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(i) .9'10 is stable over D if, for every real E > 0, the following holds : for 
every uESµ+1(£Jm) and for every dED there exists a real S(u, d, E) > 0 
such that, whenever elements u'ESµ+I(£Jm) and d'ED satisfy p(u, u') < S 
and p(d, d') < S, then p[.9'(u, d), .9'(u', d')] < E. 

(ii) .9'10 is i/o (input/output) stable if it is stable over· its restricted i/o 
space D/. The representation .9' is i/o stable (or, simply, stable) if 
.9' 10 is i/o stable for every real (J > 0. 

(iii) .9'10 is internally stable if there exists a real ( > 0 such that .9'18 is 
stable over the l-neighbourhood D0, t of the restricted i/o space D/. 
The representation .9' is internally stable if 9' 18 is internally stable for 
every real (J > 0. 

(iv) The system L is 0-stable if the restricted map L : S0 ( £Jm)--+S(RP) is 
continuous and bounded for every real (J > 0. 

(v) The system L is BI BO (bounded-input bounded-output) stable if, for 
every real (J > 0, there exists a real n: > 0 such that L[ S0 ( (Jm)] c S(n:P). 

As we have mentioned in the introduction, most of our discussion in this 
paper evolves around the concept of rationality, which is defined as follows 
(Hammer 1984). Let L : S(Rm)---+S(RP) be a recursive system. When L is 
regarded as a map, it can always be factorized into a composition of maps 
L = PQ, where Q : S(Rm)---+S is a surjective map, P : S---+S(RP) is an injective 
map, and Sis an appropriate space (Maclane and Birkhoff (1979, Chap. 1)). 
The map Q, being surjective, possesses a right inverse Q* : 8---+S(Rm), whereas 
the map P, being injective, possesses a left inverse P* : S(RP)---+S. We say 
that L is right rational (respectively, right I-rational, right 0-rational, right 
BI BO-rational) if the above maps can be chosen in such a way that (i) P, Q 
and Q* represent recursive systems, (ii) Sc S(Rq) for some integer q and (iii) 
P and Q* are i/o stable (respectively, internally stable, C-stable, BIBO-stable). 
For a detailed discussion of rationality of recursive systems see Hammer 
(1984). 

We now turn to a preliminary discussion of the stability of composite 
systems. Let L* : S(Rm)---+S(RP) be a composite system consisting of n 
interconnected systems Li : S(Rmi)---+S(RPi), i = I, ... , n, all of which are 
recursive. Let .9' : Yk+'l'fi+l = /Ay~+111 \ut+ µ,) be a recursive representation of the 
system L;. An input sequence uES(Rm) of the composite system L* induces 
an input sequence u(i) and an output sequence y(i) for each one of the systems 
Li, i = I, ... , n. We assume that two types of disturbances may occur in L*. 
First, due to noises and distortions caused by the environment, the actual input 
sequence w(i)ES(Rmi) of the system Li will be slightly different from the 
sequence u(i), say p[w(i), u(i)] < (, where ( > 0 is a real parameter describing 
the magnitude of the noise or the distortion. Equivalently, we may say that 
the actual input sequence w(i) of Li is of the form w(i) = u(i) + v(i), where 
v(i)ES(Rmi) is an additive disturbance signal satisfying p[v(i)] < (. For the 
stability of the composite system L*' we require that small disturbance signals 
v(I), ... , v(n) cause only slight changes in the output sequence y of L*. 

