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We now show that the following extension of Theorem 5.1 holds : If

Y deg ;> Y (0;+[p'y—11%), foralli=1,.. .k

j=1 i=1
then there exists a causal v such that f, 1) is internally stable and has a polynomial
representation f, vy = G1H, where G has ¢,, ..., ¢, as its invariant factors. (We
note that the unity feedback has been replaced by the static (constant gain)
feedback V.)

The proof of this statement is by a slight modification of the proof of
Theorem 5.1. Let I, : AU—-AU be an Q,~ K-unimodular map for which
fly = (f1, 0), where f, : AK¥—AY is injective, and note that f, : = V/, is square
non-singular. Let f;=ZD-! be a zero representation of f;,, where D has
properly independent and ordered columns d, ...,d;. (We remark that
fo=(VZ)D-1 is a canonical stability representation by our above assumption,
but is not necessarily a zero representation.) Then, by definition, ord d;= —4,,
i=1,...,k. Denote B := [p’;—1]%, and let I, := D(z+a)¥' @1, where @ is
defined as in the proof of Theorem 5.1 under the substitution p,p’;. Follow-
ing the proof of Theorem 5.1, we construct from /; (around the system f' = Vf)

T, . .
the compensators v, r= 00 , and v,=vr. An explicit computation shows

then that f,, yy=fv [I+fv, ] =(ZQ 1P, 0), where P := (z+«)f'ry is a poly-
nomial matrix. By the definition of ¢ this proves our assertion.

We turn finally to the existence of V. When K in the field of real numbers
and o is the set of all polynomials having their roots in the left side of the
complex plane, it is easy to see that the following holds for almost every
f: (*)Z has a non-singular k x k submatrix C such that det C and det ) are
ot-coprime (i.e. have no unstable zeros in common). When (*) holds, the
matrix V: Y—KF¥ for which C'= VZ clearly satisfies (i) and (ii) above. []

Assignment of characteristic polynomials

In some cases one may be interested only in the assignment of the charac-
teristic polynomial, disregarding the detailed structure of the invariant
factors. In such cases, a sufficient condition somewhat stronger than the
one of Theorem 5.1 can be obtained as follows. Let f: AU—AY be a non-
zero i/o map with stability indices 6,>0,>...>6,,. By Brasch and Pearson
(1970) (who use Wonham (1967)), there exists a static output feedback
F: Y-U and a vector V: K—U such that the single input system [ :=
frV : AK—AY (where f, is obtained by applying the output feedback F to
f) has Macmillan degree u(f')=pu(f). Let 6 be the stability index of /', and
let p;>py>...>p, be its left pole indices. Now, let ¢ be any monic stable
polynomial with

deg ¢> 0+ [p,—1]* (13)

We next construct an internally stable unity feedback configuration around
f' for which ¢ is a characteristic polynomial. We note that (13) allows lower
degrees for ¢ than the condition of Brasch and Pearson (1970), which reads
deg ¢ > pu(f) + puy— 1 (where p, is the maximal observability index of f'), since
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clearly 6<pu(f) and p; <py. A numerical example comparing the two condi-
tions was given earlier in this section.

Construction

Let u,, ..., u,eQ,~ KP be strictly causal and stable column vectors for
which the augmented matrix /" := [f’, u,, ..., w,] is square and non-singular.
Since u,, ..., u, are stable, f” has the same left pole indices as /. Now, let

f'=N'd-1 be a right zero representation of f’, and note that d is scalar and
ordd=—0. We define ¢ := d(z+«)lPr11"/$, where (z+a)eo, and consider
the p x p non-singular, causal and i/o stable matrix

$ 0 ... 0

l:=1]0
: I(pAl)X(]J—l)
0
Then f“I is ijo stable and the conditions of Theorem 4.1 are satisfied. Let
v and r be the causal compensators constructed in the proof of Theorem 4.1

satisfying f"1= {"w,n- We recall (see the proof of Theorem 5.1) that
(z+a)lPr11*r is a polynomial matrix. Further, let @ and b be the first row
of v~! and r, respectively, and define the p x p matrices

a b

v,l:=10 5

<
-
Il

0 |: AKP—AK?
Lpvxp- :
0

Then, noting that I-'=wv,~1+7rf, it follows by the particular form of [ that we
still have f"1=f"(,, ,,. Denote now by y:= (z+«)r 11*b the respective
polynomial row vector, and let @—1N" be a left coprime polynomial matrix
fraction representation of N'¢-1. (Note that, since N’ is completely unstable
and ¢ is stable, det @ =¢.) Returning now to (12 a) and (12b), and letting
v, 1= vyr;, we have

f”(vA,I) = f”(vl,n)rl = f”lTl = Q—lN”'y

Whence, since det @ = ¢, we obtained that ¢ is a characteristic polynomial of
f"wan- This completes our construction. We observe that our construction
involves two static output feedback loops—an internal one by F, and an
external one by unity feedback. O

