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Theorem 1: Let I:: D--+ SSA be a bounded interpreter, with input value set J<n, internal 
value set Jt;, state set X, initial input set f(K), and bounded target tail set x(c 1 , ... , cm). 
Let ri be the length of the cycle ci. Denoter:= max{r 1, ... , rm}, and, with this value of r, 
let() and v be given by (27). Then, the target tail set x(c 1 , ... , cm) is compatible with f (K) 
for I: if and only if,for each element aE f (K), there is a list u(a) E (D); ! f+u+i that satisfies 
the following. 

(a) There is an integer y > 0 and a cycle ci E {c1 , ... , cm} such that (Q(au(a)))K +B+v-yri = 
(Q(au(a)))K+B+v; the list (y(au(a)))~!i!~-yri consists of y cycles ci; and e+v - yri 0. 

(b) For each pair a, a' E f (K) and for every integer k = K, K+ 1, . .. , K + e+ v, one has 
(u(cx))!!i = (u(cx'))!!i whenever (µ(au(a)))! = (µ(a'u(a')))!. 

Note that the integer yin Theorem 1 may depend on the element aEf(K). 
The theorem provides a finite test that determines whether or not the target tail set 

x(c1, ... , cm) is compatible with f(K). The test is performed by searching among all lists 
uE (D)~!f+v+1 forlists u(a) that satisfy conditions (a) and (b) of the Theorem. The search 
can be programmed on a digitial computer. 

Theorem 1 can also be used to characterize the class of all bounded tail sets that are 
compatible with the given initial input set f (K). Of course, altogether, there may be an 
infinite number of bounded target tail sets that are compatible with f (K). To avoid the 
need to deal with infinite sets, these can be divided into finite families as follows. 

Consider a target tail of the form x(c 1 , ... , cm}, and let ri be the length of the cycle 
ci, i = 1, ... , m. A slight reflection shows that the number of distinct cycles that can be 
induced by an autonomous controller C in combination with an interpreter J; cannot 
exceed the number of initial input lists contained in f (K). Consequently, we can 
restrict our attention to the case m # f (K). Let <fJ(I:, r) denote the class of all 
bounded tails x(c 1, ..• , cm) that are compatible with the initial input set f (K) for I:, 
where m # f(K) and ri r, 1 = 1, ... , m. The class <fJ(I:, r) can be derived directly 
through Theorem 1, by searching over all possible candidates, of which there is only 
a finite number for each r. Once the class <fJ(I:, r) is known for the largest r of interest, 
a desirable target tail set that is compatible with J; can be selected from it, if one exists. 
This approach to selecting a target tail set is usually more practical than an arbitrary 
prespecification of the target tail set, which might turn out to be incompatible with the 
initial input set of I:. 

In analogy with (29) and (30), the following formula can be readily shown to 
provide the response of a strictly causal autonomous controller that steers J; from 
f (K) to X(C1, ... , cm). 

Lemma 3: Assume that a class of lists {u(a)}, CXE f(K), satisfying conditions (a) and 
(b) of Theorem 1 exists. Then, in the notation of the Theorem, the controller C with the 
response 

C{IV} _ ( (N))K+B+v+l ( ( ))K+8+v+l ( ( ))K+8+v+l 
1J1. - U 1J1. K+l U C( K+8+v+l- yr1 U C( K+8+v+l-yr1 • • • 

for all a E f (K), is a strictly causal autonomous controller that steers I: from f (K) to 

x(c1, •••,cm). 

The formula provided for the controller by Lemma 3 is not in implementable form, 
since it includes a reference to the initial input list ex. We consider next the derivation 
of an implementable formula for the corrective controller. To this end, we shall need 
to reformulate some of our results into a somewhat more algebraic form. 
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4.2. Input/ output formulae for the controllers 

Let E = {E0 , Em):D-+ SSA be a bounded interpreter with the initial input set f(K). 
Let l<n be the input value set of E, let Ji'; be its internal value set, and let Vm be its 
monitored value set. By causality, the monitored sentence µk generated by Eat the step 
k is determined by the input values u0, u1, ••• , uk of E. To emphasize this fact, we use 
the notation 

We define a family of functions {aK+i}~0 , where aK+i is a function f (K) x Cl<n)i-+ 
(ImEm)~+i given by 

The family of functions {aK+i}~0 is, of course, directly determined by the monitored 
part Em of E. 

