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Lemma 1 

Let L: S(Rm) -+ S(W) be an injective system, and let l: = PQ - 1 be a fraction 
representation where P: S -+ S(W) and Q: S -+ S(Rm) are BIBO-stable and right BIBO­
coprime maps with Q an isomorphism and S c S(Rq) for some integer q > 0. Also, let 
T:S 1 -+ S(Rm) be a BIBO-stable map, where S1 c S(Rq). If the map LT is BIBO­
stable, then so also is the map Q - 1 T. 

Proof ( of Lemma 1) 

Let () > 0 be a real number. In view of the BIBO-stability of the maps 
T:S 1 -+ S(Rm) and LT:S 1 -+ S(RP), there exist positive numbers r 1 and r 2 such that 
S2 : = T[S(8q) n S1] c S(r'I') and S3 : = l:T[S(8q)nS 1] c S(r~). Now, let X: = Q- 1[S2]. 

Then, clearly, P[X] = S3, so that, by mJect1V1ty, X = P*[S 3] n Q*[S 2]. 

Letting T: = max { T 1, r 2 }, and using the facts that S2 c S(rm) and S3 c S(rP), we ob­
tain X c P*[S(rP)J n Q*[S(rm)]. By the right BIBO-coprimeness of P and Q, there 
exists a real e > 0 for which P*[S(rP)J n Q*[S(rm)] c S(eq), so X c SW). Thus, for 
every real 8>0 there exists a real e>O such that Q- 1 T[S(8q)nS 1] =Q - 1[S 2 ] = 
X c S( ~q), and Q- 1 T: S 1 -+ S is BIBO-stable. D 

Proof ( of Theorem 3) 

We use the notation of the theorem. Clearly, the maps l:Q 1 ( = P 1) and LQ ( = P) 
are BIBO-stable. Thus, by Lemma 3.9 and our assumption that l: = PQ - 1 and 
l: = P 1Q11 are coprime fraction representations, it follows that the maps Q- 1Q1 and 
Q11Q are BIBO-stable. But, the map M := Q- 1Q1 :S 1 -+ Sis evidently an isomor­
phism, and M - 1 = Q11Q. Consequently, both M and M - i are BIBO-stable, and, 
since Q1 = QM and P 1 = LQ 1 = PQ - 1QM = PM , our proof is complete . D 

Let L: S(Rm) -+ S(W) be an injective right BIBO-rational system, and consider a 
coprime fraction representation l: = PQ - 1

, where P:S-+S(RP) and Q:S-+S(Rm) are 
BIBO-stable and right BIBO-coprime maps, and where Sc S(Rq) for some integer 
q > 0. In view of Theorem 3, the space Sis uniquely determined by the system L up 
to a BIBO-unimodular isomorphism. We call S the factorization space of L, and we 
denote it by F(l:). Also, for brevity, we say that two sets S1 c S(Rm), S2 c S(Rn) are 
BIBO-morphic if there exists a BIBO-unimodular isomorphism M:S 1 S2 • Now, in 
case the factorization space F(l:) is BIBO-morphic to S(Rm), we can choose S(Rm) as 
our factorization space. Indeed, if M: S(Rm) F(L) is a BIBO-unimodular map, then 
the BIBO-stable maps Pc:= PM and Qc := QM evidently induce a coprime fraction 
representation l: = P cQ; 1 having S(Rm) as its factorization space. The situation 
where F(L) is S(Rm) is particularly convenient from the control-theoretic point of 
view. However, in some cases, F(L) may not be BIBO-morphic to S(Rm). Below, we 
provide a necessary and sufficient condition on the given system L for F(L) to be 
BIBO-morphic to S(Rm). We shall denot~ by G(L) the set of all ordered pairs (u, LU), 
where u varies over all of S(Rm), namely, the set of all pairs consisting of input elements 
u E S(Rm) and their corresponding outputs LU. Clearly, the set G{L) traces the graph 
of l: in the space S(Rm) x S(W), so we refer to G(L) as the graph of L. As we show in 
the next statement, it is the structure of the graph G{L) that determines the structure of 
the factorization space F(L). 
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Theorem 4 

Let :E: S(Rm) -+ S(RP) be an injective system. The factorization space F(:E) is 
BIBO-morphic to the graph G(:E). 