6. Pole assignment by pure output feedback

In this section we consider the problem of pole assignment in configurations
of the form of Fig. 3, where f is a given transfer matrix, » is a causal feedback
compensator, and f, is the resulting system. We assume, of course, that the
configuration is internally stable. The following is the main result of the
present section. (We recall that the o-latency indices were defined in § 2.
We also note that, by strict causality, the o-latency indices of an injective
ijJo map f: AU—AY satisfy v,>1 for all t=1, ..., m.)
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Figure 3.
Theorem 6.1
Let f : AU—AY be an injective i/o map with stability indices 0, > 0,> ... >0,
and with o-latency indices vi>vy>...2v,. Let ¢y, ..., ¢, where ¢,,, divides
¢, for all i=1,...,m—1, be a set of monic and stable polynomials. If

j Jj

Y deg ;> Y (0;+v,—1), forallj=1,...,m

i=1 i=1
then there exists a causal feedback r such that f,. is internally stable and has a
polynomial representation f,=GH, where G has ¢, ..., ¢,, as its (non-trivial)
tnvariant factors.

The proof of Theorem 6.1 will be stated later in this section, following a
preliminary discussion. We remark that the injectivity assumption in this
theorem can be released through a method dual to the one employed in §5
for the non-surjective case, and we shall discuss this point later in the section.
Now, we wish to consider a numerical example.

Example

We return to the transfer matrix f of the exarﬁple in §5. Then, 6=4
and also v=4. Whence, the condition of Theorem 6.1 becomes deg ¢>17.
We recall that the condition (11) of Rosenbrock and Hayton (1978) was in
this case deg ¢ > 15, whereas the condition for unity feedback (Theorem 5.2)
was in this case deg ¢ > 5. O

Returning to the condition (11) of Rosenbrock and Hayton (1978), we
remark that, since 6,<A;, i=1,...,m, and v»;<p,, the present conditions
allow lower degree for the {¢;}. As we see in the above example, the present
conditions can be considerably sharper, depending on the given transfer
matrix f.

The proof of Theorem 6.1 is, in a way, similar to the proof of Theorem 5.1,
but, instead of depending on the minimization of the feedback » in Fig. 1,
it depends on the minimization of the precompensator ». The basic idea is
as follows. Let f: AU—AY be an i/Jo map, and let v: AU—-AU and r:
AY—AU, where v is non-singular, be causal compensators such that f,
is internally stable. Denoting ' := f, , and ' := vr, we obtain

fro=fv (14)

Actually /.. is the transfer matrix obtained when the input in Fig. 1 is removed
from point IN and applied by adding it at point B. Whence, since f, , is
internally stable, so also is f... Now, from (14) we see that the dynamical
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properties of f.. are determined by those of /' and of v—!. In order to obtain
a low dynamical order for f,. we shall minimize the dynamical orders of f'
and of v~!. This will then lead to the desired pole-shifting theorem. The
minimization of the dynamical order of /' was considered in § 3. We consider

w next the reduction of the dynamical order of ». We start with some pre-
liminary considerations.

Let f: AU>AY be an injective linear i/o map with o-latency indices

vy. We define the o-latency degree v(f):= Y v,. Next, let
i=1

\%

viZ...

v: AU—AU be a non-singular AK-linear map. The latency degree of v is
simply 7(v) := ord (det v), that is, the number of zeros at infinity. The
connection between the latency degree and the Macmillan degree u(-) is

given by

w(v) = p(v) +7(v) (15)
For an injective map f: AU—AY we define the latency degree as follows.
Let I: AY—AY be a bicausal AK-linear map such that If= ];;’ , Where f, is

square non-singular (the existence of I follows by the Hermite normal form
theorem). Then, the latency degree is 7(f) := ord (det f,), and it is uniquely
determined by f (Hammer and Heymann 1981). Recalling the zero degree
{(+) from § 2, it follows by construction (see (3)) that, for an injective map

f: AUSAY
v(f)=n(f)+ (), (16)

that is, the number of zeros of f which are unstable or infinite. Using this
notation (and letting m := dim U), we have the following result, which
shows that the dynamical order of the precompensator v in Fig. 1 can always
be kept below the o-latency degree of the desired system f':= f, ,.