In general, given two functionsf:A-+B and g:A-+ C, it is said that the function! 
factors over the function g if there is a function h: C-+ B such that f = hg. As is well 
known, the functionffactors over the function g if and only if every equivalence class 
of the equivalence kernel of g is contained within an equivalence class of the 
equivalence kernel off (MaClane and Birkhoff 1979). In intuitive terms, this means 
that f must be constant over all sets over which g is constant. 

For every integer i ~ 0, let <PK+i+1 be the family of all functions </J: f (K) x (J<n)i-+ l<n 
that factor over the function aK+i· Namely, a function </J:f(K) x CJ<n)i-+ l<n belongs to 
<PK+i+l exactly when there is a function 'If: (Im Em)~+i-+ l<n satisfying 

(31) 

When the interpreter Eis bounded, it follows by the finite cardinality of all value sets 
that, for each integer i ~ 0, the family <PK+i+l contains only a finite number of members. 
These members can all be computed for a given i from the equivalence kernel of the 
function aKw as follows. Let the equivalence kernel of aK+i consist of e equivalence 
classes e1, ... , ec Then, <PK+i+1 has{# l<nY members; each member of <PK+i+1 is obtained 
by choosing e (not necessarily distinct) sentences a1, •.. , ae E J<n, and defining a function 
</J by setting </J(b):= ai for all b E ei, i = 1, ... , e. 

Let r:J. E f(K) be an element, and let ¢1 , ... , ¢5 be a list of functions, where <Pi E <PK+i 
for all i = 1, ... ,j. Define the concatenation 

u(r:J.<P1 · · · </J;):= uK+l · · · uK+i 

where uK+1 := </Ji{r:J.) and, given uK+i for some integer i ~ 1, i <j, set uK+i+1 := 
</Ji+l(r:J.u1 ••. uJ It is convenient to use the notation ¢:= </J1 ••. ¢1 for the combined 
function, and u(r:J.</J):= u(r:J.</)1 ..• </)1). We also denote by 

</JU):= {</J = <P1 <P2 •.. <Pm I <Pi E <PK+i' i = 1, ... ,j+ l} 

the family of all such combined functions. For a pair of elements r:J. E f (K) and </J E <PU), 
let (x(r:J.</J))k:= (x(r:J.u(r:J.<j))))k,k = 0, ... ,K+j+ 1, be the states generated by the input list 
r:J.u(r:J.</J); and similarly for the other relevant lists. Denote 

as in (28). Then, the next statement is a reformulation of Theorem 1. 
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Corollary 3: In the notation of Theorem 1, the bounded target tail set x(c 1 , ... , cm) is 
compatible with the initial input set f(K) for E if and only if there is a member 
tpE<P(fJ+v) that satisfies the following. For each element r:xEf(K), there is an integer 
y > 0 and a cycle ciE{c1, ... , cm} such that 

(a) Q(r:x</J),.+e+v-yrt = Q(r:x¢),.+ew where fJ+v-y,i;??; 0 and Q(r:x</J) is given by (32); and 

(b) the list (y(r:x</J)t!~!~-yrt consists of y of cycles ci. 

Proof: A slight reflection upon the definition of the family of functions </J( B + v) 
shows that the following is true. An ensemble of lists {u(r:x)E(D);!f+v+1,r:xEf(K)} 
satisfies condition (b) of Theorem 1 if and only ifthere is a member of <p E </J(B + v) such 
that 

u(r:x) = u(r:x¢) (33) 

for all r:xEf(K). Combining this with the fact that conditions (a) and (b) of Corollary 
3 are just a restatement of condition (a) of Theorem 1, the assertion follows. D 

Furthermore, (33) shows that Lemma 3 takes the following form. 

Corollary 4: Assume that conditions (a) and (b) of Corollary 3 are satisfied for the 
function ¢ = ¢1 ¢2 ..• <Pe+v+i E </J(B+ v). Then, the response of the strictly causal auton­
omous controller C of Lemma 3 that steers E from f (K) to x(c 1, •.. , cm) is given by 

C{r:x} = u(r:x¢1 <P2 ·· · <Pe+v+1)(u(r:x</J1 <P2 ·· · <Po+v+1));!~!~!tyrt · · · (u(r:x¢1 </J2 · ·· ¢o+v+l));!~!~!tyrt ··· 

for all r:x E f (K). 