Further, recalling that each one of the subsystems Li is a recursive system, 
we have to account for the fact that the initial conditions of Li cannot be set 
with absolute accuracy. Thus, if d(i)E(RPt)'l'/t+I are the prescribed initial 
conditions of Li, we assume that the actual initial conditions of L ,£ are given by 
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d'(i)E(RPi)1li+1, where p[d'(i), d(i)] < (, and ( > 0 is a parameter describing the 
uncertainty in setting the initial conditions. We require that the composite 
system L* should not be significantly affected by slight uncertainties in the 
initial conditions, or by any combination of these and of small disturbances in 
the intermediate signals. We thus arrive at the following 

Definition 2 

Let L* : S(Rm)---+S(RP) be a composite system consisting of n interconnected 
systems L 1, ... , Ln, and assume that L* is i/o stable. For each i= 1, ... , n, 
let L; map S(Rmi)---+S(RPi), let TJi be the principal degree of L i, and let 
diE(Rmi)"//i+I be the prescribed initial conditions of L 1. Each input sequence 
'uES(Rm) of L* induces an input sequence u(i)ES(Rmi) of Li, i = l, ... , n. We 
say that L* is internally stable if the following hold. 

(i) For every pair of real numbers 8, C( > 0, and for every real E > 0, there 
exists a real 8 > 0 (depending on 8, C< and E) such that the system L' * obtained 
from L* through the operations (a.) and (b) below satisfies p[L'* it, L*u] < E for 
all uE8 0( 8m). 

(a) For each i= 1, ... , n, add to the input sequence u(i) of the system Li an 
arbitrary element v(i)ES(C(mi) satisfying p[v(i)] < 8. 

(b) For each i = 1, ... , n, replace the initial conditions d(i) of Li by an 
arbitrary element d'(i)E(RPi)1JiH satisfying p[d'(i), d(i)] < 8. 

(ii) For every pair of real numbers 8, C( > 0 there exist real numbers 
.. V, t > 0 (depending only on 8 and C<) such that, whenever the input sequence 
u of L* satisfies uE8(8m), then the intermediate output sequences y'(i) of 
}:' ,i:, i=1, ... ,n, satisfy y'(i)E8(NPi) for all i=l, ... ,n, where L' ,: are the dis­
t,urbed systerm~ obtained through (a) and (b) with 8 < f 

Condition (ii) of Definit.ion 2 just requires the boundedness of all signals in 
the configuration. We discuss the implications of Definition 2 in the next 
section. 

4. Feedback and rationality 
In this section we discuss the connection between internal stabilization of a 

given system L and the rationality of that system. Many of the underlying 
ideas are already apparent from the examination of the simple configuration 
of pure dynamic output feedback, so we concentrate on this configuration 
(Fig. 2). Here, L : S(R"')~S(RP) is a strictly causal recursive system, and r:p: 
S(RP)---+S(Rm) is a causal recursive output feedback compensator. The overall 
system described by Fig. 2 is denoted by Li, and, recalling from (13), we have 
L.,,=L'Y.,,, where '¥,p=[I +r:pLJ-1 : S(Rm)~S(Rm) is an equivalent bicausal 
precompensator. 

The simplest situation from our present point of view arises when one 
adds to the requiremants of internal stability the additional requirement that 
the signal e in Fig . 2 depend continuously on the input signal u, whenever u 
is bounded. This requirement seems very natural when one interprets the 
signal e as the error signal. We would like the error to be affected only slightly 
when a slight change in the input sequence occurs. Now, from § 2 we know 
that e = '¥ r,u, so that, if e is to depend continuously on u for bounded u, then 
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Ji'igure 2. 

the equivalent precompensator '¥ <f' has to be continuous over bounded inputs, 
namely C-stable. Combining this fact with the C-stability of L9' and the 
equation L = L'P 'Y 'P - 1, we obtain the following elementary statement. 

Proposition 4 

Let ~ : S(Rm)~S(RP) be a strictly causal system. Assume that there 
exists a causal feedback compensator <p : S(RP)~S(Rm) such that, in Fig. 2, 
the closed-loop system L'P is C-stable and the error signal e depends continuously 
on the input signal u, for bounded uES0(Rm). Then, the equivalent precom­
pensator 'I" 'P is C-stable, and L = L'P 'Y 'P - 1 is a representation of the given system 
L as a quotient of C-stable systems. 

