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The problem of maximizing the time during which a system operates
below a specified error bound is considered for systems subject to per-
turbations and disturbances. It is shown that there is an optimal input
function that keeps the response error below a specified magnitude for
the longest period of time. The problem is formulated as a Max-Min
optimization problem.

Specifically, consider a system ⌃(u, D, v, x0, t) that has the input
function u(t); depends on parameters D; is a↵ected by a disturbance
signal v(t); and has the initial condition x0. Here, D 2 �, v 2 V, and
x0 2 ⌅, where �, V, and ⌅ are specified compact sets, and the input
function u is taken from a set U of bounded Lebesgue measurable func-
tions. Letting ⌃0(t) be the desired nominal output signal, the response
error is ✏(u, D, v, x0, t) := |⌃(u, D, v, x0, t)�⌃0(t)|. The objective is to
find an input function u(t) that keeps the error ✏(u, D, v, x0, t) below a
specified magnitude M for the longest time.

For given u, D, v, and x0, the response error is acceptable up to the
time T (u, D, v, x0) := inf {t � 0 : ✏(u, D, v, x0, t) > M}. An optimal in-
put function u

⇤ maximizes this time for the worst perturbations and
disturbances, yielding the overall best time

T

⇤(u⇤) := sup
u2U

inf
D2�,v2V,x02⌅

T (u, D, v, x0).

It is shown that u

⇤(t) exists under common conditions and that, with-
out significantly a↵ecting performance, u

⇤ can be replaced by a bang-
bang input function for easy calculation and implementation.
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