For future use, it will be convenient to remove the dependence on the cycle length 
,i from the statement of Corollary 4. This is done in the next Corollary, at the expense 
of considering somewhat longer lists of functions. 

Corollary 5: Assume that conditions (a) and(b) of Corollary 3 are satisfied. Then there 
are an integer b > 0 and a function <p = <p1 <p2 ... (f)e+v+<>+I E </J( 8 + v + b) such that the 
following hold for all r:x E f(K). 

(a) The list (y(r:x<p))~!~+o consists of an integer number of copies of one of the cycles 
{c1, ···'cm}; 

(b) Q(r:x<p)o+v = Q(r:x<p)e+v+o; and 

(c) the controller C with the response 

C{r:x} = u(r:x<p1 (f)2 · · · (f)o+v+o+1)(u(r:x<p1 (f)2 · · · 'Po+v+o+1))~!~!f+1 · · · (u(r:x<p1 'P2 · · · 'Pe+v+o+1))~!~!f+1 · · · 

represents a strictly causal controller that steers E from the initial input set f (K) to the 
target tail set x(c1, ... , cm). 

The Corollary follows from Corollaries 3 and 4; for each element r:x E f (K ), set 
b(r:x):= y,i, where y and ,i are from Corollary 3 part (a), and take <5 > 0 to be a least 
common multiple of all b(r:x), r:xE f(K). The result follows then similarly to Corollary 4 
by considering longer portions of the sequences. We omit the details here. 

The expression for the controller C in Corollary 5 part (c) still refers to the 
(possibly unknown) initial input list r:x, and whence is not in implementable form. This 
reference, however, can now be eliminated by using the factorization (31), and the 
following statement is obtained. 

Theorem 2: Assume that the conditions of Corollary 5 are satisfied for the function rp:= 
<p1 ••. (f)o+v+o+1 E<P(B+v+b). Using (31), factor 'Pi= 'l'i+KaK+i-i,i = 1, ... , B+v+<5+ 1. 
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Then, an autonomous strictly causal controller C: (Im E):i--+ (D):+-1 that steers the 
bounded interpreter E from the initial input set f (K) to the target tail set x(c1 , ... , cm) is 
given by the concatenation 

Cµ = VK+l VK+2 • • • Ve+v+J+l Ve+v+l • • • Ve+v+J+I Ve+v+l • · · Ve+v+J+I • • · 

where V/= lfliµK µK+I ... µ1_1),j = K + 1, ... , 0 + v + t5 + 1, and where µ is the monitored 
sequence of the interpreter-controller combination. 

The controller C of Theorem 2 is a feedback controller up to the step O + v + t5 + 1 ; 
thereafter it can be regarded as an open-loop controller, producing a periodic input 
sequence for E with the cycle {ve+v+1 ... Ve+v+J+1} of previously generated values. The fact 
that the control algorithm turns into an open-loop algorithm at some point is not 
surprising, since once the periodic part of the ultimately periodic input sequence of E 
is reached, the continuation of the sequence becomes predictable, and does not need 
to be recomputed. 

The controller of Theorem 2 can be implemented by using the functions { If/) to 
create the required feedback for the steps K + 1 to O + v + t5 + 1, and thereafter by simply 
repeating periodically the appropriate part of the previously generated list. Thus, we 
have obtained an implementable autonomous controller C that steers a bounded 
interpreter E from a given initial input set to a desired bounded target tail set, 
whenever such a controller exists. 

Remark 3: Characterization of all controllers: we comment that Theorem 2 can be 
used to characterize the set of all strictly causal autonomous controllers with a finite 
implementation that steer E from f(K) to a specified bounded target tail set. The set 
of all such controllers is determined by following the path toward the derivation of 
Theorem 2, including along the way all members of the following two sets: the set of 
all controllers C,, that satisfy the first part of Lemma 2; and the set of all relevant 
solutions If/ of the factorization (31 ). 

Finally, we note that Theorem 2 provides a general bound on the necessary 
complexity of a corrective controller. 

