensator. 

Theorem 7.9. Let f: AU~ AY be an injective rational AK-linear map with 
stability indices a 1 ,::;; a2 ,::;; • • • ,::;; am, and let ( X, g) be any stable and reachable 
semirea/ization with reachability indices A1 ,::;; A2 ,::;; • • • ,::;; Am. Then, there exists a 
map f' E "2. ( f) having ( X, g) as its canonical semirealization if and only if A; ~ <1; 

for all i = l, ... , m. 

Proof If ( X, g) is a canonical semirealization of a map f' E "2. (! ), then it follows 
by Corollary 7.8 that A;~ <1; for all i = l, ... ,m. Conversely, assume that A;~ <1; for 
all i =I, ... , m, and let f = N0 D0 1 be a zero representation off, where D0 was 
chosen with ordered and properly independent columns. Also, let Ker g = D[OU], 
where, again, D was chosen with ordered and properly independent columns. 
Then, the degrees of the columns of D0 are a 1, ••• , am, and those of D are 
A1, ••• ,Am, so that, ·since A;~ <1; for all i = I, ... ,m, it follows by Theorem 6.2 that 
the map i:= D0D- 1 is causal. Since both of D0 and D - 1 are inputjoutput stable, 
so is also i. Clearly, i is nonsingular as well, and the map/':= f i = N0 D - 1 is 
inputjoutput stable. Whence, f' E "2.(/). In view of Proposition 5.6, the maps N0 
and Dare right polynomially coprime, so that, by Proposition 3.4, Ker]'= D[OU]. 
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Thus Ker g = Ker]', and (X, g) is a canonical semirealization of the map/' E 

"2.(/). 0 
When the stability set () is a strict stability set we can, in analogy to Theorem 

6.14, add in Theorem 7.9 the additional requirement that the precompensators be 
bicausal. This leads to the following statement, the proof of which is a modified 
version of the proof of Theorem 7.9, using the construction of the proof of 
Theorem 6.14. (We recall that P(f) is the set of all nonsingular, causal, and 
inputjoutput stable precompensators ,£:AU~ AU for which f ,f is input/output 
stable.) 

Theorem 7.10. Assume that () is a strict stability set, and let f: AU~ AY be an 
injective rational AK-linear map with stability indices a 1 ~ a2 ~ • • • ~ "m· Also, let 
( X, g) be any stable and reachable semirealization with reachability indices "'A 1 ~ A 2 
~ · · · ~ Am. Then, there exists a bicausal precompensator ,f E P(f) such that 
( X, g) is a canonical semirealization off ,f if and only if "'A; ~ <1; for all i = 1, ... , m. 

We note the analogy between Theorem 7 .10 and Theorem 7 .2. Through the 
use of strict stability sets, we were able to overcome the requirement of infinite 
fields in Theorem 7 .2 (ii). 

We conclude our discussion of the injective case with an examination of the 
connection between our present situation and the theory of strict observability 
described in Hammer and Heymann [1983]. Let /:AU~ AY be a rational 
AK-linear map. We say that f is 8-irreducible if it has the minimal MacMillan 
degree in "2.(/). From Theorem 7.9 we directly obtain the following. 

Corollary 7.11. Let f: AU~ AY be an injective rational AK-linear map with 
stability indices a 1 ~ a2 ~ • • • ~ "m and reachability indices "'A 1 ~ A 2 ~ • • • ~ Am. 
Then, f is 8-irreducible if and only if A; = <1; for all i = 1, ... , m. 

We recall from Hammer and Heymann [19.83] that a AK-linear map/: AU~ 
AY is called strictly observable whenever Ker 'IT/ c au. That there is a close 
connection between strictly observable maps and 8-irreducible ones is indicated 
by the following 

Proposition 7.12. Let f: AU~ AY be an injective linear input/output map. Then, 
f is {}-irreducible if and only if A8(!) C au. 

