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d'(3)e(RP:i)1i+1, where p[d’'(z), d(i)] < {, and {>0 is a parameter describing the
uncertainty in setting the initial conditions. We require that the composite
system X, should not be significantly affected by slight uncertainties in the
initial conditions, or by any combination of these and of small disturbances in
the intermediate signals. We thus arrive at the following

Definition 2

Let Z, : S(R™)—S(R?) be a composite system consisting of n interconnected
systems X, ..., %,, and assume that X, is i/o stable. For each i=1, ..., n,
let £, map S(Rm™:)—S(RPi), let n, be the principal degree of X; and let
d;e(Rmi)1i+1 be the prescribed initial conditions of X;. Each input sequence
ueS(R™) of X, induces an input sequence u(¢)eS(R™i) of Z;,i=1,...,n. We
say that X, is internally stable if the following hold.

(i) For every pair of real numbers 6, «>0, and for every real ¢ >0, there
exists a real § > 0 (depending on #, « and €) such that the system X', obtained
from X, through the operations (a) and (b) below satisfies p[X', u, Z,u] <€ for
all ueSy(6™).

(@) For eachi=1, ..., n, add to the input sequence u() of the system Z, an
arbitrary element v(z2)eS (™) satisfying p[v(7)] < 8.

(b) For each i=1, ..., n, replace the initial conditions d(:) of X, by an
arbitrary element d’'(¢)e(RPi)7:+1 satisfying p[d'(¢), d(3)] < 8.

(ii) For every pair of real numbers 8, «>0 there exist real numbers
N, £>0 (depending only on 6 and «) such that, whenever the input sequence
u of X, satisfies ueS(6™), then the intermediate output sequences y’(7) of
¥, 1=1, ..., n, satisfy y'(2)eS(V?:) for all ¢=1, ..., n, where X', are the dis-
turbed systems obtained through (a) and (b) with 8 < £.

C'ondition (ii) of Definition 2 just requires the boundedness of all signals in
the configuration. We discuss the implications of Definition 2 in the next
section.

4. Feedback and rationality

In this section we discuss the connection between internal stabilization of a
given system X and the rationality of that system. Many of the underlying
ideas are already apparent from the examination of the simple configuration
of pure dynamic output feedback, so we concentrate on this configuration
(Fig. 2). Here, Z: S(R™)—S(RP) is a strictly causal recursive system, and ¢ :
S(R?)—S(R™) is a causal recursive output feedback compensator. The overall
system described by Fig. 2 is denoted by X, and, recalling from (13), we have
Z,=2X¥,, where ¥ =[I+¢X]1: S(R™)—S(R™) is an equivalent bicausal
precompensator.

The simplest situation from our present point of view arises when one
adds to the requirements of internal stability the additional requirement that
the signal e in Fig. 2 depend continuously on the input signal u, whenever u
is bounded. This requirement seems very natural when one interprets the
signal e as the error signal. We would like the error to be affected only slightly
when a slight change in the input sequence occurs. Now, from § 2 we know
that e=" u, so that, if e is to depend continuously on u for bounded %, then
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Kigure 2.

the equivalent precompensator ¥, has to be continuous over bounded inputs,
namely C-stable. Combining this fact with the C-stability of X, and the
equation X=2 ¥ -1, we obtain the following elementary statement.

Proposition 4

Let £: S(R™)—S(RP?) be a strictly causal system. Assume that there
exists a causal feedback compensator ¢ : S(R?)—S(R™) such that, in Fig. 2,
the closed-loop system %, is C-stable and the error signal e depends continuously
on the input signal u, for bounded ueS,(R™). Then, the equivalent precom-
pensator ¥, is C-stable, and £ =2%¥ = is a representation of the given system
X as a quotient of C-stable systems.

The definition of internal stability, the way we stated it, does not directly
require the continuous dependence of e on ». It only requires that the overall
output signal y should depend continuously on (i) the input signal » (whenever
% is bounded), and on (ii) the internal noises in the configuration. We now
examine the implications of these requirements. As we have just mentioned,
continuity of the equivalent precompensator ¥, directly implies rationality of
2. Thus, we have to consider only the possibility of discontinuities in ¥',.
To understand the origin of possible discontinuities in ¥, we recall from (13)
that W =7—¢X, Clearly, if the closed-loop system X, is stable, then all
discontinuities of ¥, originate from discontinuities of the feedback compen-
sator . We state this fact as the following lemma.

