






















































28 J. Hammer 

Property 5 .11 

If T : vk+r+ 1 = h(vf.+c lyf +d) is an i/o-stable recursive representation, then the 
system F having input sequence y and output sequence z given, for all integers k, 
by zk=Yk+TJ+l -vk, also is i/o-stable. 

We show in Lemma 5.16 that Property 5.11 holds for the notion of stability 
defined in Definition 4.1. For the other notions of stability that we discuss 
below, it is readily seen that it holds as well. 

A common notion of stability extensively employed in the control theoretic 
literature is the notion of BIBO-stability that we have mentioned earlier, 
where the class of BIBO-stable systems consists of all recursive systems for 
which every bounded input sequence generates a bounded output sequence. 
We say that a recursive system I: : 8(R 111)->S(R 11

) is left Bl BO-rational if 
there exists a factorization I: = PQ, where P and Qare recursive, Pis injective, 
Q is surjecti ve, and p- t and Q are both BIBO-stable systems. Theorem 5.8 
yields the following characterization of BIBO-rationality. 

Corollary 5.12 

Let I: : S(Rm)->8(RP) be a recursive system with a recursive representation 
ff: Yk+TJ+i = f(yf+TJ l·uf+µ). Then, I: is left BIBO-rational if and only if the 
recursion function f can be decomposed into a sum 

f(yf +TJ I uf.+ µ) = f 1 (yf +TJ l·uf + µ') + f .jyf.+TJ jil%+µ'), (y lu)EDoo 

where the functions f 1 and / 2 satisfy conditions (Cl'.) and (/3) of Theorem 5.8 
together with the following conditions : 

(y') For every real 8 > O there exists an 111(8) >Osuch that p(/ 1 (yf+TJ lilz+µ')) 
JJ(8) whenever p0(u) 8, for all (y iil)ED 00 , and all integers k. 

(S') For every real 8 > 0 there exists an N(8) > 0 such that p(f2(y%+TJl11%+µ')) 
N(8) whenever p0 (y) 8, for all (y ln)ED 00 , and all integers k. 

Thus we see that, for BIBO-rationality, conditions (y) and (S) of Theorem 
5.8 reduce to the simple requirement that the functions f 1 and / 2 be bounded 
over respective regions in their domains. We shall state the proof of Corollary 
5.12 later in this section. In the meanwhile, we give an example of its 
application. 

Example 5.13 

Consider the single-input single-output system given by 

I: : Yk+ 1 = yf + (uf + 1) [ exp ( -yf) + 1] - 2 

(here the superscript 2 indicates square). This system is evidently not BIBO­
stable (its response to uk = l, k 0, is unbounded). We now choose the 
functions 

/ 1 := (uf+l) [exp (-yf)+l]-2; / 2 := yf 

Then, conditions (y') and (S') are evidently satisfied, and, since the system 
zk=Yk+l -yi has the unique inverse Yk+i =zk+y;., condition (/3) holds too. 
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Also, since f 2 does not depend on u, the pair (/2 , /) is adapted, and the pair 
(/ 2 , [ly, g]) is compatible. Finally, in order to show that the pair (/1 , [/, lu]) 
is compatible, we directly express the sequence zk: = f 1(ykJiik}, k= ... , -1, 
0, 1, ... , recursively in terms of u and z. Such an expression can be obtained 
(in this case) simply by eliminating yi in terms of uk and zk, computing Yk+ 1 

from this expression by using the recursive representation of~' and substituting 
the result into zk+ 1. One thus obtains 

(5.14) 

(This expression is, of course, defined only over its i/o-space.) Whence, all 
conditions of Corollary 5.11 are satisfied, and ~ is BIBO-rational. D 

