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Lemma 3.9, this implies that a state .r 1 is stably reachable from a state 
.r, if and only if 5~~,- ,) ( ~) = 1. Thus, 5<" _,) ( ~) contains substantial 
structural information about~-

Definition 3.14: Let 5(~) be then x none-step skeleton matrix of 
~- The skeleton matrix of~ is/\.(~) := 5(n- 1) (~ ). + 

The following is a direct consequence of Lemma 3.9 and the corre­
spondence between 5("') ( ~) and R("') ( ~). 

Proposition 3. I 5: For an asynchronous machine with n ? 1 
states, 5(P)(~) = 5(n - l)(~), for all p? n - 1. + 

For two n x II skeleton matrices A·. /\.,, write /\.. ? A"' whenever 
A·,; ? A"f;, for all i . .i = 1. .... n. The following is then true. 

Proposition 3. I 6: Let A ? B and C ? D be n x n skeleton 
matrices. Then, under matrix combination, AC ? B D. 

Proof- Let (AC), 1 and (BD),; be the (i . .i) entries of 
AC and B D, respectively. Using (3.12) and the relations 
.-1 ? B and C ? D, we obtain (.-1C);1 := ma.x{.-l ;A.CA·i= 
I.= 1. .... n}? maxfH,ADA;: /. = 1. .... n} = (BD);;, for all 
i . .i. Hence, AC? BD. t 

For critical race families, the next notion underlies our main results. 
Definition 3.17: Let JI = {~ 1 

••••• ~q} be a critical race family 
with n states. The skeleton matrix l\.. ( JI) of JI is an n x n matrix 
with the entries A";1 (JJ) := min{J\,j(~A · ): k = 1. .... q}. i. j = 
1. .... n, where A-(~A· ) is the skeleton matrix of~k. + 

Note that A·;1 (JI) = 1 if the state .r1 is stably reachable from the 
state .r, for every member of JI; otherwise, A";1(Jf) = 0. 

IV. CORRECTIVE CONTROLLERS: BASIC CONSIDERATIONS 

For Fig.l with the input/state machine~ = (A . .Y . .Y. f. I,) and 
the controller C = (A x .Y . .-1. ~- o. 17 ), the closed-loop system is 

... = (.-1 . .Y .. \X~. f,-. /1,..).Let11.r:Xx~xA--+ .Y:(.r. f.. 1•) 

.r be the projection. Then, l,r = ;r:r , as the output of~ ... is .r. Given 
a stable state machine ~' = ( A. .Y. X . .c;'. I,), the model matching 
problem for a race free machine seeks a controller C for which 

" - "' --'rl,i; - --'. (4.1) 

Let ~i: X x x A --+ X x be the recursion function of ~ els. 
By Definition 2.3, ( 4.1) amounts to the following . For every valid pair 
(.1·. 11) of~', there is a state f. E for which ( (.r. ~)- v) is a valid pair 
of ... I .. and 

Ti.,. 1·(.r, c,. v) = .c;'(;r, v). (4.2) 

The next statement indicates how C can change the stable recursion 
function of ~. Given two sets o. /3, denote by /3\ o the set of all el­
ements of ;3 that are not in n; denote by s'[5) the image of a subset 
5 C X x A through the function .,/. 

Theorem 4.3: Let ~ I-~ = (A. X. X . .c;, I,) be the stable-state ma­
chine of the input/state machine I:. Let :r1 x U1 . .... :l'A· x U1.-C 
X x A, k ? 1, be disjoint sets of valid pairs of I:. Let :r~ E X 
be a state stably reachable by from x .;, .; = 1, ... , k. There is 
a controller C for which ~r1.~ is equivalent to a stable-state machine 
~' = ( A. X. X. s'. h) whose recursion function s' satisfies 

i) s'[.r; x F;) = .r~, for all i = 1. .... !.-; 
ii) s' (.::. t) = .c;( .:. t), for all( .:. {) E X x A \(U., =1, ... , ,. .. r; x Ui ). 

Furthermore, the closed-loop system ~c is well posed and operates 
in fundamental mode. 