Lemma 4

Let X : S(R™)—S(RP) be a strictly causal system, and assume that there
exists a causal feedback compensator ¢: S(R?)—S(BE™) such that X, is
C-stable. If, for some real > 0, a point ueS,(6™) is a discontinuity point of the
restriction of ¥y to S,(6™), then the point Z ueS,(R?) is a discontinuity point
of the restriction of the feedback compensator ¢ to Z,[Sy(6™)].

In recent years, several authors (Sussmann 1979, Sontag and Sussman
1980) have discussed the problem of stabilizing a non-linear system by a
continuous feedback compensator, concentrating on the connection between
stabilization and controllability. For the case of a continuous feedback
compensator ¢, Lemma 4 directly implies that, if £ can be stabilized by ¢, then
2 is rational. Indeed, if » and X, are both continuous, then so also is the
equivalent precompensator ¥ (=1—¢Z,), and Z=% ¥ -1 is a representation
of X as a quotient of stable systems. To state these facts in more precise form,
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we need some notation. Let 4 : S(R™)—S(RP) be a map. For every real
0> 0, we denote by Im, A4 the set of all elements yeS(RP) such that y= Au for
some ueSy(0™), namely the image of all bounded by 6 elements. We set

Im A= |J Imgy A, ie. the image of all bounded elements.
>0

Corollary 1

Let X : S(R™)—8(RP) be a strictly causal system, and assume that there
exists a causal feedback compensator ¢: S(R?)—S(B™) such that %, is
C-stable. If the restriction of ¢ to S X, is a C-stable map, then ¥, is
C-stable, and =% ¥ 1 is a representation of ¥ as a quotient of C-stable
systems.

In general, however, the feedback compensator @ may possess certain
discontinuities without destroying the internal stability of £,. To understand
the nature of these discontinuities, we may refer to the following qualitative
argument. Assume that ¢ has a discontinuity which causes a dlscontlnulty in
the equivalent precompensator ¥,. In view of the fact that %, is stable this
discontinuity cannot effect X, Very qualitatively, if we thmk of the dis-
continuity in ¥, as a jump, then, in view of the relation X, =¥, the system X
has to produce the same output sequence for both ends of this jump, otherwise
a jump in X, will occur, contradicting our assumption that X, is continuous.
Thus a jump of ¥, can occur only between points over which the original system
X is constant, namely, between points contained in one and the same equi-
valence class of kernel £. The precise statement of this argument is somewhat
more intricate than the present qualitative version, and it is given in the proof
of the next lemma. For every element ueS(R™), we denote by [«]y the equi-
valence class of u in kernel X consisting of all elements veS(R™) for which
Zv=3u. We also denote by {u’} a sequence of elements u, ul, u?, ..., where
uteS(R™) for all 4.

Lemma 5

Let 2 : S(R™)—S(R?) be a strictly causal system and assume that there
exists a causal feedback compensator ¢ : S(R?)—S(R™) for which %, is in-
ternally stable. For every discontinuity point ueS,(6™), § > 0, of the equivalent
precompensator ¥, let S, be the set of all sequences {u’} =Sy (8™) converging
to , and let A, be the set of all accumulation points of the sequences {¥',u'},
where {u'}€S,. Then, A, <[V, u];.

Proof

Let {u} =8,(6™) be any sequence in S,, and let w be an accumulation point
of the sequence {¥',ui}. Notice that by condition (ii) of Definition 2 there is a
real N >0 such that weS,(N™). Our proof will conclude upon showing that
Zw=3¥,u. To this end, let {a’} be a subsequence of {u'} such that the
sequence {¥' a’} converges to w. Then, since ¥ ai=a’— X ai, the sequence
{pZ,a'} converges to the point w,: =u—w. Lete:= ¥, u, and construct the
sequences v':= X a'—T u=X a'—Te, and € := @Z u— oL ai=ple— pZ.a.
Then, by the contmmty of %, the sequence {v¢} converges to 0, and

lim €=gpXe—wy=: ¢
i—0
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By condition (ii) of Definition 2, we also have that {v'}, {e!} < (S(2N)?). Apply
now the elements of the sequence {v*} one at a time as noise input at the point
A in Fig. 2, and denote by X, ,¢ (respectively, ¥, ,i) the so disturbed system
(respectively, the so disturbed equivalent precompensator). Then, ¥, ,i=}(¢)=
e+ p(vi+Ze)=e+ oL ai=e+plet+e' =Y, etel=u+¢, so that
Vo oi(ute)=e=" u (*)
Consequently, since X, =2, ,t and X, =XV , we obtain that X, ,i(u+ )=
2,(u) for all integers 7 >0, so that
lim %, ,#(u+et) =2 (u)
Next, by the internal stability of %, and in view of the convergences v'—0
and €‘—e¢,, there exists, for every ¢>0, an integer g, such that, for all i>g¢,,
we have p[Z, i(u+e)—Z (u+e)]<e/2 (condition (a) of Definition 2) and
plZ,(u+e") —Z (u+e)]<e/2 (the C-stability of Z,). Then, p[Z, ,i(u+€')—
T (u+eg)]<e for all >g¢,, and it follows that
lim 2, (ot ) =2 (u+<o)