5. Compatibility of initial input sets 

Let E: D--+ SSA be a causal interpreter with a uniform domain, with the initial 
input set f (K) and the target tail set T. In case the desired target tail set is not 
compatible with the given initial input set, it may still be possible to achieve 
compatibility by changing the initial input set. The initial input set can only be changed 
by collecting more accurate data about the history of the interpreter E. This has the 
effect of replacing the initial input set f (K) by one of its subsets. It is therefore of 
interest to characterize the class ~(f (K), T) of all subsets off (K) that are compatible 
with T, when used as initial input sets for E. The class ~(f(K), T) indicates all the 
various ways in which the initial input data about E can be refined to achieve 
compatibility with the desired target tail set T. Recall that, by definition, an 
autonomous corrective controller that steers E to T exists if and only if the initial input 
set of E is compatible with T. 

The present section deals with the determination of the class ~(f(K), T). 
Compatibility is always with respect to the interpreter E and the target tail set T. We 
start with some elementary properties. 
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First, it is quite clear that if there is an autonomous controller C that steers f (K) 
to T, then the same controller also steers every subset off (K) to T. This yields the 
following statement. 

Lemma 4: If f(K) is compatible with T, then so is every subset of f(K). 

In intuitive terms, a smaller initial input set embodies more accurate data about the 
history of the interpreter E. Lemma 4 simply states, as one would expect, that more 
accurate data do not hamper the prospects of corrective control. In particular Lemma 
4 implies that every intersection of input sets that are compatible with T is also 
compatible with T. Note, however, that a union of input sets that are compatible with 
Tis not necessarily compatible with T. Indeed, consider the case where f(K) consists 
of two elements oc1, oc2 , and let U1 ( oci) be the set of all input sequences u E (D)~ 1 satisfying 
T(Eoci u) n T =I= 0, i.e. the set of all continuations that lead from oci to T, i = I, 2. 
Assume that U1(oc1) and Ui(oc2) are both non-empty, but that their intersection is 
empty, so that no single continuation can lead from both initial input lists to T. 
Finally, assume that the monitoring function hm of Eis a constant function. Clearly, 
in this case, the monitored sequence generated by Eis always the same, and whence no 
controller can provide a continuation that leads to T, when there is an uncertainty as 
to whether oc1 or oc2 is the initial input list. Thus, though the initial input sets {oc1} and 
{oc2} are both compatible with T, their union {oc1 , oc2} is not. 

However, the logical negation of Lemma 4 directly implies that a union of input 
sets that are incompatible with Tis always incompatible with T. We formally state this 
fact below. 

Lemma 5: An initial input set f(K) that contains a subset that is incompatible with T, 
is itself incompatible with T. 

In particular, the union of an initial input set that is compatible with T with one 
that is incompatible, is incompatible with T. Still, the intersection of two input sets that 
are incompatible with Tis not necessarily incompatible with T. 

Consider a bounded interpreter E:D-+ SSA with the initial input set f(K) and the 
bounded target tail set T, where f(K) is incompatible with T. For every ocEf(K), let 
U1(oc) be the set ofall input sequences uE(D)~ 1 satisfying T(Eocu) n T =I= 0, i.e. the set 
of all continuations that lead from oc to T. It is readily seen that the class ({}(f (K), T) 
is non-empty if and only ifthere is at least one list ocEf(K) for which U1(oc) =I= 0. 

We regard the class ({}(f (K), T) as a partially ordered set (a poset), under the usual 
relation of set inclusion. The meet of two elements c1, c2 E ({}(f(K), T) is given by their 
intersection c1 n c2, which, according to Lemma 4, always belongs to ({}(f (K), T). The 
join of c1 and c2 is given by their union c1 U c2, whenever it belongs to ({}(f(K), T). We 
refer to ({}(f (K), T) as the compatibility poset; the compatibility poset depends, of 
course, on E, as well as on f(K) and T. 

As noted earlier, the union of two initial input sets that are compatible with T, is 
not always compatible with T. Consequently, the poset ({}(f (K), T) may not contain 
the join of some of its members, and whence, in general, does not form a lattice. From 
our current perspective, the most important implication of this fact is that ({}(f (K), T) 
does not always contain a 'global maximum'. In other words, in general, there is no 
largest compatible initial input set contained within f (K). Recall that a larger 
compatible initial input set means that a corrective controller can be built with less 
accurate information about the input history of E. Of course, one would like to use as 
little information as possible, to reduce measurement complexity. 
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A member c E <CCf (K), T) is a local maximum if it is not a strict subset of any other 
member of<C(f(K), T). To provide an intuitive perspective, assume that rc(f(K), T) is 
not empty, i.e. that there is at least one initial list within f (K) that is compatible with 
the target tail set T. When the initial input set/ (K) is not itself compatible with T, it 
must be replaced by a member fc(K) ofrc(f(K), T) to facilitate corrective control. This 
is achieved by collecting additional data about the input history of I: up to the step K. 