An additional common notion of stability is continuity. We say that a 
system ~ : S(Rm)~S(R 11) is 0-stable if it constitutes a continuous map 
SfiR 111)~S(RP). Again, C-stability is a weaker notion of stability than the one 
used in Definition 4.1. We say that a recursive system ~ : S(R 111)~S(RP) 
is left C-rational if it has a factorization ~ = PQ, where P and Q are recursive 
systems, Pis injective, Q is surjective, and p- 1 and Qare both C-stable systems. 
For C-rationality, conditions (y} and (S) of Theorem 5.8 can be reduced to 
certain continuity requirements on the functions f 1 and /2 , as follows. Let 
~ : S(Rm)~S(R 11) be a recursive system, and, as before, let D 00 c (Im~) x St(Rm) 
be the set of all pairs (yJii) where y=~u. We now induce on D 00 two different 
topologies. First, let Ou be the class of all subsets Ou( 8) c D 00 , where 8 varies 
over all positive reals, and where Ou(8) consists of all elements (yJit}ED00 

satisfying p0 (u) < 8. We regard Ou as a base of a topology on D 00 , which we 
call the U-topology. Symmetrically, let Ou be the class of all subsets 
Ou(B) c D 00 , where 8 varies over all positive reals, and where Oy(8) consists of all 
elements (yJu)ED 00 satisfying p0 (y) < 8. Again, we regard Cy as a base of a 
topology on D 00 , which we call the Y-topology. Using this terminology, we 
obtain the following characterization of left C-rationality, the proof of which 
will be stated later in this section. 

Corollary 5.15 

Let~: S(Rm)~S(RP) be a recursive system with a recursive representation 
f/: Yk+TJ+i = f(y%+TJ Jiiz+µ). Then,~ is left C-rational if and only if the recursion 
function f can be decomposed into a sum 

f(y%+TJ Jut+µ)= f 1(Y%+TJ Ju%+µ')+ f 2(YZ+TJ Ju%+µ'), (y Ju}ED00 

where the functions / 1 and / 2 satisfy conditions (ex} and (/3) of Theorem 5.8 
together with the conditions 

(y") The trivially recursive map F 1 : D 00 ~S(RP): wk= f1(y%+TJJu%+µ'), 
k= ... , -1, 0, 1, ... , is continuous with respect to the U-topology on 
Doo. 

(S") The trivially recursive map F2: Doo~S(RP): Vk=f2(Y%+TJJuz+µ'), 
k= ... , -1, 0, 1, ... , is continuous with respect to the Y-topology on 
Doo. 
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Thus we see that, in the case of left C-rationality, conditions (y) and (S) of 
Theorem 5.8 reduce to suitable continuity requirements (y") and (S") on the 
functions f 1 and f 2. The verification of these requirements is Rimplified by the 
fact that the maps .F1 and F 2 are trivially recursive. 

Theorem 5.8 also provides a method of actually constructing a left stability 
representation of a system, whenever one exists. The functions f1 and f 2 

defined in the theorem play a crucial role in this construction. The explicit 
construction of a left stability representation is described in the proof of 
Theorem 5.8 stated below. We shall demonstrate this construction on some 
examples immediately following the proof. The first step of our proof of 
Theorem 5.8 consists of the following auxiliary result. 

Lemma 5.16 

Property 5.11 holds for the notion of stability of Definition 4.1. 

Proof 

We use the notations of Property 5.11 and of Definition 4.1. By Proposition 
3.18, the system Fis recursive, so let f/: zkH+l =h(z;.HjyzH) be a recursive 
representation of F, where we choose f ~ c, and let D 0 be the i/o-space of !/. 
Then, by the definition of F, we obtain for any points d : = (z;.+ s jyz+ {) and 
d': = (z't+fjy'f.H) of D0 and y, y'ESfiBP) 

p[ f/(d, y), f/(d'' y')] ~ p(y, y') + p{ T[(vz! i-r IYZ! i=~+<t y], 

T[(v'z! i-r. ly'z! i=~+d), y']} 

Also 

( k+s 'k+s )~ ( ') ( k+s 'k+s ) p Vk+s-c' V k+f-c "p y, y + p Zk+s-<'' z k+f-c 

Combining these facts with the stability of T, the stability of !/ follows 
through a standard 'E- S' argument. D 

