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4.2. Input/output formulae for the controllers

Let2 ={X,%,):D—SS, beabounded interpreter with the initial input set £ (k).
Let ¥, be the input value set of 2, let ¥, be its internal value set, and let ¥, be its
monitored value set. By causality, the monitored sentence y, generated by X at the step
k is determined by the input values u,,u,, ... , 4, of 2. To emphasize this fact, we use
the notation

H(Ugs Uy, oo 5 W)= Ly

We define a family of functions {o,,;};°,, where o,,; is a function #(x) x (V) '~
(Im X)) given by

ax+i(a: Upr1s s ux+i) = (ﬂ(a), /‘(o‘uwl)’ seny /u(auxﬂ’ fim g ux+i))

The family of functions {o,.;}2, is, of course, directly determined by the monitored
part 2, of 2.

In general, given two functions f: 4 -~ B and g: 4 — C, it is said that the function f°
factors over the function g if there is a function /: C — B such that f = hg. As is well
known, the function ffactors over the function g if and only if every equivalence class
of the equivalence kernel of g is contained within an equivalence class of the
equivalence kernel of f (MaClane and Birkhoff 1979). In intuitive terms, this means
that f must be constant over all sets over which g is constant.

Foreveryinteger i > 0, let @,_,,,, be the family of all functions ¢: #(kx) x (¥V,,)' = V,,
that factor over the function o, ;. Namely, a function ¢: #(x) x (¥,,)'— ¥, belongs to
®, .., exactly when there is a function y:(Im X )** — ¥, satisfying

¢ = WJK-H' (31)

When the interpreter 2 is bounded, it follows by the finite cardinality of all value sets
that, for each integer i > 0, the family @,_,,,, contains only a finite number of members.
These members can all be computed for a given i from the equivalence kernel of the
function a,,, as follows. Let the equivalence kernel of g,,, consist of ¢ equivalence
classes e, ..., e, Then, @,,,,, has (# V,,)* members; each member of @,_,,,, is obtained
by choosing ¢ (not necessarily distinct) sentences a,, ... , a,€ V;,, and defining a function
¢ by setting ¢(b):=a, for all bee,,i=1,...,¢.

Let x€ #() be an element, and let ¢,, ..., ¢, be a list of functions, where ¢, P, ,,
for all i =1,...,j. Define the concatenation

Uy . P =ty - Uy

where u,_,=¢,(x) and, given u,, for some integer i>1,i<j, set u_,, =
Pyiy(ouy ... w). It is convenient to use the notation ¢:=¢,... ¢, for the combined
function, and u(xg):= u(xg, ... ¢,). We also denote by

D())={p =010y $a|$i€Pypii=1,...,j+ 1}

the family of all such combined functions. For a pair of elements a.€ _Z (k) and ¢ € &(j),
let (x(ag)), = (x(oau(ad))),, k =0, ... ,k+j+1, be the states generated by the input list
au(ag); and similarly for the other relevant lists. Denote

()= (x(0), 5(2f) ., (0P)> Y(4P)i> U(0P)is)s k=1, + 1, 64+]  (32)

as in (28). Then, the next statement is a reformulation of Theorem 1.
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Corollary 3: In the notation of Theorem 1, the bounded target tail set x(c,, ...,c,,) is
compatible with the initial input set ¢(x) for X if and only if there is a member
¢ € D(0+v) that satisfies the following. For each element a€ ¢(k), there is an integer
y> 0 and a cycle c,e{c,,...,c,} such that

(@) OOB)st1 e, = OOP)yrg0s Where 0+v—77, > 0 and Q(ag) is given by (32); and
(b) the list ( y(oc¢))’,§izi$‘7,i consists of y of cycles c,.

Proof: A slight reflection upon the definition of the family of functions @(6+v)
shows that the following is true. An ensemble of lists {u(xx)e(D)<H"*!, ae #(k)}

satisfies condition (b) of Theorem 1 if and only if there is a member of ¢ € (6 + v) such
that

u(e) = u(ag) (33)
for all ae #(x). Combining this with the fact that conditions (a) and (b) of Corollary
3 are just a restatement of condition (@) of Theorem 1, the assertion follows. O

Furthermore, (33) shows that Lemma 3 takes the following form.