Clearly, the larger the set fc(K) is, the less additional information needs to be gathered 
about the input history of I:. Each local maximum of rc(f(K), T) provides a 
compatible initial input set that is 'largest' in the sense of not being contained within 
any other compatible initial input set. The local maxima ofrc(f (K), T) characterize the 
various 'minimal' ways in which additional data about the initial input history of I: 
can create compatibility with the target tail set T. Below, we develope a finite 
procedure that determines the entire compatibility poset (61(/ (K), T) for a bounded 
target tail set T. 

Let I: = (I:0 , I:m): D--+ SSA be a bounded interpreter with the initial input set f (K) 
and the target tail set T. Recall that, due to boundedness, f(K) is a finite set; Let 
oc1, ... , ocn be the elements off (K). As before, for each list oci E f (K), let Ui(oci) be the 
set of all input sequences uE (D)~ 1 satisfying T(I:ocu) n T =t= 0-

Next, for each pair of lists oci, oc1 E f (K), i =t= j, let Uloci, oc1) be the set of all pairs of 
sequences (u, u'), where u E Ui(oci) and u' E Ui(oc1), and the following holds. 

(u):!f = (u'):!}, whenever (I:m oci u): = (I:m oc1 u'):, k = K, K + l,... (34) 

The sets Ulai, oc1) play an important role in the present context. First, combining 
Lemmas 1 and 5 with (34), we obtain the following lemma. 

Lemma 6: If Uloci, oc1) is empty, then there is no member ofrc(f(K), T) that contains 
both initial input lists oci and oc1• 

If Uloci, oc1) is non-empty, then the class {oci, oc1} belongs to rc(f (K), T). 

Using the sets Ul oci, ocj), i,j = 1, ... , n, i =t= j, we can construct the entire class 
rc(f (K), T) in the following way. Let oci , ... , oc,, be any p elements off (K),p = 3, ... , 

1 •P 

n. Define the set Up(oci, ... , oci ) as the set of all p-tuples (ui, ... , ui ) of sequences for 
which 

1 
p 

1 
p 

(up ui) E Uloci' oci ), for all}, k = 1, ... ,p,j =t= k (35) 
j k j k 

Note that Up(oci, . .. , oci) is obtained from the sets {Uloci, ai )} via (35) by a screening 
process. The co~patibility po set rc(f (K), T) can now b; ch;racterized as follows. 

Proposition 7: For the initial input set f(K) = {oc1, ... , an}, the compatibility poset 
<C(f (K), T) consists of all subsets {ai , ... , oci } c f(K),p = 1, ... , # f (K), for which 

1 p 

UP( oci , ... , oci ) =t= 0. 
1 p 

Proof: Let p E {l, ... , # f(K)} be an integer, and let A(K) = {oci, ... , oci } cf (K) be a 
subset. Assume first that UP( oci , ... , ai ) =t= 0; we show that ii{ such d'ase, the initial 
input set A(K) is compatible with the tafget tail set Tfor I:. To this end, let (ui, . .. , ui ) 
be any element of Up(oci

1
, ••• , ociv). Consider the function F:A(K)--+ UoceA<K> U1(oc):oci ~ 

F(oct ):= ui ,j = 1, ... ,p. Then, (34) and (35) imply that condition (b) of Lemma 1 is 
satisfied f6r the initial input set A(K) with the present function F. This, by the same 
Lemma, entails that A(K) is compatible with the target tail set T for I:. 

Conversely, assume that the initial input set A(K) is compatible with the target tail 
set T for I:. We show that then Up(rxi.' ... , oci ) =t= 0- Indeed, since A(K) is compatible 
with T, part (b) of Lemma 1 is valid: Let Fbe the function of part (b) of Lemma 1, 
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and set (u., ... , u, ):= (F(ai ), ... , F(ai )). Then, by statement (b) of Lemma 1, condition 
il 'p 1 P 

(35) holds for (ui, ... , ui ), so (ui, ... , ui )E UP(ai, ... , ai ), and UP(ai, ... , ai) * 0. 
I P I p 1 p 1 P 

This concludes our proof. D 

Of course, Proposition 7 cannot be directly used to find the members of the 
compatibility class <&(f (K), T), since Up(ai, ... , ai ) consists of infinite sequences. 
Notwithstanding, when the interpreter rand the t;rget tail set Tare both bounded, 
the proposition can be modified into a finite procedure that yields all members of the 
compatibility poset <&(f (K), T), as discussed next. 