Proof 

Let :E = PQ - 1
, where P: F(:E) -+ S(RP) and Q: F(:E) -+ S(Rm) are BIBO-stable 

and right BIBO-coprime maps. For every real -r > 0, we denote by S*(-r): = 
G(:E) n { S(-rm) x S(-rP)}, i.e. the set of all pairs (u, :Eu) for which both the input u and the 
output :Eu are 'bounded' by -r. The map R: F(:E)-+ G(:E): Rx:= (Qx, Px) induces an 
isomorphism F(:E) ~ G(:E), and its inverse R- 1

: G(:E)-+ F(:E) can be expressed as 
R- 1(cx, /3) = Q*cx n P* /3 since we always have Q*cx = P* f3 for every (ex, /3) E G(:E). Now, 
we claim that R is BIBO-unimodular. Indeed, since both P and Qare BIBO-stable, 
clearly R is BIBO-stable as well. Also, since P and Qare right BIBO-coprime, there 
exists, for every real fJ > 0, a real -r > 0 satisfying Q*[S(fJm)] n P*[S(fJP)] c S(-rq) (where q 

is such that F(:E) c S(Rq)), so we obtain R - 1[SifJ)] c Q*[S(fJm)] n P*[S(fJP)J c S(-rq), 
and R - 1 is BIBO-stable. Thus, R is BIBO-unimodular, and G(:E) is BIBO-morphic 
to F(I:). D 

As a direct consequence of Theorem 4, we obtain the next result. 

Corollary 

Let :E: S(Rm) -+ S(RP) be an injective system. The factorization space F(:E) is 
BIBO-morphic to S(Rm) if and only if the graph G(:E) is BIBO-morphic to S(Rm). 

4. Coprimeness of non-linear systems: the case of C-stability 
In the present section we discuss the concept of coprimeness of non-linear systems, 

using C-stability as the underlying notion of stability. Basically, the situation here is 
similar to the one encountered in § 3, where the underlying notion of stability was 
BIBO-stability, but, naturally, some modifications are necessary. In view of our 
definition of C-stability, it will be convenient to restrict our attention in the present 
section to input sequences starting at t = 0, i.e. to input sequences from So(Rm). For 
the case of causal time-invariant systems, such a restriction does not impair in any 
sense the generality of the discussion. We start with a statement of the problem. 
Let Sc S0(Rq), where q > 0 is an integer, be a subspace, and let P:S-+ S0(RP) 
and Q: S-+ S0(Rm) be C-stable systems, with Q an isomorphism. We wish to find 
under what conditions there exist C-stable maps A: S0(RP) -+ S and B: S0 (Rm) -+ S for 
which the (C-stable) map 

M:= AP+ BQ:S-+S (4.1) 

is an isomorphism having a C-stable inverse M - 1
• An isomorphism N: S 1 -+ S 2 for 

which both N and its inverse N - 1 are C-stable will be referred to as a C-unimodular 
map. 

Now, by definition, every C-stable map is BIBO-stable as well. Thus, the maps A, 
B, P and Q of (4.1) are, in particular, BIBO-stable, and Mis BIBO-unimodular. The 
discussion in § 3 leads us therefore to the conclusion that, for A and B to exist, the 
maps P and Q have to be right BIBO-coprime. So motivated, we introduce the 
following definition. 



14 J. Hammer 

Definition 2 

Let S c S0(Rq) be a subspace. Two C-stable maps P: S-+ So(RP) and 
Q: S -+ S0(Rm) are right C-coprime if the following conditions hold: 

(o:) For every real r > 0 there exists a real (J > 0 such that P*[So(-cP)] n Q*[So(rm)] 
c S 0( (Jq), and 

(/3) For every real r > 0, the set Sn S0(rq) is complete (i.e. is a closed subset of 
S0 (rq)). 