Corollary 4: Assume that conditions (a) and (b) of Corollary 3 are satisfied for the
Sfunction ¢ = ¢, @, ... g1 € P(O+0). Then, the response of the strictly causal auton-
omous controller C of Lemma 3 that steers X from #(k) to y(cy, ..., c,,) is given by

Clo} = u(dy 4, .. Gosyir) (W01 s - Bun DN e, - (U(OB1 By . Borns DTG e, -

for all ae ¢(x).

For future use, it will be convenient to remove the dependence on the cycle length
7, from the statement of Corollary 4. This is done in the next Corollary, at the expense
of considering somewhat longer lists of functions.

Corollary 5:  Assume that conditions (a) and (b) of Corollary 3 are satisfied. Then there
are an integer 0 > 0 and a function ¢ = @, ... P4, 5.1 € PO+0+0) such that the
Sfollowing hold for all a€ # (k).

(a) The list (y(a))ete*® consists of an integer number of copies of one of the cycles
L

®) Q(OW)(HU = Q(a¢)9+u+5; and

(¢c) the controller C with the response

C{o} = (0, @y .. Ppypi511) UOP; Py ... Pgusn)Vorors™ .. (W(OPy Py .. Psprssn) oimia'

represents a strictly causal controller that steers X from the initial input set ¢ (x) to the
target tail set y(cy, ..., Cp)-

The Corollary follows from Corollaries 3 and 4; for each element ae #(x), set
o(a)= yt,, where y and 1, are from Corollary 3 part (a), and take J > 0 to be a least
common multiple of all d(e), &€ # (). The result follows then similarly to Corollary 4
by considering longer portions of the sequences. We omit the details here.

The expression for the controller C in Corollary 5 part (c) still refers to the
(possibly unknown) initial input list &, and whence is not in implementable form. This
reference, however, can now be eliminated by using the factorization (31), and the
following statement is obtained.

Theorem 2:  Assume that the conditions of Corollary 5 are satisfied for the function p:=
@1 - Pgivrsss € P(O+0+0). Using (31), factor ¢, = ¥, Oppirsi=1,...,0 +v+5+1.
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Then, an autonomous strictly causal controller C:(ImX)? — (D)2, that steers the
bounded interpreter X from the initial input set ¢ (k) to the target tail set y(cy, ..., Cy) iS
given by the concatenation

C.u = Upei1 Ura o+« Ugipsot1 Vgt -+ Vpsorot1 Vosort -+ Voot - -+

where v;= W (e fheyy - My_1),J = K+1,...,0+0+3+1, and where u is the monitored
sequence of the interpreter—controller combination.

The controller C of Theorem 2 is a feedback controller up to the step §+v+d+1;
thereafter it can be regarded as an open-loop controller, producing a periodic input
sequence for X' with the cycle {vg, .1 --- Ug.pis:1) Of previously generated values. The fact
that the control algorithm turns into an open-loop algorithm at some point is not
surprising, since once the periodic part of the ultimately periodic input sequence of 2
is reached, the continuation of the sequence becomes predictable, and does not need
to be recomputed.

The controller of Theorem 2 can be implemented by using the functions {y} to
create the required feedback for the steps x + 1 to 8+ v+ Jd+ 1, and thereafter by simply
repeating periodically the appropriate part of the previously generated list. Thus, we
have obtained an implementable autonomous controller C that steers a bounded
interpreter 2 from a given initial input set to a desired bounded target tail set,
whenever such a controller exists.

Remark 3: Characterization of all controllers: we comment that Theorem 2 can be
used to characterize the set of all strictly causal autonomous controllers with a finite
implementation that steer 2 from #(x) to a specified bounded target tail set. The set
of all such controllers is determined by following the path toward the derivation of
Theorem 2, including along the way all members of the following two sets: the set of
all controllers C; that satisfy the first part of Lemma 2; and the set of all relevant
solutions y of the factorization (31).

Finally, we note that Theorem 2 provides a general bound on the necessary
complexity of a corrective controller.