Theorem 6.2

Let f: AU-AY be an injective ifo map, and let |: AU—-AU be a non-
singular, causal and /o stable precompensator. Assume that condition (ii) of
Theorem (3.2) is satisfied, and let v(fl) be the o-latency degree of fl. Then, there
exists a pair of causal maps v: AU—AU and r: AY—AU such that fl= Too, s
where the Macmillan degree pu(v) < v(fl) —m.

The proof of Theorem 6.2 depends on the following auxiliary results (see
also Hammer (1983)).

Lemma 6.1

Let g : AU—AU be a non-singular causal AK-linear map, and let g1 =g, +¢,
be a decomposition into a sum, where g, : AU—AU 1is strictly causal. Then, g,
18 non-singular, g;~* is causal, and the latency degrees n(g;~*) =7(g).

Proof of Lemma 6.1

We have g,=g'-g¢,=¢9"Y(I —gg,). Now, since gg, is strictly causal, the
map [:= I—gg, is bicausal. Whence, g,=¢~% is non-singular, g,1=1I1"¢
is causal, and, since 7(I)=7(l-1)=0, also 5(g;~Y)=9("1) +7(9) =7(g). O

—



Pole assignment and minimal feedback 85

The following are two technical results which were proved in Hammer
(1983).

Lemma 6.2

Let D,,1: AU—SAU be non-singular ijo stable maps, and let (D)1=
PA-14+ QB be a reduced partial-fraction decomposition. Then the following
are equivalent :

(i) A and B are left at-coprime, and have (D) as a o*-LCRM.
(ii) The zero degrees {(D,)={(A)+ {(B).

Lemma 6.3

Let f: AU—AY be a rational AK-linear map, and let 1: AU—-AU be a
non-singular, causal and ijo stable precompensator. If fl is tjo stable, then
L) = L(f) + L) — p(f), where L(-) is the zero degree, and p(-) is the pole degree.

Proof of Theorem 6.2

Let D, be the c-annihilator of f given by (3). By assumption, there exists
a reduced partial-fraction decomposition

(DJy1=PA1+ QB!
satisfying the conditions of Theorem 3.2. We define the matrices

g:=PA1-L,~(PA)+L,*QB™)
(17)
h:=QB4+g1PA4%¢;@B4*}

Now, by definition of L, and L,*, it follows that ¢ has a right coprime
polynomial matrix fraction representation ND-!, where D is completely
unstable and N is divisible by (z+«). Also, 4 is still a right o*-denominator
of g, so that {(4)={(D)=deg (det D).

Further, let D, = RS8-! be a right coprime polynomial matrix fraction
representation, and note that, by (3), B is completely unstable and § is
divisible by (2+«). Then, since D, is a left o*-divisor of 4, and since R
and D are both completely unstable polynomial matrices, it follows by
Lemma 2.1 that R is a polynomial left divisor of D. Whence, D= RD, for
some polynomial matrix D;. We also note (see (3)) that deg (det S)= v(f),
and that {(f)={(R)=deg (det R). Consequently, {(4)={(D)={(D,)+ {(R)=
{(Dy)+ {(f). Finally, we note that B is still a right o+-denominator of A.

Now, applying the construction (6) to our present g and %, we obtain a

causal pair v, r satisfying ﬂ;f(v,,). We have
v1=¢gD,=ND,"1 8! (18)
Since both N and § are divisible by (z+«), it follows that the Macmillan
degree u(v—!) <deg (det D,)+deg (det S)—m. Substituting on the right-hand
side some previous equalities, we obtain
p@ ) < YA) = LN+ v() —m=n(f) + {(4) —m
where the last step is by (16).
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Further, since ["1=v"1+rf, we have by Lemma 6.1 that »(l)=n(v). Apply-
ing (15), we obtain u(v) = p(v-1)+7(v) < L(A) +n(f) + 1) —m = {(A) +n(f)) —m.
Finally, by Lemma 6.2, {(D,)={(4)+ {(B), and by Theorem 3.2(ii)(y),
{(B)=p(f). Whence,

UA)=UDA) — LUB)=L(D,)+ L) — LB) < L(f) + L) — p(f) = (1)
by Lemma 6.3. Thus, using (16), we obtain u(v) <7(fl)+ {(fl) —m = v(fl) —m,
concluding our proof. O

We are now in a position to state the proof of the main theorem of this
section.

Proof of Theorem 6.1 g ]
Assume that ¢, ..., ¢, satisfy Y degé;> Y (0,+v,—1) for all j=
i=1 i

i=1

1, ...,m. By Theorem 3.3 there exists then a polynomial matrix 7' having
properly independent and ordered columns ¢, ..., ¢, satisfying

(@) —ord¢;>0,+v,—1,¢=1, ..., m, and

(b) éy, ..., ¢, are the invariant factors of 7.