The definition of internal stability, the way we stated it, does not directly 
require the continuous dependence of eon u. It only requires that the overall 
output signal y should depend continuously on (i) the input signal u (whenever 
u is bounded), and on (ii) the internal noises in the configuration. We now 
examine the implications of these requirements. As we have just mentioned, 
continuity of the equivalent precompensator 'I" 'P directly implies rationality of 
L. Thus, we have to consider only the possibility of discontinuities in 'I" 'P' 
To understand the origin of possible discontinuities in 'Y'P, we recall from (13) 
that 'Y'P=l-<pL'P. Clearly, if the closed-loop system ~q, is stable, then all 
discontinuities of \J"'P originate from discontinuities of the feedback compen­
sator <p. \Ve state this fact as the following lemma. 

Lemma 4 

Let ~ : S(Rm)~S(RP) be a strictly causal system, and assume that there 
exists a causal feedback compensator <p : S(RP)~S(Rm) such that Lrp is 
C-stable. If, for some real B > 0, a point uES0 ((Jm) is a discontinuity point of the 
restriction of '1"0 to S0 (Bm), then the point L'PuES0(RP) is a discontinuity point 
of the restriction of the feedback compensator <p to ~,p[S0(Bm)]. 

In recent years, several authors (Sussmann 1979, Sontag and Sussman 
1980) have discussed the problem of stabilizing a non-linear system by a 
continuous feedback compensator, concentrating on the connection between 
stabilization and controllability. For the case of a continuous feedback 
compensator <p, Lemma 4 directly implies that, if L can be stabilized by <p, then 
~ is rational. Indeed, if <p and ~q, are both continuous, then so also is the 
equivalent precompensator 'I" q,( = I - <pLqJ, and L = L'P 'Y q, - 1 is a representation 
of Las a quotient of stable systems. To state these facts in more precise form, 
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we need some notation. Let A : S(Rm)~S(RP) be a map. For every real 
8>0, we denote by Im 0 A the set of all elements yES(RP) such that y=Au for 
some uES0 (8m), namely the image of all bounded by 8 elements. We set 
Jnz A : = U Im 0 A, i.e. the image of all bounded elements. 

0>0 

Corollary I 

Let ~ : S(Rm)~S(RP) be a strictly causal system, and assume that there 
exists a causal feedback compensator <p : S(RP)~S(Rm) such that ~'P is 
C-stable. If the restriction of <p to Jm ~'P is a C-stable map, then ':I" 'P is 
C-stable, and ~ = ~'P ':I" 'P - 1 is a representation of ~ as a quotient of C-stable 
systems. 

In general, however, the feedback compensator <p may possess certain 
discontinuities without destroying the internal stability of ~qi· To understand 
the nature of these discontinuities, we may refer to the following qualitative 
argument. Assume that <p has a discontinuity which causes a discontinuity in 
the equivalent precompensator ':I" q;· In view of the fact that ~<p is stab~e, this 
discontinuity cannot effect ~qi· Very qualitatively, if we think of the dis­
continuity in ':I" 'P as a jump, then; in view of the relation ~<p = ~':I" <f!' the system ~ 
has to produce the same output sequence for both ends of this jump, otherwise 
a jump in ~<p will occur, contradicting our assumption that ~'P is continuous. 
Thus a jump of ':I" rp can occur only between points over which the original system 
~ is constant, namely, between points contained in one and the same equi­
valence class of kernel ~- The precise statement of this argument is somewhat 
more intricate than the present qualitative version, and it is given in the proof 
of the next lemma. For every element uES(Rm), we denote by [uh the equi­
valence class of u in kernel ~ consisting of all elements vES(Rm) for which 
~v=~u. We also denote by {ui} a sequence of elements u0, 'U1, u 2, ••• , where 
uiES(Rm) for all i. 

Lemma 5 

Let ~ : S(Rm)~S(RP) be a strictly causal system and assume that there 
exists a causal feedback compensator <p : S(RP)~S(Rm) for which ~'P is in­
ternally stable. For every discontinuity point uES0 ( (Jm), 8 > 0, of the equivalent 
precompensator ':l"'P, let Su be the set of all sequences {ui} cS 0(8m) converging 
to u, and let 6.u be the set of all accumulation points of the sequences {':I" <pui}, 
where {ui}ESu. Then, 6.u c [':l"rpuh. 