5. Compatibility of initial input sets

Let 2:D >SS, be a causal interpreter with a uniform domain, with the initial
input set #(x) and the target tail set 7. In case the desired target tail set is not
compatible with the given initial input set, it may still be possible to achieve
compatibility by changing the initial input set. The initial input set can only be changed
by collecting more accurate data about the history of the interpreter 2. This has the
effect of replacing the initial input set #(x) by one of its subsets. It is therefore of
interest to characterize the class ¥(_#(x), T') of all subsets of (k) that are compatible
with 7, when used as initial input sets for 2. The class €(#(x), T) indicates all the
various ways in which the initial input data about X' can be refined to achieve
compatibility with the desired target tail set 7. Recall that, by definition, an
autonomous corrective controller that steers X' to T exists if and only if the initial input
set of 2 is compatible with 7.

The present section deals with the determination of the class %(#(x), T).
Compatibility is always with respect to the interpreter X' and the target tail set 7. We
start with some elementary properties.
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First, it is quite clear that if there is an autonomous controller C that steers #(x)
to 7, then the same controller also steers every subset of #(x) to 7. This yields the
following statement.

Lemma 4: If #(x) is compatible with T, then so is every subset of #(k).

In intuitive terms, a smaller initial input set embodies more accurate data about the
history of the interpreter 2. Lemma 4 simply states, as one would expect, that more
accurate data do not hamper the prospects of corrective control. In particular Lemma
4 implies that every intersection of input sets that are compatible with T is also
compatible with 7. Note, however, that a union of input sets that are compatible with
T is not necessarily compatible with 7. Indeed, consider the case where ¢ (k) consists
of two elements «,, a,, and let U,(«;) be the set of all input sequences u € (D)2, satisfying
T(Zo,u) N T + &, i.e. the set of all continuations that lead from o, to 7,i=1,2.
Assume that U,(«,) and U,(a,) are both non-empty, but that their intersection is
empty, so that no single continuation can lead from both initial input lists to 7.
Finally, assume that the monitoring function 4., of X is a constant function. Clearly,
in this case, the monitored sequence generated by X' is always the same, and whence no
controller can provide a continuation that leads to 7, when there is an uncertainty as
to whether o, or «, is the initial input list. Thus, though the initial input sets {e,} and
{a,} are both compatible with 7, their union {«,, a,} is not.

However, the logical negation of Lemma 4 directly implies that a union of input
sets that are incompatible with T'is always incompatible with 7. We formally state this
fact below.

Lemma 5: An initial input set # (i) that contains a subset that is incompatible with T,
is itself incompatible with T.

In particular, the union of an initial input set that is compatible with 7" with one
that is incompatible, is incompatible with 7. Still, the intersection of two input sets that
are incompatible with 7 is not necessarily incompatible with T.

Consider a bounded interpreter 2': D — SS, with the initial input set (k) and the
bounded target tail set T, where #(x) is incompatible with 7. For every ae _#(k), let
U,(x) be the set of all input sequences ue (D)%, satisfying T(Zau) N T + ¢, i.e. the set
of all continuations that lead from o to 7. It is readily seen that the class €(#(x), T)
is non-empty if and only if there is at least one list a € #(x) for which U,(a) = .

We regard the class ¥(¢(k), T) as a partially ordered set (a poset), under the usual
relation of set inclusion. The meet of two elements c,, ¢, €(#(x), T) is given by their
intersection ¢, N ¢,, which, according to Lemma 4, always belongs to €(#(x), T). The
Jjoin of ¢, and ¢, is given by their union ¢, U ¢,, whenever it belongs to €(¢(x), T). We
refer to ¥(#(x), T) as the compatibility poset; the compatibility poset depends, of
course, on 2, as well as on #(x) and T.