Now let f=ZD-! be a right zero representation of f, where D has properly
independent and ordered columns d,, ...,d,. We have then, by definition,
thatord d,= —6,,i=1, ..., m. Defining!l:= [(z+ «)»"1D]T1, where (z + a)eo,
we clearly obtain that / is non-singular, causal and i/o stable, and

fl=ZT(z+ o)1

It is also clear that {(I)={(D)=p(f). Moreover, by an argument similar
to the one used in the proof of Theorem 3.1, it follows that condition (ii) of
Theorem 3.2 holds for 1.

We apply now to ! the construction described in the proof of Theorem 6.2,
using the same notation. We then obtain the compensators v, r satisfying

ﬂ;f(w). In view of Theorem 3.2(ii)) and Lemma 6.2, we have {(D,)=
UA)TUB); UA)>UD,)=Lf; and {(B)>LDy)=p(f). Since in our
present case ((I)=p(f), we have {(D,)={(D,)+ ()= L(f)+ p(f). Whence,
the previous inequalities imply {(4)={(f) and {(B)=p(f), and it follows that
the matrix D; in (18) is polynomial unimodular, say D,=M. Consequently,
still referring to (18), and recalling that the invariant factors of § are
(z4+a)1, ..., (2+ap= and that N is divisible by (z+«), it follows that the
matrix C := (z+a)* 071 is a polynomial matrix.

Finally, returning to (14), we recall that f,. is internally stable, and we
obtain f,.=flv1=ZT-C. Now, Z is a completely unstable polynomial
matrix whereas 7! is i/o stable, so that Z, T are polynomially right coprime.
Thus, since C is also polynomial, f,. has a left polynomial representation
G—1H, where G has the invariant factors of 7', that is, ¢,, ..., ¢,. This
concludes our proof. O

In case one is interested only in the characteristic polynomial of the final
system, then the condition of Theorem 6.1 can be sharpened. This is done
similarly to §5 of Rosenbrock and Hayton (1978). Let f: AU—AY be a
non-zero linear i/o map with stability indices 6, >60,>...>6,,. It was shown
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by Brasch and Pearson (1970) (using a result by Wonham (1967)) that there
exists a static output feedback F: Y—U and a static matrix V: K—U
such that (the single-input system) /' := f,V has Macmillan degree u(f') = n(f).
The i/o map [ is then clearly injective, and it has a single stability index 6
and a single o-latency index v. Now let ¢ be a monic stable polynomial
satisfying

deg p=0+v—1 (19)

Then, by Theorem 6.1, there exists a causal r,: Y—K such that f,, is
internally stable and has ¢ as a characteristic polynomial (the single non-
trivial invariant factor). But then, defining

r:= Vri+F (20)

we obtain that f,V is internally stable and has ¢ as a characteristic poly-
nomial of an observable realization. Thus, (19) is a sufficient condition for
the assignment of characteristic polynomials by pure output feedback (and
a static (constant-gain) precompensator V).

We finally remark that (19) allows lower degrees for ¢ than the condition
obtained for a similar problem by Brasch and Pearson (1970), which reads
deg ¢ > u(f) + p, — 1, where p, is the maximal observability index of f.

We conclude with a brief consideration of the extension of Theorem 6.1
to the non-injective case.

The non-injective case

In order to avoid complications, we use a method which is only generically
valid. It is dual to the one employed for the non-surjective case in § 5.
Let f: AU—AY be a non-zero i/o map of rank k, and let f=D-IN be a left
canonical stability representation of f. We can choose this representation

N
so that N =< 0°>, where N, is a k xm matrix (having full rank k). Assume

now that N, contains a kxk non-singular submatrix ¢ for which det @ is
ot-coprime with det D. When K is the field of real numbers, and when o
is the set of all polynomials having their roots in the left half of the complex
plane, then a suitable submatrix @ exists for almost every f (i.e. generically).

Now, let ¥V : K¥—U be a static (constant gain) matrix such that @ =N,V,
and let N':= NV. Then, the ifJo map f := fV is clearly injective, and
f'=D-IN’ is a left canonical stability representation of f’. Apply now
Theorem 6.1 to f', and let »': AY—AK* be a feedback which makes f',.

internally stable, and which assigns the desired invariant factors ¢,, ..., ¢,.
Then, defining r:= V#’, it follows that f.V is internally stable and has a
(observable) realization with the same invariant factors ¢, ..., ¢;. This

extends Theorem 6.1 to the non-injective case (adding the static (constant-
gain) precompensator V).
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