Proof 

Let {ui} c 80 ( (Jm) be any sequence in Su, and let w be an accumulation point 
of the sequence {':I" 'Pui}. Notice that by condition (ii) of Definition 2 there is a 
real N > 0 such that wES0 (Nm). Our proof will conclude upon showing that 
~w= ~'¥'Pu. To this end, let {ai} be a subsequence of {ui} such that the 
sequence {':I" 'Pai} converges to w. Then, since ':I" 'Pai= ai - <p~'Pai, the sequence 
{ <p~'Pai} converges to the point w0 : = u - w. Let e : = ':I" q;u, and construct the 
sequences vi : = ~ 'Pai - ~,,, u = ~'Pai - ~e, and Ei : = <p~rp u - <p~'Pai = <p~e - <p~'Pai. 
Then, by the continuity of ~'P' the sequence {vi} converges to 0, and 

lim Ei= <p~e-w 0 = : E0 
i-<XJ 
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By condition (ii) of Definition 2, we also have that {v·i}, {ei} c (S(2N)P). Apply 
now the elements of the sequence {vi} one at a time as noise input at the point 
A in Fig. 2, and denote by Lcp,vt (respectively, 'F cp,vt) the so disturbed system 
(respectively, the so disturbed equivalent precompensator). Then, 'Fcp,vt-1(e) = 
e+cp(vi+Le)=e+cpLcpai=e+cpLe+ei='Jl'cp- 1 e+ei=u+ei, so that 

'Fcp,vt(u+ei)=e='F,,,u (*) 

Consequently, since Lrp,vi=L'¥cp,vt and Lcp=L'Fcp, we obtain that Lp,vt(u+ei)= 
Lcp(u) for all integers i ~ 0, so that 

lim Lcp,vt(u+ei)=Lcp(u) 
i-~00 

Next, by the internal stability of Lcp and in view of the convergences vi_+O 
and ei~e 0 , there exists, for every e > 0, an integer qf: such that, for all i ~ qf:, 
we have p[Lcp,vt(u+ei)-Lcp(u+ei)]<e/2 (condition (a) of Definition 2) and 
p[Lcp(u+ei)-Lcp(u+e 0 )]<e/2 (the C-stability of L,,,). Then, p[L,,,,vt(u+ei)­
Lcp(u + e0) J < e for all i ~ qf:, and it follows that 

lim Lcp,vt(u + ei) = L,,,(u + e0 ) 
-i--+ 00 

Combining this result with our previous alternative compuhtion of the same 
limit, we obtain that L 9:(it + e0 ) = Lcp(u). Now, 'F cp(u + e0 ) = u + e0 - cpL'P(u + e0 ) = 
u+e 0 -cpLcpu ='Fcpu+e 0 =e+e 0 =e+cp"i:.e-w 0 ='Frp-1 e-w 0 =u-(u-w) =W. 
Hence, the equality Lcp(u+e 0)=L,pu implies that Lll",p(u+e 0)=LW=L'¥cpu, so 
that wE['F cpu h, and our proof concludes. D 

Of course, a discontinuity of 'F cp can also be caused by a sequence ui~u for 
which the sequence {'Fcpui} has no accumulation points at all. In the next 
lemma we show that this situation cannot occur for input sequences in S0(Bm). 

Lemma 6 

Let L : S(Rm)~S(RP) be a strictly causal system and assume that there 
exists a causal feedback compensator cp : S(RP)~S(Rm) for which Lcp is 
internally stable. If the restriction of 'F'P to S0 (Bm) has a discontinuity point 
uES 0 (Bm), then the set ~u of Lemma 5 contains more than one point. 