Combining this result with our previous alternative computation of the same
limit, we obtain that X (u + ) =2,(u). Now, ¥ (u+e)=u+¢— <p2,,,(u +¢€) =
u+eo—<p2,pu =‘I"q,u-f-s0 =e+ey =€+ ple—w, =‘F¢“1 e—wy=u—(U—w) =w.
Hence, the equality X (u+¢,)=ZX,u implies that XV (u+¢)=Zw=2¥ u, so
that we[¥, u]z, and our proof concludes. O

Of course, a discontinuity of ¥, can also be caused by a sequence u*—u for
which the sequence {¥',u‘} has no accumulation points at all. In the next
lemma we show that this situation cannot occur for input sequences in Sy(6™).

Lemma 6

Let £ : S(R™)—S(RP) be a strictly causal system and assume that there
exists a causal feedback compensator ¢: S(R?)—S(R™) for which Z, is
internally stable. If the restriction of ¥, to S,(6™) has a discontinuity point
ueSy(0™), then the set A, of Lemma 5 contains more than one point.

Proof

Let ueSy(6™) be a discontinuity point of the restriction of ¥, to Sy(6™), and
let {u’) =8,(6™) be a sequence converging to u for which the sequence {¥',u‘}
does not converge to ¥, u. Now, since X, is internally stable, there exists a
real N >0 such that {¥ u’}<S(N™) (see (ii) of Definition 2), and since ¥, is
causal, we have {¥, ui}<S,(A™). By the compactness of Sy(N™), every
sub-sequence of {¥',u'} has an accumulation point. In view of our assumption
that {¥,u'} does not converge to W u, it follows then that the sequence
{¥,u'} has at least one accumulation point weSy(N™) different from ¥ u.
Thus, wel,, and, since always V' ueA,, our proof concludes. O

Consider now the case when the given system X is injective. Then, for
every ueS(R™), the equivalence class [u]; in kernel X contains exactly one
point. In such case, Lemmas 5 and 6 directly imply that, if X, is internally
stable, the equivalent precompensator ¥, cannot have any discontinuity
points when restricted to S,(6™), for any real §>0. This proves the following
statement, which is a main result of this section.
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Theorem 1

Let X : S(R™)—S(RP) be a strictly causal system, and assume that there
exists a causal feedback compensator ¢: S(E?)—S(R™) for which %, is
internally stable. If X is injective, then the equivalent precompensator V',
is C-stable, and Z=2,¥ ! is a representation of £ as a quotient of C-stable
systems.

We discuss next the environment in which the feedback compensator ¢
operates in the closed-loop system X,. It is clear from Fig. 2 that the set of
input sequences to ¢ is exactly the set of output sequences y of the closed-loop
system X, Assume now that X, is internally stable and that X is injective.
We next show that the input sequences fed by the system into ¢ are only such
for which ¢ exhibits continuous behaviour. Thus, if ¢ contains in its construc-
tion any jumps, then none of them is activated during the operation of the
closed-loop system.

Corollary 2

Let £ : S(R™)—S(R?) be a strictly causal system, and assume that there
is a causal feedback compensator ¢ : S(E?)—S(B™) for which X, is internally
stable. If 2 isinjective then, for every real 6 > 0, the restriction of the feedback
compensator ¢ to the set X [S,(6™)] is a continuous map.

