



















































































Stability and rationality of non-linear systems 29

Also, since f, does not depend on u, the pair (f,, f) is adapted, and the pair
(fs, [Iy, g]) is compatible. Finally, in order to show that the pair (f,, [f, Iy])
is compatible, we directly express the sequence z, := f,(y|w), k=..., —1,
0, 1, ..., recursively in terms of u and z. Such an expression can be obtained
(in this case) simply by eliminating %7 in terms of w, and z,, computing ¥, ,
from this expression by using the recursive representation of Z, and substituting
the result into z,,,. One thus obtains

; Z2+2 2
1= (U1 +1) {eXP [—(Zk—Lan (1:%_'_1—1)) :|+1}—2 (5.14)

(This expression is, of course, defined only over its i/o-space.) Whence, all
conditions of Corollary 5.11 are satisfied, and X is BIBO-rational. O

An additional common notion of stability is continuity. We say that a
system X: S(R™)—S(R?) is C-stable if it constitutes a continuous map
Si(R™)—S8(R?). Again, C-stability is a weaker notion of stability than the one
used in Definition 4.1. We say that a recursive system X : S(R")—S(R?)
is left C-rational if it has a factorization X = P@), where P and @ are recursive
systems, P isinjective, @ is surjective, and P~! and @ are both C-stable systems.
For C-rationality, conditions (y) and (8) of Theorem 5.8 can be reduced to
certain continuity requirements on the functions f, and f,, as follows. Let
T : S(R™)—S(RP”) be arecursive system, and, as before, let D < (Im X) x S§(R™)
be the set of all pairs (y|u) where y=Zu. We now induce on D, two different
topologies. First, let Cy; be the class of all subsets Cy(8) < D,,, where 8§ varies
over all positive reals, and where Cy(6) consists of all elements (y|u)eD,
satisfying po(u)< 6. We regard Cy as a base of a topology on D, which we
call the U-topology. Symmetrically, let C; be the class of all subsets
Cy(9)<= D, where 8 varies over all positive reals, and where Cy(8) consists of all
elements (y|u)eD,, satisfying py(y)<6. Again, we regard Cy as a base of a
topology on D, which we call the Y-fopology. Using this terminology, we
obtain the following characterization of left C-rationality, the proof of which
will be stated later in this section.

Corollary 5.15

Let ¥ : S(R™)—S(R?) be a recursive system with a recursive representation
& Ypyner1 =1 uf*#). Then, 2 is left C-rational if and only if the recursion
function f can be decomposed into a sum

fE [upt#) = f(yE 7 |ub ) + falyk T [uk ), (y|u)eDy

where the functions f, and f, satisfy conditions («) and (8) of Theorem 5.8
together with the conditions

(") The trivially recursive map F,: D, —S(R?): w,=f (yE*"|uk**),
k=...,—1,0,1, ..., is continuous with respect to the U-topology on

D,

(8") The trivially recursive map F,: D —S(R?): v,=[o(yr*"|uf**),
k=..., —-1,0,1, ..., is continuous with respect to the Y-topology on
D

w0
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Thus we see that, in the case of left C-rationality, conditions (y) and (8) of
Theorem 5.8 reduce to suitable continuity requirements (y”) and (8") on the
functions f, and f,. The verification of these requirements is simplified by the
fact that the maps F, and F, are trivially recursive.

Theorem 5.8 also provides a method of actually constructing a left stability
representation of a system, whenever one exists. The functions f, and f,
defined in the theorem play a crucial role in this construction. The explicit
construction of a left stability representation is described in the proof of
Theorem 5.8 stated below. We shall demonstrate this construction on some
examples immediately following the proof. The first step of our proof of
Theorem 5.8 consists of the following auxiliary result.

Lemma 5.16
Property 5.11 holds for the notion of stability of Definition 4.1.

Proof

We use the notations of Property 5.11 and of Definition 4.1. By Proposition
3.18, the system F is recursive, so let & : 2z, ,=h(zf"¢|yi**) be a recursive
representation of ¥, where we choose £ >c¢, and let D, be the i/o-space of &.
Then, by the definition of F, we obtain for any points d : = (2£*¢|yt*!) and
d 1= (2F |yt ?) of Dy and y, y'eS5(6”)

pled,y), L@, y)I<ply, y)+p{TIOETE_ kT e, yl,
Tt lyEtizet ), v'l}
where v, 1=y, ., —g and v := g, ., —%. Also
pftf vt ) <py, ) +pkTi . 255 )

Combining these facts with the stability of 7', the stability of & follows
through a standard ‘ e— 8’ argument. |