As noted earlier, the union of two initial input sets that are compatible with T, is
not always compatible with 7. Consequently, the poset ¥(#(x), T) may not contain
the join of some of its members, and whence, in general, does not form a lattice. From
our current perspective, the most important implication of this fact is that (¢ (x), T')
does not always contain a ‘global maximum’. In other words, in general, there is no
largest compatible initial input set contained within #(x). Recall that a larger
compatible initial input set means that a corrective controller can be built with less
accurate information about the input history of 2. Of course, one would like to use as
little information as possible, to reduce measurement complexity.
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A member ce 4(#(x), T) is a local maximum if it is not a strict subset of any other
member of €(_#(x), T). To provide an intuitive perspective, assume that €(Z(«), T) is
not empty, i.e. that there is at least one initial list within #(x) that is compatible with
the target tail set 7. When the initial input set_#(x) is not itself compatible with 7, it
must be replaced by a member £(x) of €(#(x), T') to facilitate corrective control. This
is achieved by collecting additional data about the input history of 2 up to the step .
Clearly, the larger the set #(x) is, the less additional information needs to be gathered
about the input history of X. Each local maximum of %(¢(x),T) provides a
compatible initial input set that is ‘largest’ in the sense of not being contained within
any other compatible initial input set. The local maxima of (_#(x), T') characterize the
various ‘minimal’ ways in which additional data about the initial input history of 2
can create compatibility with the target tail set 7. Below, we develope a finite
procedure that determines the entire compatibility poset €( ¢ (x), T') for a bounded
target tail set 7.

Let X =(2,,2,):D—SS, be a bounded interpreter with the initial input set ()
and the target tail set 7. Recall that, due to boundedness, #(x) is a finite set; Let
&, ..., &, be the elements of #(x). As before, for each list a, € #(x), let U,(«,) be the
set of all input sequences u e (D)%, satisfying T(Zou) N T + &.

Next, for each pair of lists a,, @, € £ (x), i # j, let Uy(a;, &) be the set of all pairs of
sequences (u,u’), where ue U,(«,) and «’e U,(«,), and the following holds.

(Wi = W), whenever (2, o, u)f = (2 u)f, k=KKk+]1,... 34)

The sets Uy(a;, ;) play an important role in the present context. First, combining
Lemmas 1 and 5 with (34), we obtain the following lemma.

Lemma 6: If Uy(a,, o) is empty, then there is no member of (¢ (x), T') that contains
both initial input lists o, and o,
If Uy(o,, o)) is non-empty, then the class {«,, o} belongs to €(#(x), T).

Using the sets Uy(a;,a,),i,j=1,...,n,i+j, we can construct the entire class
%(#(x), T) in the following way. Let a; , ..., &, be any p elements of #(x),p =3,...,
n. Define the set Uy, ..., ozip) as the set of all p-tuples (u;, ..., “i,,) of sequences for

which
(u. ui)eU(tx. a,), foralljk=1,....p,j+k (395)

Note that U,(a, , ..., a; ) is obtained from the sets {U, (tx a,; )} via (35) by a screening
process. The compat1b111ty poset €(#(x), T) can now be characterized as follows.

Proposition 7: For the initial input set (k) = {dy,...,%,}, the compatibility poset
€(F(x), T) consists of all subsets {a,, ... ,oc,p} c fk),p=1,...,# #(x), for which
Uy(aty ;... ,oc,.p) *+ .

Proof: Letpe{l,...,# #(x)} be an integer, and let A(x) = {a,, .. S0 }o #(x)bea
subset. Assume ﬁrst that Uy ..., ) * ; we show that in such case the initial
input set A(x) is compatible w1th the target tail set 7 for 2. To this end, let (u, , . )
be any element of U,(, , ..., a; ). Consider the function F: A(x) Useaw U (oc) o e
F(oci )= IS L...,p. Then (34) and (35) imply that condition (b) of Lemma f is
satisfied for the 1n1t1a1 input set A(x) with the present function F. This, by the same
Lemma, entails that A(x) is compatible with the target tail set 7" for 2.