Proof- Since a< is stably reachable from :i:i , there is an input 
string u•; := ·1•?1•} •••.• 11;'1(-i)-l E .4+ for which s(x.;. 111; ) = :1:~, i = 
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1. . . . . k, where m ( i) : = 1 w, 1-With this input string, s generates the 
states 

.r'. := s(.r,. 1·~). m('i)-1 ( m( i ) - 2 m(·i) - 2) .r.; := .c; .r; . r ., 

.r? := .c;(.l'~. I'~) • . ... 1 ( m(i) - 1 m( i ) - 1) .l', :=.'i .l', • I' ; 

i = 1. .... I,·_ 

Let [ ( .r ; ) C A be the set of all input characters that form stable com­
binations with the state .r.,, i = 1 ..... /..·. Define the sets 

5 := U;= 1. . .. A.I' ; x F(.r,). 1 · := U, :::::1. ... . k-l ' ; x u,. 

The controller C = (A. x X . . -1. ::::. o. 17) can then be constructed as 
follows. 

I) The state set :::: of C has 2 + ~7°=, m ( i) states denoted by 
- {' c cl ,2 ,rn(l) cl ,m(2) cl .::. = 1..,0 • I... l • I... 1 • I... 1 • • • • • I... 1 , 1...2 • • • • • '-2 • • • • • 1...k • • • • • 
c:rn(A·)} 
'-A· . 

2) The initial state of C is c.o, and C moves to the state 6 
upon detection of a stable combination with one of the states 
.r, ...... r A· . To this end, the recursion function 6 of C is 
defined at lo as follows: 

o(~o-(.:. t)) := lo- for an(.:. t) E .\ X .-1\5 

o(~o- (.r. 11)) :=f.,. for all (.r. 11) E 5. 

In fundamental mode, the output of C cannot change before C 
reaches the state l 1 , so set 17 ( f.o. (.:. t)) : = t, for a11 (.::. t) E 
X x .-1, feeding into~ the external input of ~r- At 6, choose a 
character11 ; E F(.r ; ) and set 17(6. (.r .,. t)) := 11,, for all t E 
.-1, i = 1. .... /..-. This preserves fundamental mode operation, 
since was in a stable combination when the controner reached 
f.1. 

3) Assume that an input value II E U; appears at the input of ~r 

while is in a stable combination with the state .r; . Then, C 
generates the input string 11•, driving to a<. In fundamental 
mode, 11'-i is generated one character at a time; a new character is 
generated after~ reaches a stable combination. First, C signifies 
the detection of II by moving to the state (] 

¢(6. (a·; . 11)) := e. for all u E F;. i = 1, ... , 1.~ 

¢>(6. (.1·;. ·11)) := 6. for all 11. E U(.r; )\U;. ·i = 1 ..... k 

</>(6, (.:, f)) := (o. for all pairs(=, t) EX x A\(5 UV} 

Upon reaching the state t.] , the controller generates the first char­
acter of the input string w; for by setting 17 W , (.:. t)) = 11?, 
for an(=, t) E X x A, i = 1. .... 1.~. This makes~ move to 
the state .d . 

4) Similarly, the following definitions prompt C to continue gener­
ating the input string 11•; for 

<!>( €1. ( .r{, 'II,) := et+1 ' for a11 7/ E F; 

</J(E{ (z, t)) := €J. for a11 (.:. t) EX x A\.r{ x U; 

j = 1. 2. . . . . m (i) - 1. ·i = 1, . . . . /.,·. 

The state €f+1 of C signifies that has reached the stable 
combination ( .r{. 1,{- 1 ) . In fundamental mode operation, 

is now ready for the next input character 1,{ of w;: for 
j = 1, 2, ... , m(i) - 1, set 17((/+1

• ( ..::, t)) .- vf, for a11 
(.:, t) E X x A, i = 1. ... , /..·. 
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5) Finally, for j = m ( i), assign 

Q (c(,)_ (.r'.). 11)) :=Cl( ;) for11 f F; 

<f; ((ll(iJ. (.:. t)) :=( 0 • for all(.:, f) EX x A\5 

i=l. ... ,k 

<f; ( (;11 ! i). (.:. t)) := ( 1 • for (.:. t) E 5. 