As we can see, condition (o:) is just the condition for right BIBO-coprimeness to 
which we have alluded before. Condition (/3) is motivated by continuity consider­
ations, as follows. Consider the equation AP + BQ = M, where we choose M as the 
restriction of a C-unimodular map M: S0 (Rq)-+ S0(Rq) (for example, take M = I, the 
identity). Since all the maps in this equation are continuous and BIBO-stable, they 
possess unique continuous extensions to the closure Sn So(rq) in S0(rq). Evidently, 
this extension will still satisfy the same equation, but this time over the larger space 
- the closure. Thus, the solution on Sn So(rq) actually provides a solution on the 
closure Sn S0(rq), whence the coprimeness condition (o:) must hold (by BIBO­
coprimeness considerations) over the closure. Hence (/3). In the next statement we 
show that right C-coprimeness ensures the existence of C-stable maps A and B 
satisfying (4.1). (We again restrict our attention to injective systems.) 

Theorem 5 

Let S c So(Rq) be a subspace, and let P: S-+ So(RP) and Q: S-+ So(Rm) be C-stable 
maps, where Pis injective and Q is an isomorphism. If P and Qare right C-coprime, 
then, for every C-unimodular map M :S-+ S, there exist C-stable maps A :Im P-+ S0(Rq) 
and B:S 0(Rm)-+ S0(Rq) satisfying AP+ BQ = M. 

Proof 

The present proof is a refinement of the proof of Theorem 1. We again propose 
to construct two subsets AA and An of the space S c So(Rq) which satisfy the following 
conditions: 

(i) AA u A8 = S. 

(ii) For every real r > 0 there is a real (J > 0 such that Q*[So(rm)] n An c S0(Bq) 
and P*[S 0(-cP)] n AA c S0(8q). 

(iii) For every real r > 0, the sets Q*[So(rm)] n An and P*[S 0(rP)J n AA are closed 
subsets of S0(8q) (where B is from (ii)), and hence are compact. 

We note that by condition (/3) of Definition 2, every closed subset of Sn S0(rq) is 
also a closed subset of S0(rq), and is therefore compact. Below, we tacitly make 
repeated use of this observation. 

Suppose, for a moment, that a decomposition satisfying conditions (i), (ii), and (iii) 
has been achieved. Then, we can define a pair of maps A: Im P-+ S0(Rq) and B: S0(Rm) 
-+So(Rq) as follows. Let O < 01 < 02 < ... be a divergent sequence ofreal numbers. For 
every element u E { Q[AnJ} u U(m), let Bu:= MQ*u. Now, since Q[AnJ n So(BT) = 
Q{ Q*[So(BT)J n An}, since Q*[So(BT)] n An is compact, and since Q is injective and 
continuous, it follows that the isomorphism Q: Q*[S 0(BT)J n An~ Q[AnJ n S0(BT) is a 
homeomorphism, and, thus, the restriction of Q- 1 to the set Q[AnJ n S0(BT) is 
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continuous for every i ~ 1. Hence, the restriction of MQ* to Q[AB] is C-stable, and B 
is C-stable on Q[AB]. Consequently, for each integer i ~ 1, there is a real -r:i > 0 such 
that B{Q[AB] n So(8?1)} c So(-r:'/). We now extend B inductively into a C-stable map 
So(Rm)-+ S0(Rq). Let S0(8'(;): = 0, and assume that, for some integer i ~ 0, the map B 
has been extended into a continuous map So(8?1)-+ S0(-rf). Then, since B was 
originally defined on Q[AB], we have B defined as a continuous map on the closed 
subset {Q[ABJ n S0(87'+1)} u S0(8?1) of S0(8?1+1), and its values there are in the complete 
set S0 ( -r:f + 1). By the extension theorem for continuous functions (for example, 
Kuratowski (1961)), there is a continuous extension B:So(8?1+ 1)---+ S0(-rf + 1). 

Repeating the same procedure for all integers i ~ 0, we obtain a C-stable map 
B:So(Rm)-+ So(Rq). 