Conversely, assume that the initial input set 4A(x) is compatible with the target tail
set T for 2. We show that then U, (e, ..., a; ) + . Indeed, since A(x) is compatible
with T, part (b) of Lemma 1 is valid. Let F he the function of part (b) of Lemma 1,
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andset (i, ..., % )—-(F(ozi) . Fo, )) Then, by statement (b) of Lemma 1, condition
(35) holds for (ui,.. u, ) so (ul,...,u )eU(oc s O ), and Uy(a;, ..., )#Q
This concludes our proof

Of course, Proposition 7 cannot be directly used to find the members of the
compatibility class €(#(x), T), since U, (oci suee s Oy ) comsists of infinite sequences.
Notwithstanding, when the interpreter X and the target tail set T are both bounded,
the proposition can be modified into a finite procedure that yields all members of the
compatibility poset €(#(x), T), as discussed next.

Consider again the bounded interpreter X = (2, %2,):D—SS, with the input
value set ¥, the internal value set V, the state set X, the initial input set #(x), and the
bounded target tail set T = y(c,, ..., c,). Let 7, be the length of the cycle ¢;,i=1, ...,
m; denote 7:=max{t,,...,T,}; let § and v be the integers given by (27) for this value
of 7, and let Q be given by (28). For each element o, e #(x), let %(«,) be the set of all
lists we (D)3%**! for which the following holds.

There is an integer y > 0 and a cycle ¢;e{cy, ..., ¢} such that (Q(a; u)xps0-ye, =

(Q(at;1)),194,5 the list ( y(ocu(oc)))ﬁigi‘;_y,i consists of y cycles ¢;; and 0+v—yt, = 0.

Note that the set % («,) can be obtained by a finite screening process. Next, for each
pair of elements a, a,€ #(x),i + j, let U(x,, ;) be the set of all pairs of lists (u, %),
where ue(x,) and v’ e %,(«;), and

(Wi = W)Ey whenever (X, o,w)f = ou)f, k=rx,k+]1,...,k+60+0v
(36)

The class %,(«;, «;) is obtained from the sets %,(c;) and %,(«,) by a screening process,
which is finite since all involved sets are finite. Theorem 1 yields then the following
finite version of Lemma 6.

Lemma 7: Let T be a bounded target tail set for the bounded interpreter X, with the
initial input set F(x) = {0y, ... , %}

(@) If Uy(a;, o)) is empty, then there is no member of €(#(x), T) that contains both initial
input lists o, and o,

(b) If Uy(ex;, ;) is non-empty, then {o,, o} belongs to €(#(x), T).

Next, for every subset {«, , ..., &, } = (k) of p elements, p = 3, ..., n, define the set
Uy(%y5 --- 0, ) as the collection of all lists (u; , ..., u; ) that satisfy

(ui,a “ik)E%z(“ijs aik)s foralljk=1,...,p,j*k (37

Note that the set %, , ..., ocip) is obtained by a screening process over a finite number
of candidates.

When Theorem 1 is combined with Proposition 7, we obtain the following statement, .
which yields a finite technique for the derivation of the compatibility poset €(#(x), T')
of X.

Theorem 3: Let T be a bounded target tail set for the bounded interpreter X, with the

initial input set ¢(x) ={a,,...,%,}. The compatibility poset €( #(x), T') consists of all

subsets {ol; , ..., acip} < f(),p=1,....# f(x), for which U,(a,, ..., cx,p) + .
Theorem 3 allows us to derive the compatibility poset €(#(x), T') for 2 through a

finite procedure, as mentioned. Every member of €(_#(x), T') forms an initial input set
that is compatible with 7"for X, and every initial input set that is compatible with 7 for
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2 belongs to €(#(x), T'). Once the compatibility poset is known, its local maxima can
be found directly by partially ordering the members. A convenient compatible initial
input set can be selected from (¢ (), T) (if one exists); a corrective controller that
steers 2 from the selected initial input set to the target tail set 7"can then be constructed
using Theorem 2.

An important issue that is outside the scope of the present paper is, of course, the
physical implementation of corrective controllers. In a digitial circuit environment,
corrective controllers can be directly implemented from their mathematical models
using standard techniques and components. In biochemical systems, however, the
transition from a mathematical model to an implementation remains, to a large extent,
an important open issue. Appropriate tools and techniques that bridge the gap
between a mathematical model of a controller and its actual biochemical im-
plementation wait to be developed. In practically all other areas of engineering, tools
that bridge the span between mathematical models and implementations are well
established.
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