The definition of ¢ is consistent, since .1·1 x F1 . 
.r2 x F2, ..... r,. x F,.. are disjoint sets. The recursion 
function ~i of ~ r is then 

~, ( .i·;, ~o, u) = ( .'i ( .1·;. 11 ) • ci ) . for all u E F ( .r; ) 

~,(.r;. 6, u) =(.r;. 6). forall1, E F(.r .;) 

~i (.: , fo. t) = (.<;(.:. t). fo). for all( .:. t) E _\" x A\5 

1 (.r;, 6. t) =(.r.,. €0). forallt E A\(F"(.r .;)UF;) 

~,(.r.;. ~1- 11,) = (.r';. C1
(•)). forallu; E F; 

, · (.r';, C1
(i). u) := (.r';, ( 11(i)) for II E F; 

( 
,m(-i) ) ( ) (. ) ; ::.. <.,; • f := (.'i .:. t . <.,O_ . 

for all( ::.. t) E _\" X A\.r'; X Ui 

·i = 1, .... k-, so that (4.2) is valid. By construction, the closed 
loop operates in fundamental mode. + 

The controller C of Theorem 4.3 generates an input string that takes 
~ from the state .r, to the state .1< through a string of stable transitions of 
~- The intermediate states of this transition become unstable states of 
~r, where .r'; becomes the next stable state of ;r, with an input character 
of [T;. The number of states of C can be reduced by machine reduction 
techniques. 

V. MODEL MATCHING 

A. Model Matchingfor Deterministic Systems 

Here is a solution of the model matching problem for deterministic 
asynchronous machines. 

Theorem 5. 1: Let~ = ( A. X. X , f , I,) be an input/state machine 
and let ~, = ( A. X. X . .c/, h) be a stable-state input/state machine. 
The following two statements are equivalent. 

i) There exists a controller C for which ~cl.~ = ~,, where ~r is 
well posed and operates in fundamental mode. 

ii) The skeleton matrices of the machines~ and~, satisfy A"(~) ~ 
1\.·r~::::'). 

Pmof Let ; be the stable recursion function of :Er. De­
fine sc .- rr.r ~, , let ~ be the state set of the controller C, 
and let X { .1·1 •••• , .r n} be the state set of :E. Assume 
first that part i) of the Theorem holds. Then, for every valid 
pair (a:, 11.) E X x A of~', there is a state € E ~ such that 
sc(;r, €, 11.) = s'( :1:, 11). Now, :i.· and sr(;r , €, 11) are states of~. 
say ;1; = :i·; E X and 8r( :t, €, 11.) = s' (:i·, u ) = .r,.. E X, so 
:1:1., = sr(:i·i, €, ·u.) = s'(;ri, 11.). For the one-step skeleton matrix 
5(:E 1

) of I:', this implies that sil..(:E') = 1. 
Since C accesses only the input ofE, the equality :1· k = sc ( .1· i , E.. 11.) 

means that there is an input string w E A+ such that :i· k = s( .r.;, w), 

so that K;1.,(:E) = 1. Thus,J(;1.,(:E) = 1 if S.;1.-(~1 ) = 1, and J((~) ~ 
S(~ 1

). Multiplying each side of this inequality by itselfn-1 times, we 
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obtain by Proposition 3.16 that A·(n-l) ( :E) ~ 5(n-J) (~') = ]\."(~' ). 
Applying Proposition 3.15, we conclude that K(:E) ~ A"(:E') . This 
shows that i) implies ii). Conversely, assume that part ii) of the Theorem 
is valid; since always J{(I': 1

) ~ 5(~'), we obtain A"(~) ~ 5(~'). 
This means that, for every valid pair ( :r. u) of~,, the state s' ( .r. 11) is 
stably reachable from .r by :E. Theorem 4.3 shows then the existence 
of a controller C for which :E,., .• = :E', and part ii) implies part i). + 

An algorithm for the construction of a controller C that satisfies The­
orem 5.1 is provided in the proof of Theorem 4.3. 

B. Controlling Races 

Here is our solution of the model matching problem 2.6 for a system 
with a critical race. 

Theorem 5.2: Let J I = {~1 
•• ••• ~q} be a critical race family of 

input/state machines and let ~, be a stable-state input/state machine 
having the same state set and input alphabet as the members of J.U. 
Let I{ (JI) be the skeleton matrix of the family M, and let A" ( ~,) 
be the skeleton matrix of I: 1

• Then, the following two statements are 
equivalent. 

I) There is a controller C for which ~~I$ = ~,, for all 
i = 1. .... q, where the closed-loop systems~~- ~~- .... :E~ 
are all well posed and operate in fundamental mode . 

2) The skeleton matrices satisfy l'!..(M) ~ ]\.·(~'). 
The proof of Theorem 5.2 (provided later) includes a construction of 

C; an example is in Section VI. In crude terms, C operates as follows. 
When C detects the stable combination ( r i . I') after the race, it ap­
plies an input string that drives the member ~ -i to a stable combination 
common to all members of JI. This equalizes the stable state response 
of ~ c , for all members of JJ. 