Proof of Theorem 5.8 

Necessity. We have already shown that the existence of a factorization 
L = PQ, where P and Qare recursive, Pis injective and Q is surjective, implies 
the existence of the sum decomposition (5. 7) which satisfies conditions (o:) and 
(/3) (where (/3) is implied by the invertibility of P). In order to reconciliate the 
slight difference between (5.7) and (5.9), we recall that over D 00 one has 
Yk+

11
+ 1 = f(yt+ 11 jut+µ.). ·whence, we can express in (5. 7) the variables Yk+

11
+1 , ... , 

Yk+e in terms of Yk, ... , Yk+11 and uk, ... , uk+ µ+e- i · When these expressions are 
substituted in (5.7), the equivalent form (5.9) follows. Thus, it only remains 
to consider conditions (y) and (S). Recalling the left stability representation 
L=PQ from which (5.7) was derived, it follows by our construction of f1 t,hat 
Q = A[L, lu], so that (y) follows by the i/o-stability of Q. Finally, let 
E: S(RP)~S(RP) be the system represented by zk=Yk+

11
+i· Then, by our 

construction of the function f2 , we have p- 1 = E-B[f 1, L*], so that 
B[ly, L*] (=E-P- 1

) is stable by the stability of p- 1 and Lemma 5.16, and 
( S) is necessary. 
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Sufficiency. Assume that the functions / 1 and /2 satisfy the conditions 
stated in the theorem. We show that in such case one can construct from f1 

and / 2 a pair of systems P and Q so that L = PQ is a left stability representation. 
To this end, we first induce a slight transformation on the functions f1 and / 2 to 
obtain the following functions ft and t: (for the purpose of guaranteeing that 
PO=O and QO=O). 

tt(y%+11 lu%+ µ') : = f jyz+ 11 lut+µ') - f i(of +11 I of+µ'), i = 1, 2 

In view of the fact that /(0%+11 IO%+µ)= 0, it follows that we still have a sum 
de com position 

(5.17) 

and, since /i and n differ from /1 and /2, respectively, only by an additive 
constant, it is evident that ft and ft also satisfy conditions (a), (/3), (y) and (S) 
of the theorem. We define now the systems 

A* : Doo~S(RP) : Vk= ft(yz+11 lui+µ') 

B*: Doo~S(RP): 'Wk=Yk+11+1 -f:(y%+ 11lui+µ') 

and we combine them into 

Q: A *[L, lu] : S(R'm)~S(RP), W: = B*[ly, L*] : Im ~~S(RP) (5.18) 

In view of (a), Theorem 3.5 and Proposition 3.18, the systems Q and W are 
strictly recursive. By (/3), the system W : Im L~Im W is injective (and, 
whence, invertible), by (y) the system Q is stable, and by (S) and Lemma 5.16, 
the system Wis stable. Furthermore, since by (5.17) we have 

Yk+11+1 -fl(yz+ 11 lui+µ') = ft(yz+ 11 lui+µ') over Doo 

it follows in particular that Im A*= Im B*, so that Im W = Im Q. Whence, 
letting P: = w- 1, we have that Im Q=Domain P, and we can define the 
system L 1 := PQ (where P: Im W~Im L). We next show that L 1 is i/o­
equivalent to ~- To this end, let uES(Rm) be any element, let y: = LU, and 
assume for a moment that Wy=Qu for all uES(Rm). Then, clearly, 
y= w-1Qu=PQu=L 1u, so that~ and L' are i/o-equivalent. Thus, our proof 
will conclude upon showing that Wy = Qu, which we now do. Let u' : = L*y, 
so that LU1 =y=~u. Then, denoting v := Qu and w := Wy, we have 
vk = /t(y%+11 lu,X+ µ') and wk= Yk+11+ 1 - ft(yf +11 lu'f + µ') for all integers k. Since the 
pair(!;,/) is adapted and ~U=Lu 1

, we have that /;(yf+ 11lu'Z+µ')=/;(y%+ 11luf+µ') 
for all integers k, so that Wk=Yk+11+1-f:(yz+111uf+µ'). But then, recalling that 
Yk+11+1 =f(y%+11lu%+µ), it follows by (5.17) that wk=vk for all integers k. Thus, 
W y = Qu, and our proof concludes. D 