Consider again the bounded interpreter r = (X:0 ,X:m):D-+SSA with the input 
value set ~n• the internal value set i,;, the state set X, the initial input set f (K), and the 
bounded target tail set T = x(c 1 , ... , cm). Let ri be the length of the cycle ci, i = 1, ... , 
m; denote r:= max { r 1, •.. , rm}; let (} and v be the integers given by (27) for this value 
of r, and let Q be given by (28). For each element ai E f (K), let 0/li(ai) be the set of all 
lists u E (D)~!f+u+l for which the following holds. 

There is an integer y > 0 and a cycle ciE{c1, .•• ,cm} such that (Q(aiu))K+B+v-y,i = 
(Q(a1 u))K+B+v; the list (y(au(a))t!~!~-y,i consists of y cycles ci; and (J + v-yri ~ 0. 

Note that the set 0/li(ai) can be obtained by a finite screening process. Next, for each 
pair of elements ai, ai E f (K), i * j, let 0/llai, a1) be the set of all pairs of lists (u, u'), 
where u E 0//1 ( ai) and u' E 0//1 ( ai), and 

(u)!!i = (u')!!i Whenever (I;m ai u)! = (I;m a1 u')!, k = K, K+ 1, ... , K+ (}+ V 

(36) 

The class 0//l ai, a1) is obtained from the sets 0//1 ( ai) and 0//1 ( a1) by a screening process, 
which is finite since all involved sets are finite. Theorem 1 yields then the following 
finite version of Lemma 6. 

Lemma 7: Let T be a bounded target tail set for the bounded interpreter I:, with the 
initial input set f (K) = {a1, ... , an}. 

(a) IfO/llai, a1) is empty, then there is no member of<&(f (K), T) that contains both initial 
input lists ai and a1• 

(b) If 0/llai, ai) is non-empty, then {ai, a1} belongs to <&(f(K), T). 

Next, for every subset {ai, ... , ai } c f(K) of p elements,p = 3, ... , n, define the set 
I p 

0/lp(ai, ... , ai ) as the collection of all lists (ui, ... , ui ) that satisfy 
1 p I p 

(ui, ui )EO/llai, at), for allj,k = 1, ... ,p,j * k (37) 
j k j k 

Note that the set 0/LP(ai, ... , ai ) is obtained by a screening process over a finite number 
I p 

of candidates. 

When Theorem 1 is combined with Proposition 7, we obtain the following statement, 
which yields a finite technique for the derivation of the compatibility poset <&(f (K), T) 
of r. 
Theorem 3: Let T be a bounded target tail set for the bounded interpreter I:, with the 
initial input set f (K) = {a1, •.. , an}. The compatibility poset <&(f (K), T) consists of all 
subsets {ai, ... , ai } cf (K),p = 1, ... , # f (K),for which 0/LP(ai, ... , ai ) * 0. 

1 p 1 p 

Theorem 3 allows us to derive the compatibility poset <&(f (K), T) for r through a 
finite procedure, as mentioned. Every member of <&(f (K), T) forms an initial input set 
that is compatible with Tfor I:, and every initial input set that is compatible with Tfor 
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E belongs to rc(f (K), T). Once the compatibility poset is known, its local maxima can 
be found directly by partially ordering the members. A convenient compatible initial 
input set can be selected from rc(f(K), T) (if one exists); a corrective controller that 
steers E from the selected initial input set to the target tail set T can then be constructed 
using Theorem 2. 

An important issue that is outside the scope of the present paper is, of course, the 
physical implementation of corrective controllers. In a digitial circuit environment, 
corrective controllers can be directly implemented from their mathematical models 
using standard techniques and components. In biochemical systems, however, the 
transition from a mathematical model to an implementation remains, to a large extent, 
an important open issue. Appropriate tools and techniques that bridge the gap 
between a mathematical model of a controller and its actual biochemical im­
plementation wait to be developed. In practically all other areas of engineering, tools 
that bridge the span between mathematical models and implementations are well 
established. 
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