The skeleton matrix 1\.· (JI) of a critical race family M cannot be 
entirely zeros, since each state is potentially stable. Thus, there always 
is a stable-state machine :E1 with skeleton matrix equal to K(M). By 
Theorem 5.2, this entails that every critical race can be resolved via 
state feedback control. We tum now to technical issues related to the 
proof of Theorem 5.2 . 

Let s i be the stable recursion function of a member~; of JU and let 
s' be the stable recursion function of~,. The set 

D(~ ;. ~,) = { (:1·. 11.) E X x A: (:i:, ·11) is a valid pair of~ 1 

and s\:i-, n) =p _.,1 (:1·, 11.)} (5.3) 

is the discrepancy set of ::E;; it consists of all valid pairs for which the 
next stable state of~ ; differs from that of :E'. Here, controller action 
is necessary to match the desired response. When J\.·(~ ; ) ~ J\.·(~') 
there is, for each ( :i·. 11.) E D ( :E\ I: 1

), a string w E A+ satisfying 
s\r , w) = s' (.r. 11 ). Let S; (:r , ·u.) C A+ be the set of all such strings 
·1t1 • For a pair (.r , u) E D(~;, :E') and an input string 111 E Si( :r. '1t.), 
let P( ~ -; , :r. w) be the path of :E;. Recalling that ( 1·. 1,) is the critical 
race of ~u, build the subset 

DN(~ ;' ~') := {(.r. 11) ED(~ ; .~'): (r. 1•) rt P(~\ :r, 1L') 

foratleastonestring 111 E S ;(:i·. 11)} CD(~ ; .~') 

i = 1, ... , q. 

On D :V ( :E.;. :E'), the stable state response of:E; can match the response 
of~' without passing (1·. ·1·). But then, by Lemma 2.5, every member 
of l\l can match the response of I: 1 on DN(::E;, :E') without passing 
through the race ( 7\ 11). This yields the following. 

Lemma 5.4: In the notation of Theorem 5.2, assume that l((1il) ~ 
K(~ 1

). Then, DN(~;. ~') = D:V(I°:J, I: 1
), forallj = 1, ... , q. + 
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In view of Lemma 5.4, we use the notation 

D ;,;(Jl. ::S') := D :\°("5:.'. ::S'). ·i = 1. .... q. (5.5) 

To match ::S' over D .v(JJ. ~,),the controller can apply the same input 
string to all members of JJ. On the difference set 

(5.6) 

the response of ::S' cannot be matched by ::S; without passing through 
the critical race ( r. 1·). Still, by Lemma 2.5, the path of~' up to (but 
not beyond) ( r. ,, ) is identical for all members of J/. This leads to the 
following. 

Lemma 5.7: In the notation of Theorem 5.2, assume that A"(1U) ~ 
l\.. ( ~,).Then, for every (.r. u) E DR(::S;. ::S' ), there is an input string 
111 that takes al I members of J/ from ( .1·. 11 ) to the critical race ( r. 1·), 
meeting ( r. l') only in the last step of 111. + 

Thus, the process of matching ::S' over DR ( ::S;. ~,) splits into two 
parts: i) before the race and ii) after the race. Before the race, one does 
not need to identify which member of 1\1 is active, since all mem­
bers can use the same input. After the race, the string that the con­
troller needs to generate may vary from one member of JJ to another. 
By reading the outcome of the race, the controller can identify which 
member of ~u is active and then select the appropriate input string. This 
action makes the next stable combination of ::S' into the postrace stable 
combination of all members of J/; it is the basis of the next proof. 

Proof (of Theorem 5.2): If _I·i:(Jl) i J\."(::S'), then there is a ma­
chine ::S' E JlforwhichJ{(~') i J{(::S').Then,byTheorem5.l, 
there can be no controller C for which ~~Is = ::S'. Whence, part 1) of 
Theorem 5.2 implies part 2). Conversely, assume that part 2) of The­
orem 5.2 is valid. We construct below a controller C satisfying part i) 
of Theorem 5.2, using earlier notation. 