Proof

Let 6>0 be a real number, and let {v'} =X [S,(6™)] be any sequence con-
verging to a point veX,[S,(6™)]. We have to show that

Jim vt = v
Now, 2,=2¥,, so that, since X is injective and V', is bijective, %, is injective.
Let A : 8y(6™)—Z,[S,(8™)] be the restriction of £, to Sy(6™). Then A4 is
bijective and continuous, and hence, since S,(6™) is compact, 4 is a homeomor-
phism (Kuratowski 1961). Letting ui: = A~Wi, =1, 2, ..., it follows that the
sequence {u‘} <8y(8™) converges to u :=A~1. Clearly,
lim £ ui= lim v'=v=Z2 u

i— o0 1>

and since ¥, is continuous on §y(6™) by Theorem 1, then also

: &
lim ‘}"q,ui = lI"',,,u
i—> 0

Consequently, recalling that ¥,=1— ¢X,, we have

lim vi= lim @Z ut

i—> i— 0

= lim (u'—"¥ u’)

1—>00
=u—You
= QX u=qv

and our proof concludes. O
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Up to this point we have discussed the rationality properties of a stabilizable
system % : S(R™)—S(RP), showing that, if X is injective (or if the error signal
e depends continuously on the input signal «, or if the feedback compensator
@ is continuous), then there exist C-stable maps P and @ such that X =P~
We turn now to a discussion of the recursivity properties of the systems P and
@. The next statement states that the systems P and ¢ can be chosen as
recursive systems, so that if the injective system Z can be stabilized, then it is
right C-rational in the sense of § 2. Presently, we restrict our attention to the
case of injective systems. Clearly, the same facts also apply to the restriction
of a non-injective system to a set of inputs over which it is injective. The
following is the main result of this section.

Theorem 2

Let 2 : S(R™)—S(RP) be a strictly causal, recursive, and injective system.
If there exists a causal recursive feedback compensator ¢ : S(R?)—S(R™) such
that X, is internally stable, then the given system X is right C-rational.

Proof

Let ¢ : S(R?)—S(R™) be a recursive causal feedback compensator for which
2, is internally stable. Then, by Theorem 1, the equivalent precompensator
W, is C-stable. Let 7 be the one-step shift to the left operator, so that for every
yeS(RP), the sequence z : = 7y satisfies z, =y, for all integers ¢. Define the

maps
u T Le
@: S(R™)—1Im @ < S(R™*P) : e—s ) t= )

T TXe

u
P: Im Q—S(RP): < )—»y =1l
z

u
@*: Im Q—S(R™): ( )—-»e =Yu=u—1""gx

x
Then, clearly, X = PQ, and @* is a right inverse of . Also P is evidently
C-stable, and, since ¥, is C-stable, so also is @*. By the injectivity of X,
it follows that P is injective. Thus, in order to prove that X = Pg is a right
C-rational presentation, it only remains to show that the maps P, @ and Q*
are recursive. Now P is evidently recursive (y,=2;_,). To show that @ and
Q* are recursive, let Py : yy,, .1 =/(WE*"|f**) and &, : 2p0ra=9(2 ¢ |YEP),
where z=gy, be recursive representations of ¥ and ¢ respectively. Then,
since e=u—q@y=u—z, or z=u—e, we obtain after substitution into &, that
Crar1 = Uprars — (U — ] “|YE " P) = Upaiq — g([u—elg**[f2§71), which is a re-
cursive repregentation of Q*, and @Q* is recursive. Next, for @, let y:=
max {n, «}, denote ¢, : = y—n and ¢, : = y—«, and notice that, by the causality
of ¢, we have e;+B8<a+1+e,=y+1. Using the equation z= py=pe, we
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< 2 ( Prty+1
T/ k+y+1 Yrt+y+2

Etestal, k+te +B
(g "‘k+c: lyk+c: )
Ete+l+n|k+ea+1+p
f(yk+E:+l 'ek+s:+1 )
k+eta| kt+es—1+8
glEiat=|agial ))

flaktatmleraii™™)

obtain

(16)

z
which, since B+ ¢, — 1 < y, is a recursive representation of ) in terms of e.
%

Now, u=e—z, or z=e—wu, so that, by substitution into (16), we obtain

k K+ ea—
u) (ek+y+1—g([e_u]ki::+¢,xkiz:—%+ﬂ)
k+y+1

(17)

z f( k+s,+77' k+(,+1+u)

xk-}-e, ek+e,+1

Since €,—1+B<y, eqn. (17) is a recursive representation of ¢, and @ is
recursive. 0

As we recall, the definition of internal stability also requires continuous
dependence of the output sequence y of %, on small variations of the initial
conditions of £ and of ¢. For the sake of simplicity, we have ignored this
requirement in our discussion up to this point, and we have restricted our
attention to C-stability and to the effect of internal noises. When the con-
sideration of variations of the initial conditions is added, then the following

result can be proved along the lines of our previous discussion.

Theorem 3

Let X : S(R™)—S(RP) be a strictly causal, recursive, and injective system.
If there exists a causal recursive feedback compensator ¢ : S(R?)—S(R™) such
that X, is internally stable, then the given system X is right I-rational.
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