We now demonstrate the explicit construction of left stability representa­
tions using (5.18) for the examples that we have considered earlier in the 
section. First, consider a separable system L : S(Rm)~S(RP) represented 
by Yk+.,,+l =a(yf +11) + b(uf+µ), where a and b are continuous functions. In 
view of the proof of Corollary 5.10, we can choose the functions / 1 and / 2 of 
Theorem 5.8 as 
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Following the proof of Theorem 5.8, and denoting b0 : = b(Oi+µ) and 
a0 : = a(Oi+ 77) (note that a0 = -b 0 }, we define 

rt:= b(u%+µ}-b 0 , t: := a(y%+77}-a 0 

In this case, rt is independent of y and t: is independent of u, so we 
immediately obtain the recursive representations of Wand Q as 

Then, Yk+71+1 = a(yf +77}-a 0 + wk is a recursive representation of P ( = w- 1 
), and 

LJ = PQ is a left stability representation of LJ. We note that in the case of 
separable systems, the systems p- 1 and Q are trivially recursive. This is, of 
course, not necessarily the case in general, as we can see from the next example. 

Example 5.19 

Consider the BIBO-rational system of Example 5.13. We have already 
found there the functions / 1 and / 2 for this case, and, since here / 1 ( 0 IO)= 0 and 
/ 2(0) = 0, we have that rt= / 1 and ft= / 2 . The recursive representation for the 
system Q=A*[LJ, Iv] is given by (5.14). The recursive representation of the 
system W of (5.18) is, in view of the fact that ft does not depend on u, given by 
vk=Yk+l -yz. For P ( = w- 1

) we have the recursive representation Yk+I = 
y~ + vk. Then, LJ = PQ is a left BIBO-stability representation of LJ. D 

We conclude our discussion of Theorem 5.8 with the proofs of its corollaries. 

Proof of Corollary 5.12 

We have to show that, for BIBO-rationality, conditions (y} and (S) of 
Theorem 5.8 are equivalent to conditions (y') and (S') of Corollary 5.12. We 
note the following facts : 

(i) [LJ, Iv]{S(Rin)}=D 00 and [Iy, LJ*]{Im LJ}cD ,:o; 
(ii) The system A[LJ, Iv] is BIBO-stable if and only if for every 8 > 0 there 

exists an M(P.) > 0 such that for all (ylu)ED 00 for which p0(il} ~ 8 one has 
p0(A(ylu)) ~ .1JII(8); and 

(iii) The system B[Iy, LJ*] : Im LJ--+S(R1i) is BIBO-stable if and only if for 
every 8 > 0 there exists an N( 8) > 0 such that for all elements 
(YILJ*y}ED00 for which p0(y) ~ 8 one has p0 (B(ylLJ*y) ~ N(8). 

Now, in view of the fact that the pair (/2 , /) is adapted, we can replace in 
(iii) the phrase' all (YILJ*y) 'by' all (ylu)ED 00 '. Then, (y') and (S') are just a 
rewording of (ii) and (iii), respectively, and our proof concludes. D 

The proof of Corollary 5.15 is analogous to the proof of Corollary 5.12. 
Up to this point we have concentrated on the characterization of left 

rationality. A theory of right rationality can be obtained by, in a sense, 
dualizing our previous discussion. We conclude this paper with a brief study 
of right rationality. Let LJ : S(Rm)--+S(RP) be a recursive system, and, as 
before, let D 00 be the set of all pairs (ylu) where uESb(Rm) and y: = LJU. Let 
f/ : Yk+

77
+1 = /(yf+ 77 luf +µ) be a recursive representation of LJ. Assume that ~ 
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has a right stability representation i: = PQ, where Q : S(Rm)-+S(Rm), 
P : Im Q-+S(RP), and let 