If D(::S'. ::S1 ) = 0, for all ·i = l. .... q, then all members of J/ 
match ::S', so there is no need for C. Otherwise, D(::S.;. ~,) -=/-0 for 
at least one i. Let 1r :rD( ::S;, ~,) be the set of all states .r for which 
there is a u satisfying ( .1-, 11) E D ( ::S;, ::S'). Let Fi( .r) be the set of 
all input characters forming stable combinations with the state :r of::S;. 
The only pair at which the members of .U differ from each other is 
( r. t' ), which, by (2.4), cannot be a stable combination. Hence, U; (.1·) 
is the same for all ·i = l, ... , q; set U(:i-) := U;(.r). Then, 1,: := 
{ ;1· x U ( ;1·): ;1· E ri :r D (:Si , E 1

)} consists of all stable combinations 
with states in ri:rD(::S;, ::S'). Define 

V := U.;= ], ... ,q v;. 

DR(M, ~ 1
) := u.,=1, .... q DR(::S\ ::S') 

D := u.,=l, .... q D(::Si. ::S1 ) 

D(;1·) := {'II. E A: (x, 11.) E D}. (5.8) 

Assume that DN(JU, ~ 1
) # 0. For each (;1·, 11) E DN(M. ::S1 ) 

there is, by definition, a (shortest) input string w(;1·. 11) satisfying 
s(x. w(a:, 11.)) = s'( .r. 11.) and (r, v) (J. P(::S, a·. w(.r. 11.)), where,<; 
is the common restriction of s 1

, •.•• sq. Let m(.r , u) := 1111(;1·. 11)! 
and let v 0 

( :r. 11. ), 11
1 (;1·, 'II), ... , vm(:r, u)-l (.1:, 71) be the characters 

of w(;1·, u.), i.e., 

w(;l", 11.) := v 0(:1:, 11.) ... vm(:r , u) - 1 (;1·. 11). (5.9) 
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The stable states through which w( .r. 11) takes the machine ::Sare de­
noted by 

and 

.r1 (.1·. 11) := s( .1'. 1•0(.r. 11)) 

2 1 1 .r ( .r, 11) := .c;(.1· (.r. 11). 1· (.t. 11)), • •• 

.l'm(,- , 11)-1(.r. II) :=,<;(J'm(.r.11.)-2(.r. 1I). 1,m(.r.11.)-2(.r, u)) 

8 1 (;1·. 11) := .c;(.rm(:r . 11.)- 1 ( .r. 11 ). 1,m(,- . 11)-1 (.r. 11) ). 

(5.10) 

Define n(X) .- #D ,v(J/. ::S1 ) and, when n(_V) > 0, let 
(;1·1. 111 ), .... (.r,,(.Y)· un(N)) be the elements of D .v(J/. ::S1 ). The 
following set will be used later as part of the state set of the controller 
C (if D ,v(Jl. ::S') = 0, set ~;v := 0): 

. (.l'n(:V)• 1111(:V))} · (5.11) 

Next, set n(R) := #DR(Jl. ::S' ). When n(R) > 0, consider an 
i with Dn(::S;. ~ 1

) # 0. For each (.r. 11) E Dn(::S;. ::S'), there 
is then a (shortest) input string w(.r. 11) such that .c;; (.r , 111(.r, u)) = 
.c;' ( ;1·. u); the path P( ::S', .r. 111 ( .r. 11)) contains the critical race ( r. 1•) 

of~. Eliminating cycles, we obtain that P(::S; . . r. w(.1·, u.)) contains 
( r. 1•) exactly once . Divide the path P( ::S; .. r . w(.1'. u.)) into two parts 
P1.;(.r , u.) and A . ,(.r. 11): A , .; (.r. 11) contains (r. 1•) and ends with 
the stable combination (r;. 1•) immediately following (r. 1•); the part 
A , ; ( .r. u.) consists of the remaining segment of P(::S', .r. 111(.1·. 11) ), 

starting with (r ;. 11). Referring to Lemma 5.7, let 

Wo(.'.I'. II) := 7'0 (;1·, II) .. . 1'm(r , u) - 1 (.r , 7/) (5.12) 

be a shortest common input string taking ::S from :r to ( r, v). Here, 
m(.1·. ·u.) := lwo(.r. 11.)I, and note that 1• is the last character of 
wo(;1·. 11.). The path P(::Si .. r. wo(.r. 11)) of ~i starts at (.1-, 11.), 
is driven by wo(.r. 11), and ends with (r;. v). By Lemma 5.7, 
A , ;(;l\ 11.) can be replaced by P(::S;. ;1·, wo(.1·. 11.) ); the concatenation 
P(::s·i .. 1·. wo( ;-r, 11.))P2 , -;{:r, 11.) still takes ::S; from (.r , 11) to the 
desired state s' ( ;1·, 11). Let 

ll '; (:r , 11.) :=1 10(:1-, 11.. i), ... ~·11"'(:r.u ,·i) - l(a· . 1,, i) (5.13) 

be the input string generating A, ; (.r , u.), where m(;1-, 11, ·i) := 
lwi(.r. 11)1. Since :E; is at r; when w;(.r , 11.) starts, we have 
1·.; = s'1 (;1:m(:r,u)- 1 (;1-, 11.), 7,m(:r , u) - 1 (.r. u.)), and w;(x. u) drives 