Proof of Theorem 5.8

Necessity. We have already shown that the existence of a factorization
2 =PQ, where P and @ are recursive, P is injective and @ is surjective, implies
the existence of the sum decomposition (5.7) which satisfies conditions («) and
(B) (where (B) is implied by the invertibility of P). In order to reconciliate the
slight difference between (5.7) and (5.9), we recall that over D, one has
Yesnr1=[@E 7 |uf**). Whence, we can express in (5.7) the variables y;, , .1, ...,
Y+, in terms of y, ..., 4, and w, ..., w4, ., . When these expressions are
substituted in (5.7), the equivalent form (5.9) follows. Thus, it only remains
to consider conditions (y) and (8). Recalling the left stability representation
X =PQ from which (5.7) was derived, it follows by our construction of f, that
Q=A[Z, Iy], so that (y) follows by the ijo-stability of @. Finally, let
E: S(R")—-S(RP?) be the system represented by z =y;,,.,. Then, by our
construction of the function f,, we have P~'=FE— B[l,, £*], so that
B[Iy, Z*] (= E— P™") is stable by the stability of P~' and Lemma 5.16, and
(8) is necessary.
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Sufficiency. Assume that the functions f; and f, satisfy the conditions
stated in the theorem. We show that in such case one can construct from f,
and f, a pair of systems P and @ so that X = PQ is a left stability representation.
To this end, we first induce a slight transformation on the functions f, and f, to
obtain the following functions ff and f¥ (for the purpose of guaranteeing that
P0=0 and Q0=0).

R g ™™) o= fly ) — 0|0k ), i=1,2

In view of the fact that f(0¥*7|05+#)=0, it follows that we still have a sum
decomposition

f ’”“’[u’“’" f1 +fl|uk+ﬂ)+f;‘<yz+nlu£+u') (5.17)

and, since fl and fy differ from f, and f,, respectively, only by an additive

constant, it is evident that /¥ and f; also satisfy conditions (a), (B), (y) and (8)
of the theorem. We define now the systems
A% 1 D—S(RY): u=f1yk*|uk*)

B*: D,—S(R?): wk=yk+,7+1—f;"(y,f"'"lu,’:*“')
and we combine them into
Q: A*%, Iy]: S(R™M—S(R?), W := B*[ly,2*]: Im 2-S(R?) (5.18)

In view of (a), Theorem 3.5 and Proposition 3.18, the systems @ and W are
strictly recursive. By (B), the system W : Im Z—Im W is injective (and,
whence, invertible), by (y) the system @ is stable, and by (8) and Lemma 5.16,
the system W is stable. Furthermore, since by (5.17) we have

?/Ic+n+1"'f; +nluk+“ ]‘i“(y,ﬁ*”|u"+"') over -Doo

it follows in particular that Im 4* =Im B*, so that Im W=1Im . Whence,
letting P:= W~!, we have that Im @ =Domain P, and we can define the
system X' := PQ (where P: Im W—Im X). We next show that ¥’ is i/o-
equivalent to 2. To this end, let ueS(R™) be any element, let y := Xu, and
assume for a moment that Wy=Qu for all ueS(R™). Then, clearly,
y= W 'Qu= PQu=2Z"u, so that £ and X’ are i/o-equivalent. Thus, our proof
will conclude upon showing that Wy =Qu, which we now do. Let u’' := Z*y,
so that Zu'=y=2Xu. Then, denoting v:= Qu and w:= Wy, we have
u=fFE " ub ) and wp =y, ., — A (5" |w's+¥) for all integers k. Since the
pair (f}, /) is adapted and Zu=3u', we have that fF(yE+7|us+¥) =¥y +7|[uf**)
for all integers k, so that w,=y;,,,,—f3(@E*"|uf**). But then, recalling that
Yerns1 =1k +1”|u““) it follows by (5.17) that w,=v, for all integers k. Thus,
Wy =Qu, and our proof concludes. O

We now demonstrate the explicit construction of left stability representa-
tions using (5.18) for the examples that we have considered earlier in the
section. First, consider a separable system X: S(R™)—S(R”) represented
by Yerns1=0YE+") +b(uf**), where a and b are continuous functions. In
view of the proof of Corollary 5.10, we can choose the functions f; and f, of
Theorem 5.8 as

fui= b@E™), foi= alght)
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Following the proof of Theorem 5.8, and denoting b,:= b(0i**) and
@y := a(0f*") (note that ay= —b,), we define

o= b ) =by, fF:= alyi*") ~a

In this case, f{ is independent of y and f¥ is independent of u, so we
immediately obtain the recursive representations of W and @ as

W w=yp p i — @i ) +ay, @Q: v=buf**)—b,

Then, y, ., .1 =a(yf*") —ay+w, is a recursive representation of P (=W~!), and
Y =PQ is a left stability representation of £. We note that in the case of
separable systems, the systems P~! and @ are trivially recursive. This is, of
course, not necessarily the case in general, as we can see from the next example.