Proof. If f is 8-irreducible, then by Corollary 7.11, Ker] and A8
(/) have equal 

order indices. But then, since Ker] c A8
(/), it follows, by Lemma 6.9, that 

Ker]= A8(!), and thus A8(/) c OU. Conversely, if A8(/) c au, then, since 
Ker J = A8 ( /) n OU, we have Ker J = t:l ( f ), so that the canonical reachability 
indices of f are equal to its stability indices, and / is 8-irreducible by Corollary 
7.11. D 

Now, let/= N0 D0-
1 be a zero representation off, and define g:= D0 1

• Then, 
Ker'!Tg = D0 [Ker'!T] = D0 [0U] = A8(!), where the last equality is by the definition 
of the zero representation. Combining this with Proposition 7.12, we obtain 

Corollary 7.13. Let f: AU~ AY be a rational AK-linear map, let f = N0 D0-
1 be a 

zero representation off, and denote g:= D0-
1
• Then, f is 8-irreducible if and only if g 

is strictly observable ( or, equivalently, if and only if D0 is a polynomial map). 
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We conclude this section with a brief indication of how our discussion can be 
generalized to the noninjective case, and thereafter we give an example for the 
computation of the stability indices. 

The noninjective case: Let /:AU-+ AY be a rational AK-linear map, let 
q:= dimAKKer/, and assume that q =1= 0. By Lemma 5.10, there exists an f29 K­
unimodular map .l: AU-+ AU such that/ .l = (/ 0 ,0), where / 0 : AK<m - q)-+ AY is 
injective. Let a?~ of::;;··· ::;; a/'m- q) be the stability indices of / 0 • 

Lemma 7.14. The stability indices of, ... ,a~ - q are uniquely determined by f. 

Proof Let .l' : AU-+ AU be any n0 K-unimodular map for which / .l' is of the 
formf .l'= (/',O), where/': AKm - q-+ AYis injective, and let af, ... ,a~ - q be the 
stability indices off'. We have to show that a(= a;0 for all i = l, ... ,m - q. 
Substituting/= (/ 0 ,0).l - 1

, we obtain that (/ 0 ,0).l - 1.l' = (/',O). Whence, since / 0 
is injective, it follows that 

where ,£ 
1

: AKm - q-+ AKm - q and ,£ 
2

: AKq-+ AKq are f29 K-unimodular, and 
,l *: AKm - q-+ AKq is causal and inputjoutput stable. But then, f' = /0.f 1, and, 
since .f 1 is n0 K-unimodular, it follows by Corollary 7.7 that a;= a? for all 
i=l, ... ,m. D 

We generalize now the definition of the stability indices to the noninjective 
case as follows. Adhering to our above notation, the stability indices a 1 ~ a2 ~ • • • 

~ am off are: a;= 0 for all i =I, ... ,q, and a;:= a?-q for i = q +I, ... ,m. In view of 
Lemma 7.14, a1, ••• ,am are uniquely determined by/. 

Using the representation f ,l = (/ 0 , 0) and the fact that both of,£ and ,£- 1 are 
causal as well as inputjoutput stable, it can be shown that, under the above 
definition of stability indices, Theorems 7.4, 7.6, 7.7, 7.8, 7.9, 7.10, and 7.11 
continue to hold when the injectivity assumption of/ therein is released. Also, 
Corollary 7.13 holds in the noninjective case when "strictly observable" therein is 
replaced by "extended strictly observable" (see Hammer and Heymann [1983]). 

Example. Computation of stability indices: For the sake of simplicity, we choose 
the stability set (} as the set of all powers of ( z + 1 ), and we consider the 
noninjective map 

/:= ( (z + 1)3(z +2)' (z +2)(z +5)): AK 2 -+ AK. 

(z+3)5 (z+3)5 

Defining 
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we have that ,£ is 08 K-unimodular, and I -l = (/ 0 ,0), where 10 := (z + 1)3(z + 
2)/(z + 3)5

• Further, denoting N0 := (z + 2), and D0 := (z + 3)5/(z + 1)3
, we have 

that lo= N0 D0 1 is a zero representation of lo, and the stability index of lo is 
a0 =-ord(z+3)5/(z+l) 3 =2. The stability indices of I are then a 1 =0 and 
a2 = 2. D 
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