::S; through the states 

.1'1 (.r, u.,,i) :=s\1· .;, v
0 (;1:, 11, ·i)) 

;1·
2 (;1·. 11., i ) := . ./(.r1(;1-, 11. i) , 1•

1 (.r. 11. ·i)), ... 

r/( .r, u) :=.c/ (.i :m(:r , 11,i ) - 1(;1·. 'II , i). 1,m(:r , u , ;) - 1(.r. II., ·i)) , 

for an (;1·, 11.) E DR(::S;. ::S1 ) and all i = 1. .... q. 

(5. 14) 
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The following wi11 be used as states of the controller C ( denote 
Dn( aU. ~') = {(.r1. 111 ) ..... (.rll(R)· llll(R))} when not empty): 

Sn:= { (6 (.1·1. 111 ) ..... lm(J ·1 . ,, 1 )(.r1. 111 ) ..... 

6 (.rll(R)· llll(n)) · · · · · lm(:1·,,(R)· 11,,(R)) 

' ( .l' ll ( R) • 'II,, ( R)) } (5.15) 

=:.; := { (6. ; (.l'1, 11i) ..... lm(r 1. 111, i). ,(.1·1. ui) . .. · · 

6.-i (.rll(n)· '11,,(R)) · · · · · lm(r,,(R)·"n(R)·;)., 

· i (.1',,(R)· llll(R))} · i = 1. .... q. (5.16) 

Selections are so that S,'\-. SR , S1 ..... Sq are disjoint sets. If 
Dn(I:;i, I:') = 0, set S, := 0. If DR(Jl. I:')= 0, set SR := 0 
and Si := 0, for a11 i = I, .... q. Fina1ly, the set So := {lo- 6} of 
two more elements will also be used later for states of C. 

We are ready to start the construction of the contro1ler C. First, the 
state set of C is given by 

S := So U S.v U SR U S1 U · · · U Sq (5.17) 

and X is the state set of I:. In the construction that fo11ows, the states 
of So help C record certain stable combinations of I:, to ensure fun­
damental mode operation. The states of SN and Sn help C generate 
input strings of I: along path segments common to all members of JI. 
Finally, the states of ==.; help the controller generate the input string 
of I: after the machine has passed through the race with the outcome 
r i. The recursion function ¢ and the output function 17 of C are con­
structed in the following steps, assuming that S,y. Sf?. S1 ..... Sq 
are all nonempty; adjustments can be made for other cases. 

i) Initially, C is at the state lo. Without changing its output, C 
moves to the state 6 when it detects a pair in F, so ~ is in 
a stable combination before its input is changed by C (funda­
mental mode operation). Accordingly, </J is defined by 

¢(eo. (.: , t)) :=fo, fora11 (.:. t) EX X .-1\1' 

¢(lo. (.1-, 11.)) := 6, for all (.1·, 11) E Y. 

The controller is inactive in the state eo, applying to~ its own 
external input. Accordingly, the output function ·17 is defined by 
11(ea, (.:, t)) := t, for all (.:. t) E X x A. At the state 6, 
chooseacharacten,.* E U(;r),andset17(6. (.:. t)) := u.*,for 
all(.:, t) EX x A. Then, :E remains in a stable combination at 
:1; as long as C is in the state 6 (fundamental mode operation). 

ii) Assume that I: is in a stable combination at a state .r E 1r r D, and 
an input value 'II appears for which ( .1·. u) E D. Then, C pre­
pares to generate an input string taking I: to the state . .,' ( :r, 11.), 
to match I:'. This process is similar to the one used in the proof 
of Theorem 4.3. First, C moves to a state 6 ( .1·. 11.) to signify the 
encounter of (.r. 11.) (fundamental mode operation) 

¢(6, (;1:, 11.)) :=6(.1-, 11.)for(.:1·. 11) ED 

¢(6, (;1\ 11.)) :=i;1 , fora1111. E F(.1·)\D(.1·) 

and 

¢(6. (.:. f}} :=eo. forallpairs(.:. t) EX X .-1\(VUD). 