9\: Yk+a.+1 =/1(Yf+a.jzf+.B) 

ff 2: uk+a.+1 = f2(uf+a.jz%+.B) 

be recursive representations of P and of a recursive right inverse 
Q* : Im Q-+S(R 111

) of Q, respectively. (Since the principal degree of a recursive 
representation can always be increased by shifting, we assumed that f/ 1 and 
f/ 2 have the same principal degree.) In view of the facts that P and Q are 
recursive, that PQ ( = i:) is clearly strictly recursive, and that P is injective, it 
follows by (3.8) that there exists a function h such that, for some integers 
y, 8 ~ 0, we can express Zk=h(yz+Yluf+ 8

) for all elements (yju)EDCX). The fact 
that P is injective implies that Ker Q = Ker i:, whence, for any pair of elements 
(yju), (y'ju')EDco, the equality h(y't+Ylu'z+ 8)=h(yz+Y1uz+s) for all integers k 
implies that i:u = i:u'. Define now the trivially-recursive system 
i:o: DCX)-+S(Rm): Zk=h(yz+Y1uz+ 8). Then, using our earlier notation, we have 
that Q = i: 0[i:, lu ], and, since Q is recursive in u, z, we obtain that the pair 

(h, [/, I u ]) is compatible. Define now the augmented vector wk : = (Y1.:) 
and the recursive representation 'llk 

f/*: wk+a.+l =F(wi,+a.jzf+.B) := ·· ······· ·· ····· ···· · : Im i: 0-+D 00 (5.20) 
( 

/1(yf+a.jzf+.B) ) 

Mu%+ a. I zf + .B) 

Then, we clearly have that f/* is a right inverse of the trivially-recursive system 
i: 0 • Of crucial importance is the particular form of the recursion function F 
of f/*, namely, that its first p entries depend only on the first p entries of the 
vector w (i.e. y), whereas its other m entries depend only on the last m co­
ordinates of w (i.e. u). We call a recursive representation having this particular 
form (p, m)-divided. These arguments prove the necessity direction of the 
following characterization of right rationality. 

Theorem 5.21 

Let i: : S(Rm)-+S(RP) be a recursive system with a recursive representation 
f/: Yk+.,,+i = /(yz+ 11 juf+µ). Then, i: is right rational if and only if, for some 
integers y, 8 ~ 0, there exists a function h: (RP)Y+1 x (Rm).s+1-+Rm such that 
the trivially-recursive system i: 0 : D 00 -+S(Rm): zk=h(yf+Yjuf+s) satisfies the 
following conditions : 

(o:) The pair (h, [/, lu]) is compatible, and, for any pair of elements 
(yju), (y'ju')EDC()' the equality h(y'f+Yju'z+ 8)=h(yz+Y1ut+6) for all 
integers k implies that i:u' = i:u. 

(/3) The system i: 0 has a right inverse i:t : Im i: 0-+D 00 having a (p, m)­
divided recursive representation f/* of the form (5.20). 

(y) The system P: Im i: 0--+lm i: (derived from f/*) having the recursive 
representation Yk+a.+i =/ 1(y%+a.jzt+.B) is i/o-stable. 

(8) The system T: Im i: 0--+S(Rm) (derived from f/*) having the recursive 
t t . I ( k+a.l k+.a) . ·; t bl represen a 10n uk+a.+l = 2 'llk zk 1s 1 o-s a e. 

As in the case of Theorem 5.8, the conditions of Theorem 5.21 consist of 
algebraic conditions ((o:), (/3)), and of topologfral conditions ((y), (8)). 