Proof 

Let uES 0 (Bm) be a discontinuity point of the restriction of 'Yep to S 0 (Bm), and 
let {:u,i) cS 0 (Bm) be a sequence converging to u for which the sequence {'Fcpui} 
does not converge to 'Fcpit. Now, since Lcp is internally stable, there exists a 
real N > 0 such that {'¥ cpui} c S(Nm) (see (ii) of Definition 2), and since 'F cp is 
causal, we have {'¥ cpui} c S 0(A'm). By the compactness of S 0(Nm), every 
sub-sequence of {'l'''Pui} has an accumulation point. In view of our assumption 
that {'Fcpui} does not converge to '¥'Pu, it follows then that the sequence 
{'¥ cpui} has at least one accymulation point wES 0 (Nm) different from 'F cpu. 
Thus, WE~tP and, since always 'F cpuE~i" our proof concludes . D 

Consider now the case when the given system L is injective. Then, for 
every uES(Rm), the equivalence class [u]r in kernel L contains exactly one 
point. In such case, Lemmas 5 and 6 directly imply that, if Lcp is internally 
stable , the equivalent precompensator 'I" cp cannot have any discontinuity 
points when restricted t,p S0 ( Bm), for any real B > 0. This proves the following 
statement, which is a main result of this section. 
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Theorem 1 

Let ~ : S(Rm)~S(RP) be a strictly causal system, and assume that there 
exists a causal feedback compensator <p : S(RP)~S(Rm) for which "i:.'P is 
internally stable. If "i:. is injective, then the equivalent precompensator '¥ 'I' 
is C-stable, and "i:. =~'I''¥ 'l'- 1 is a representation of "i:. as a quotient of C-stable 
systems. 

We discuss next the environment in which the feedback compensator cp 
operates in the closed-loop system ~qi· It is clear from Fig. 2 that the set of 
input sequences to <pis exactly the set of output sequences y of the closed-loop 
system ~qi· Assume now that ~qi is internally stable and that ~ is injective. 
We next show that the input sequences fed by the system into <p are only such 
for which <p exhibits continuous behaviour. Thus, if <p contains in its construc­
tion any jumps, then none of them is activated during the operation of the 
closed-loop system. 

Corollary 2 

Let ~ : S(Rm)~S(RP) be a strictly causal system, and assume that there 
is a causal feedback compensator <p : S(RP)~S(Rm) for which "i:.qi is internally 
stable. If "i:. is injective then, for every real()> 0, the restriction of the feedback 
compensator <p to the set "i:.qi[S0 ({}m)] is a continuous map. 

Proof 

Let () > 0 be a real number, and let {vi} c "i:.qi[ So( (Jm)] be any sequence con­
verging to a point VE~qi[S0({}m)]. We have to show that 

lim cpvi = cpv 
i-oo 

Now, "i:.qi = "i:.'¥ qi' so that, since ~ is injective and '¥ qi is bijective, "i:.qi is injective. 
Let A : S0({}m)~"i:.qi[S0 ({}m)] be the restriction of "i:.'P to S0 ({}m). Then A is 
bijective and continuous, and hence, since S 0 ({}m) is compact, A is a homeomor­
phism (Kuratowski 1961). Letting ui: = A- 1vi, i = 1, 2, ... , it follows that the 

. sequence {ui} c S 0 ( (Jm) converges to u : = A- 1v. Clearly, 

and since '¥ qi is continuous on 80 ( (}m) by Theorem 1, then also 

lim '¥ ui= '¥ u 
. 'P 'I' 
i-oo 

Consequently, recalling that '¥ 'I' = I - cp"i:.cp, we have 

lim cpvi = lim cp"i:. ui 
• . 'P 

and our proof concludes. 

i-oo i-oo 

=u-'¥ u 'I' 

= <pLcpU= <pV 

I 

D 
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Up to this point we have discussed the rationality properties of a stabilizable 
system L : S(Rm)----+S(RP), showing that, if L is injective (or if the error signal 
e depends continuously on the input signal u, or if the feedback compensator 
cp is continuous), then there exist C-stable maps P and Q such that L = PQ- 1• 

We turn now to a discussion of the recursivity properties of the systems P and 
Q. The next statement states that the systems P and Q can be chosen as 
recursive systems, so that if the injective system L can be stabilized, then it is 
right C-rational in the sense of § 2. Presently, we restrict our attention to the 
case of injective systems. Clearly, the same facts also apply to the restriction 
of a non-injective system to a set of inputs over which it is injective. The 
following is the main result of this section. 