Upon reaching 6 ( .r. 11), the controller starts to generate the 
string 111 ( .:1·, ·11.) or wo ( .:1·. u), as needed. This is accomplished by 
setting 17(6 (.r., 11.). (.:. t)) = -r•0 (.r. u.), for all(.: , t) EX x A 
[by (5.9) or (5.12)]. Note that I: is in a stable combination when 
this change in its input occurs. The input 1•

0 
( .r. 11.) moves I: 

iii) 
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to the state .r1 (.r. 11). The pair (.r 1 (.r. 11). r 0(.r. 11)) is again a 
stable combination, being the next step of s. Then, C continues 
to generate w ( .r. 11) [ or 'll'o (.I'. 11)] as input for I:, according to 
iii). 

<::>(lj(.:1·. 11.). (.:. t)) 

:= (.j(.1·. 11). for all(.:. t) -=f:. (.rj(.:1·. 11). '11) 

17 ( (.H 1 ( .r. u. ) • ( .: • t) ) 

:= ·1•j(.r. 11). for all(.:. t) EX x A. 

1::; j::; rn(.r. u) - 1. and (.r. 11.) ED 

where 1•j (.1-. 11) is from (5.9) or (5.12), as the case may be. 
iv) For .i m(.r. '11), consider two cases: a) When 

(.r. ·11) E D :Y(J/ , :E'), assign 

0 (lm(.r,11)(.1', 11.). (R'(.r. 11). 11))) := lm(r.11.)(.r. 11) 

<P (lm(r. u)(.r. u.). (.:, t)) 

: = ea. for an (.: ' t) i- ( .c;' (.I'' II ) • I/ ) 

completing the action of C here, since s'(.r. u.) has 
been reached. b) When ( .:1·. 11) E DR (I:;. ~,) for some 
i E { 1, ... q}, set 

c/> (lm(J·.u)(.r , 11). (r.;. 11)) := 6. ; (.:1·. 11) 

c/> (lm(l·.u)(.1·. 11.). (.:. t)) 

:= em(r.u)(.l', 11), for all(.:. t) -=f:. (r;. '11) 

17( 6. i( .r , 11), (.:, t)) 

:= 11°(.r , 11.,i), for all(.:. t) EX x A 

here, v 0(.1·, ·n. i) is the first character of (5.13). Then, C 
continues to generate (5.13), following the stable combinations 
(5.14): 

</J((j,i(X, 11.). (.:1j(.r.. ·11 .• i), u.)) := Cj+1.i(.:1·. 7/. ) 

qJ ( (j, ; ( :1:, 7/.). (.:, f)) 

:= «;j,;( ;r. 11.), for all(.:, t) -=f:. (.1.i(.r, 11, i) , 11)) 

11 ( lH, , ; ( .:1·. u). (.:. {)) 

:= 1i(;1·, u .. i) , for all(.:. t) EX x A , 

j = l. ... , m(x, 11,i) - l. 

Theendoftheinputstring(5.13)isreachedatj = m(.1·, ·u., i)­
l; by (5.14), :Ei reaches then the desired states' (.r. ·11._), so assign 

<f> (lm(x, 11 , -i), ;(.r, 11.), (.c/ (a;, 11.), '//.)) := Cm(.r, u. i). ;( ;r , 11.) 

</> (lm(x, u, ·i), i (;1:, 11.), (.: , t)) 

:=ea.fora]](.:: , t) -=f:. (s1
(a·. 11). 11.). 

This completes the construction of C, yielding a closed-loop 
system that is well posed and operates in fundamental mode. + 

The construction of the controller C in the proof does not attempt to 
minimize the number of states. Once C has been derived, its number of 
states can be reduced by state reduction techniques (e.g., [13]). Careful 
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selection of the strings generated by the controller can further reduce 
the number of controller states. If necessary, unstable transitions can 
be eliminated from the output of the closed loop system by adding an 
output function similar to the one used for C in the proof. 