CON. B 
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Proof 

We have already shown that conditions (ex), (/3), (y) and (S) are necessary 
conditions for right rationality. In order to show that they are also sufficient, 
assume that (ex), (/3), (y) and (S) hold. After possibly substructing a constant, 
we can assume without loss of generality that L 00 = 0 (see proof of Theorem 
5.8). Using the (m, p)-divided representation of (/3), we construct the recursive 
systems P and T of (y) and (S), and the system Q: = L~[L, 10 ] : S(Rm)--+Im L 0 • 

Then, by (ex), Q is recursive, Ker Q = Ker L, and Q is surjective by its definition. 
Also, by (/3), Tis a right inverse of Q. The systems P and Tare i/o-stable by 
(y) and (S). Further, the image of Q is the domain of P, so we can define the 
system L 1 

: = PQ. Now, let uES(Rm) be an arbitrary element, let y : = LU, 
and let z := L 0(yju)=L 0[L, 10 ]n=Qu. Also, let (y'juJ := L6°z, where Lti' is 
the right inverse of L 0 defined in (/3). Then, L 0 (y'ju')=-Z=L 0(yju), so that, by 
(ex), LU= Lit', and consequently y' =Lu'= LU =y. Thus, recalling the definition 
of P, we obtain L 1u=PQu=Pz=y' =y=L'll for all uES(R 111

), so that L 1 and L 
are i/o-equivalent. Whence, L = PQ, and, since Ker Q = Ker L, it follows that 
Pis injective. Finally, having already shown that Pis stable and that Tis a 
recursive stable right inverse of Q, we obtain that L = PQ is a right stability 
representation, and L is right rational. D 

For the case of BIBO-rationality, Theorem 5.21 takes the following form. 

Corollary 5.22 

Let L : S(R 111)--+S(RP) be a recursive system with a recursive representation 
Y: Yk=

11
+1 = f(yt+ 11 juz+1-t). Then, L is right BIBO-rational if and only if, for 

some integers y, S ~ 0, there exists a function h : (RP)Y+1 x (Rm)s+ 1--+Rm. such 
that the trivially-recursive system Lo: D 00 --+S(Rm) : zk = h(yz+y juz+ 6) satisfies 
conditions (ex) and (/3) of Theorem 5.21 together with the condition : 

(y') The system Lti' of (/3) is BIBO-stable. 

Corollary 5.22 is a direct consequence of the proof of Theorem 5.21 and the 
definition of BIBO-stabilit ,y. 

Remark 5.23 

In case the system L of Corollary 5.22 is injective, then it can readily be seen 
that condition (y') can be stated directly in terms of the function has follows : 

(y~) For every real 8 > 0 there exists a real M(8) > 0 such that, whenever 
p(h(yf+Yjuf+ sn~ 8 for all integers k, then Po(Y) ~ M(8) and Po(u) ~ M(8), 
for all (yju)ED 00 • D 

We demonstrate the application of Corollary 5.22 (and Remark 5.23) by the 
following simple numerical case. 

Example 

Consider the recursive system L : S(R)--+S(R) represented by 

Yk+I =exp [uk+ytJ-1 

(defined on its i/o-space). Here, we can choose 

h(yk juk) : = [uk + Ykl =: Z1,-
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An easy computation then gives the inverse ~6 : h[D 00 ]-+D 00 as 

(

Yk+ 1) ( exp (zk) - 1 ) 

uk+1 = zk+1 -exp (zk)+ 1 

35 

which is BIBO-stable. Whence, the system P of (y} is given by P: Yk+i = 
exp (zk) - 1, and the system T of ( S) is given by T : uk+ 1 = zk+ 1 - exp (zk) + I. 
The inverse of T is Q: = T- 1 

: zk+l =Uk+I + exp (zk)-1, and :E = PQ is a 
right BIBO-stability representation. D 

Finally, turning to the case of C-stability, we obtain the following conse­
quence of the proof of Theorem 5.21. 

Corollary 5.24 

Let~ : S(Rm)-+S(RP) be a recursive system with a recursive representation 
f/ : Yk+

71
+ 1 = /(yz+ 71 !ut+,,). Then, ~ is right C-rational if and only if, for some 

integers y, S ~ 0, there exists a function h: (RP),,+1 x (Rm)H 1-+Rrn such that 
the trivially-recursive system ~o: Dco-+S(Rm): Zk=h(yz+y1uz+ 8) satisfies 
conditions (a:) and (/3) of Theorem 5.21 together with the condition : 

( y") The system ~6 of (/3) is C-stable. 
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