Example 5.19

Consider the BIBO-rational system of Example 5.13. We have already
found there the functions f, and f, for this case, and, since here f,(0|0)=0 and
f2(0)=0, we have that f¥=f, and f¥=/f,. The recursive representation for the
system Q= A*[Z, I] is given by (5.14). The recursive representation of the
system W of (5.18) is, in view of the fact that f¥ does not depend on u, given by
% =Yp+1—Y;. For P (=W~1!) we have the recursive representation v, =
yi+v,. Then, L= PQ is a left BIBO-stability representation of X. O

We conclude our discussion of Theorem 5.8 with the proofs of its corollaries.

Proof of Corollary 5.12

We have to show that, for BIBO-rationality, conditions (y) and (8) of
Theorem 5.8 are equivalent to conditions (y’) and (8") of Corollary 5.12. We
note the following facts :

(i) [Z, Ig}{S(B")} =D, and [y, S*}{Im £} D, ;
(ii) The system A[X, I;] is BIBO-stable if and only if for every > 0 there
exists an M (f) > 0 such that for all (y|u)eD,, for which py(u) < 6 one has
polA(y|u) < M(6) ; and
(iii) The system B[ly, £*]: Im X—S(R?) is BIBO-stable if and only if for
every 0>0 there exists an N(6)>0 such that for all elements
(y|Z*y)e Dy, for which py(y) < 6 one has py(B(y|Z*y) < N(6).

Now, in view of the fact that the pair (f,, f) is adapted, we can replace in
(iii) the phrase ‘ all (y|Z*y)’ by ‘all (y|u)eD,, ’. Then, (y') and (') are just a
rewording of (ii) and (iii), respectively, and our proof concludes. O

The proof of Corollary 5.15 is analogous to the proof of Corollary 5.12.

Up to this point we have concentrated on the characterization of left
rationality. A theory of right rationality can be obtained by, in a sense,
dualizing our previous discussion. We conclude this paper with a brief study
of right rationality. Let X : S(R™)—S(R?) be a recursive system, and, as
before, let D, be the set of all pairs (y|u) where ueS5(R™) and y := Zu. Let
S Yprne1=FyET"|uf**) be a recursive representation of £. Assume that X
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has a right stability representation X=P@, where @Q: S(R"™)—S(R™),
P : Im @Q—S(R?), and let

L1t Yprarr=FHWET|2E*P)
Lot Wiyur1=1a( r+ )

be recursive representations of P and of a recursive right inverse
@* : Im Q—S(R™) of @, respectively. (Since the principal degree of a recursive
representation can always be increased by shifting, we assumed that &; and
&, have the same principal degree.) In view of the facts that P and @ are
recursive, that P@Q (=2) is clearly strictly recursive, and that P is injective, it
follows by (3.8) that there exists a function % such that, for some integers
y, >0, we can express z,=h(yf*7|uf*?) for all elements (y|u)eD,. The fact
that P is injective implies that Ker @ =Ker X, whence, for any pair of elements
(y|u), (y'|u')eDy, the equality A(yS+Y|u%*®)=h(yt*?|u*?) for all integers k&
implies that Xu=ZXu’. Define now the trivially-recursive system
Zo: Dp—S(R™): z=h(yt*7|ut*?). Then, using our earlier notation, we have
that @ =2%,[Z, Iy], and, since @ is recursive in u, z, we obtain that the pair

(h, [f, Iy]) is compatible. Define now the augmented vector wj := (%‘)
and the recursive representation b

L+alz

AN AL
FH Wy =Pt By = ] ImEg—D,, (5.20)
folug ™ |2k *F)

Then, we clearly have that &* is a right inverse of the trivially-recursive system
Zy. Of crucial importance is the particular form of the recursion function F
of #*, namely, that its first p entries depend only on the first p entries of the
vector w (i.e. y), whereas its other m entries depend only on the last m co-
ordinates of w (i.e. #). We call a recursive representation having this particular
form (p, m)-divided. These arguments prove the necessity direction of the
following characterization of right rationality.

Theorem 5.21

Let £ : S(R™)—S(R?) be a recursive system with a recursive representation
St Yprne1=FyE*"|uf**). Then, X is right rational if and only if, for some
integers y, 8 >0, there exists a function & : (R?)**!x (R™)**'— R™ such that
the trivially-recursive system Z,: D,—S(B™): z,=h(yf*?|uf*?) satisfies the
following conditions :

(a) The pair (h, [f, Iy]) is compatible, and, for any pair of elements
(y|u), (y'|w')eDy, the equality h(y ’"+V|u""+5) =h(ys*r|uf*?) for all
integers k implies that Zu'=Xu.