VI. EXAMPLE 

We demonstrate the construction of the controller C of Theorem 5.2. 
The machine ~ to be controlled has the input alphabet A = { n. b, c} 
and the state set X = { .ro .. r1 .. r2}. There is a critical race at ( .ro. c) 

with the outcomes .r1 and .r2 

(/ b r 

. ro .ro .r, {:r1 . :1·2} 

~= .f 
.r1 .1·:2 .r, .r1 

.1·2 .1"2 .1·1 .1·2 

~ induces a critical race family JI = {~ 1. ~ 2} of two members 
whose stable recursion functions .c; 

1 and .';2 are 

(/ b r 

.ro .ro .1·1 .r1 
"1 _,,_.: 8 

1 

.r1 .r2 .r1 .l'J 

.l'2 .1·2 .l'1 .r2 

(/ b C 

.ro :ro .r1 .r2 
"2 2 ....,,_.: s (6.1) 

.r, .1'2 .r1 .l'J 

.r2 ;1·2 .l'] .r2 

From the tables, the one-step stable transition matrices R( :E 1 ) , R( ~ 2
), 

and the one step skeleton matrices S(~ 1 ), S(~::2) are 

c:: 
{b. c} 

N ) R(~1) = {b. r} {a} 

N {b} {n, c} 

c:} {b} 
{c} ) 

R(~ 2) = {b, c} {a} 

{b} {n. c} 

C 
1 ] C 

1 

} S(~1) = 1 S(~2) = 1 

1 1 
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The skeleton matrices /\.· (:::: 1 ) and J{ ( ~ 2
), calculated from Definition 

3.14, yield the skeleton matrix !{ ( JI) the family JI as follows: 

(~ 
1 

] C 
1 

] 1 J{(~.2) = 
1 1 

(~ 
1 

} 1 

1 

A.( JI) = 

Choose the stable-state machine ~' := :Sf. as the model to match 
(this is an arbitrary choice), and follow the proof of Theorem 5.2 to 
obtain a controller C. By (5.3) and (6.1), D(~ 1. ~') = {(.r 0. r·)} 
and, since ~' = ~ 2

, we get D ( ~ 2
• ~,) = 0. The set of input values 

that form stable combinations with the state .ro is F ( .ro) = { r,}, and 
V = {(:1·0. n)} [see (5.8)]. From (6.1 ), the recursion function .• / of 
~' = ~f. has .c;' ( .ro. c) = .r2, and the set of input strings that take ~ 1 

from (.ro, c) to s'(.ro, r·) = .1:2 is S1(.ro. r·) = {rn}; the set of input 
strings that take ~ 2 from ( .ro. r·) to s' ( .ro. r·) is 52 ( .ro. r) = { r·}. The 
paths are 

P(~ 1 .. ro. co) ={(.ro. r·). (.r1. r·). (.r1. a). (:r2. o)} 

P(~ 2 .. ro. c) = { (.ro. c-). (.1·2. r·)}. 

Both paths include the race (.ro. e), so D.v(JI. ::::') 0, 
DR(~ 1

• ~') = D(~ 1. ~') = {(.ro. r·)}. Using (5.11), (5.15) and 
(5.16), we obtain =-s = 0. =-n = {6 (.ro. r·)}, =-1 = {6.1 (.ro. r·)}, 
and =-2 = 0. By (5.17), Chas the state set=- = {~o- 6. l1 (.ro. r·), 

6, 1 (.1·0. c)}, i.e., four states. Following the proof of Theorem 5.2, the 
recursion function <f> and the output function 17 of C are 

9(~0- (.:. u.)) :=co. for all(.:. 11.) E .Y x A\(.ro. o) 

¢(6 (.ro. r). (.r1. c)) := c1.1 (.ro. r·) 

<P(co-(.ro. o)) := 6 

</>(6(;1·0. c), (.:. t)) :=6(.ro. r), for all(.:. t) 

¢ {(;1·,. c), (.r2. r)} 

17(~0, (.:. 11.)) :=u. for all(.:. 11.) E .Y x .-1 

¢(6 (:1·0. c). (.r2. c)) := co 

</>(6, (.1:0, c)) := 6 (.ro. c) 

·17(6(xo, c). (.:, 11)) :=c. for all(.:, 11.) E .Y x A 

</>(6, (.ro, n)) :=6 

</>(6, 1 (.ro, c). (.1·2, c)) := 6. 1 (.ro. r) 

</>(6, (.:, t)) :=co- for all pairs(.:. t) 

¢ {(;ro , a). (.ro. r)} 

</>(6,1(.ro, c) , (.:, t)) := co- for all(.:. t) =I= (.1·2, r) 

·17(6, (.:, 11)) :=a, for all(.:. 11) EX x A 

17(6,i(:1·0. c). (.:, 11)) :=a , for all(.:. 11) E .Y x A. 
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