Theorem 2 

Let L : S(Rm)----+S(RP) be a strictly causal, recursive, and injective system. 
If there exists a causal recursive feedback compensator cp: S(RP)----+S(Rm) such 
that L'P is internally stable, then the given system L is right C-rational. 

Proof 

Let cp : S(RP)----+S(Rm) be a recursive causal feedback compensator for which 
Lq, is internally stable. Then, by Theorem 1, the equivalent precompensator 
'I" <p is C-stable. Let T be the one-step shift to the left operator, so that for every 
yES(RP), the sequence x : = TY satisfies xi= Yi+i for all integers i. Define the 
maps 

(u) ('JI' -1 e) 
Q : S(Rm)---+lm Q c S(Rm+P) : e---+ x : = :~e 

P: Im Q---+S(RP): (:)---+y: = r- 1x 

Q* : Im Q---+S( Rm) : (: )---+e : = 'Y •u = u - r- 1.,,x 

Then, clearly, L = PQ, and Q* is a right inverse of Q. Also P is evidently 
C-stable, and, since 'I" 'P is C-stab~e, so also is Q*. By the injectivity of L'P, 
it follows that Pis injective. Thus, in order to prove that L = PQ is a right 
C-rational presentation, it only remains to show that the maps P, Q and Q* 
are recursive. Now Pis evidently recursive (yk=xk_ 1). To show that Q and 
Q* are recursive, let !/ r,: Yk+7J+l = f(y%+11/eZ+µ.) and !/'P: Zk+a+l =g(zZ+cx/yZ+13), 
where z = cpy, be recursive representations of L and cp respectively. Then, 
since e = u - cpy = u - z, or z = u - e, we obtain after substitution into !/ 'P that 
ek+a+1 =Uk+a+1-g([u-e]%+a/yt+.B)=Uk+a+1-g([u-e]t+cx/xf~f- 1

), which is a re­
cursive repre~entation of Q*, and Q* is recursive. Next, for Q, let y: = 
max {17, ex}, denote E1 : = y - 77 and E2 : = y - oc, and notice that, by the causality 
of cp, we have E2 +fl~ oc +I+ E2 = y + l. Using the equation z = cpy = cpLe, we 
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obtain 

(z) (zk+r+I) 

X k+r+ 1 = Y k+y+2 

(g(-k+Es+a /yk+ Es+ f1) ) ,r.,k+E2 k+ E2 

= f(yk+E1 +1 +1) /ek+ E1 + 1 + µ) 
k+E1+l k+£1+l 

which, since f3 + •, - l ,;; y, is a recu~sive representation of (:) in terms of e. 

Now, u=e-z, or z=e-u, so that, by substitution into (16), we obtain 

(
u) (e -g([e-u]k+E,+a/xk+E,-l+fJ)) k+y+l k+£2 k+Es-1 

x f(xk+ £1 +1J /ek+£1 + 1 + µ) k+r+1 k+£, k+E,+1 

(17) 

Since £ 2 - 1 + ,8 ~ y, eqn. (17) is a recursive representation of Q, and Q is 
recursive. D 

As we recall, the definition of internal stability also requires continuous 
dependence of the output sequence y of 1:'P on small variations of the initial 
conditions of 1: and of cp. For the sake of simplicity, we have ignored this 
requirement in our discussion up to this point, and we have restricted our 
attention to C-stability and to the effect of internal noises. When the con­
sideration of variations of the initial conditions is added, then the following 
result can be proved along the lines of our previous discussion. 

Theorem 3 

Let 1: : S(Rm)-+S(RP) be a strictly causal, recursive, and injective system. 
If there exists a causal recursive feedback compensator <p : S(RP)-+S(Rm) such 
that 1:'P is internally stable, then the given system 1: is right I-rational. 
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