(B) The system X, has a right inverse X§ : Im X,— D having a (p, m)-
divided recursive representation &%* of the form (5.20).

(y) The system P: Im X;—Im X (derived from &*) having the recursive
representation y, ., , =f,(yE+*|2E*#) is i/o-stable.

(8) The system 7': Im Z;—S(R™) (derlved from &*) having the recursive
representation w,, ., , =/f.(ul**|zk*P) is i/o-stable.

As in the case of Theorem 5.8, the conditions of Theorem 5.21 consist of
algebraic conditions ((«), (8)), and of topological conditions ((y), (6)).

CON. B
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Proof

We have already shown that conditions («), (8), (y) and (8) are necessary
conditions for right rationality. In order to show that they are also sufficient,
assume that (a), (8), (y) and (8) hold. After possibly substructing a constant,
we can assume without loss of generality that £,0=0 (see proof of Theorem
5.8). Using the (m, p)-divided representation of (3), we construct the recursive
systems P and T of (y) and (8), and the system @ : = Z([Z, Iy]: S(B™)—Im Z,.
Then, by («), @ is recursive, Ker @ =Ker %, and @ is surjective by its definition.
Also, by (B), T is a right inverse of . The systems P and T are i/o-stable by
(y) and (8). Further, the image of ¢ is the domain of P, so we can define the
system X' := PQ. Now, let ueS(R™) be an arbitrary element, let y := Zu,
and let z := Zy(y|u) =2 [Z, IyJu=Qu. Also, let (y'|u’) := Xz, where Z¥ is
the right inverse of X, defined in (8). Then, Zy(y’|u') =2=Zy(y|u), so that, by
(«), Zu=2Zu', and consequently y'=Xu'=Zu=y. Thus, recalling the definition
of P, we obtain £'u= PQu= Pz=y =y =3u for all ueS(R™), so that £’ and X
are i/o-equivalent. Whence, Z = PQ, and, since Ker @ =Ker X, it follows that
P is injective. Finally, having already shown that P is stable and that 7' is a
recursive stable right inverse of (), we obtain that X = P@ is a right stability
representation, and X is right rational. OJ

For the case of BIBO-rationality, Theorem 5.21 takes the following form.

Corollary 5.22

Let £ : S(R™)—S(R”) be a recursive system with a recursive representation
St Ypon1=f@ET"|ug*#). Then, ¥ is right BIBO-rational if and only if, for
some integers y, 8 > 0, there exists a function & : (R?)**!x (R™)®*!— R™ such
that the trivially-recursive system X, : D —S(R™): z,=h(yi*”|uk*?) satisfies
conditions («) and (B) of Theorem 5.21 together with the condition :

(y") The system Z¥ of (B) is BIBO-stable.

Corollary 5.22 is a direct consequence of the proof of Theorem 5.21 and the
definition of BIBO-stability.

Remark 5.23

In case the system X of Corollary 5.22 is injective, then it can readily be seen
that condition (y’) can be stated directly in terms of the function % as follows :

(y1) For every real §> 0 there exists a real M(6)>0 such that, whenever
p(h(yE* Y [ub*?)).< 6 for all integers k, then py(y) < M(6) and py(u) < M(6),
for all (y|u)eD. ]

We demonstrate the application of Corollary 5.22 (and Remark 5.23) by the

following simple numerical case.

Example
Consider the recursive system X : S(R)—S(R) represented by

Yr+1=0Xp [+ 4] -1
(defined on its ijo-space). Here, we can choose

Ry |we) = [+ 4] =: %
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An easy computation then gives the inverse 2§ : A[D]— D as

Ye+1 exp (%) —1

Up 41 Zpe1—€Xp (%) +1

which is BIBO-stable. Whence, the system P of (y) is given by P: y,,,=
exp (z,) — 1, and the system 7' of (8) is given by T': w,,,=2,,,—exp (%)+1.
The inverse of 7' is @ := T ': 2z, ,=u,,,+exp(z)—1, and E=PQ is a
right BIBO-stability representation. 0

Finally, turning to the case of C-stability, we obtain the following conse-
quence of the proof of Theorem 5.21.

Corollary 5.24

Let Z: S(R™)—S(R?) be a recursive system with a recursive representation
& Yprnse1 =1 " |uf™*). Then, X is right C-rational if and only if, for some
integers vy, 8 >0, there exists a function A : (R?)**!x (R™)3*1— R™ such that
the trivially-recursive system ZX;: D,—S(R™): z,=h(yi*”|ut*?) satisfies
conditions («) and (B) of Theorem 5.21 together with the condition :

(") The system Z¥ of (B) is C-stable.
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