Next, we define the map A: Im P-+ S by Au:= (M - BQ)P*u for all u E P[AA], 
and by Au:= 0 for all u E P[AB]. To verify consistency of this definition, we note 
that, for every element v E AA n AB, one has APv = 0 from Pv E P[AB], and, from 
Pv E P[AA], we obtain APv = (M - BQ)P* Pv = Mv - BQv = 0 by the construction of 
B (since v is also in AB), and it follows that our definition of the map A is 
consistent. We next show that A is C-stable. First, the restriction of A to P[AB], 
being constantly zero, is evidently C-stable. Regarding the restriction of A to P[AA], 
we note that, by conditions (ii) and (iii), the set P*[S 0(-rP)J n AA is compact, so the 
isomorphism restriction P:P*[S 0(-r:P)] n AA-+ P[AA] n S0(-rP) is a homeomorphism, 
since it is a continuous injective function on a compact domain. Thus by an 
argument similar to the one used to prove the C-stability of the restriction of B to 
Q[AB], we obtain that the restriction of A to P[AA] is C-stable. Recalling that 
Im P = P[AA] u P[AB], we further show that A is C-stable over all of Im P. To this 
end, let { ua c P[AA] n So(8P) and { va c P[AB] n So(8P) be two sequences converg­
ing to the same point 

u' := Jim u; = lim v; 
i-+oo i-+oo 

Since clearly 

lim Av;= lim 0=0 
i-+co i-+co 

we need to show, in order to prove continuity, that also 

lim Au;=O 
i-+ co 

Let ui: = P*u;, i = 1, 2, ... , and note that ui E AA n P*[S 0 (8P)] c S0(-rP). Since the 
restriction P: AA n P*[S 0(8P)]-+ P[AA] n S0 (8P) is a homeomorphism, the sequence 
{ uJ converges to a point u = P*u' E AA n P*[So(8P)] c S0(-r:P). Now, clearly, 
S0(-rP) n S = { AA n S0(-rP)} u { AB n S0(-r:P)}. Thus, the following two possibilities 
anse: 

(ex) u is an internal point of AA n So(-r:P), or 

(/3) u is not an internal point of AA n So(-rP) 

(in both cases with respect to the topology on Sn S0 (-r:P)). Now, AA n S0(-r:P) is a 
compact set, so the restriction of P to it is a homeomorphism. Therefore, in case (ex), 
the point u' = Pu is an internal point of P[AA n S0(-rP)J. Whence, since v;-+ u', there 
is a subsequence { wJ of { va which is completely contained in P[AA n So(-r:P)]. But 
then, since we have already shown that A is C-stable on P[AA], we have lim Au;= lim 
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Awi, and, since Awi = 0 for all i (by same property of the sequence {vJ), it follows that 
lim Au;= 0. When (/3) holds, there is a sequence {zJ c AB n S0('rP) which con­
verges to u. In such case, by the C-stability of the map M - BQ, we obtain lim 
(M - BQ)ui = lim (M - BQ)z; = 0, where the last equality holds by the definition 
of B since z; E AB. Whence, lim Au;= lim (M - BQ)P*u; = lim (M - BQ)u; = 0. 
Thus, in both cases lim Au;= 0, and A is C-stable. 

Finally, an explicit computation similar to the one given in proof of Theorem 1, 
shows that (AP+ BQ)u = Mu for all u ES. Summarizing, starting from the sets AA 
and AB, we have constructed C-stable maps A, B satisfying AP+ BQ = M. To 
conclude our proof, it only remains to construct the sets AA and AB, which is our next 
objective. 

First , we use the construction described in proof of Theorem 1 to obtain a pair of 
sets A 1 and A 2 which satisfy conditions (i) and (ii) when setting A 1 for AA and A 2 for 
AB. Using the sets A 1 and A 2 , we proceed now to construct the required sets AA and 
AB. Let O < r 1 < r 2 < ... , and O < 81 < 82 < ... be the two divergent sequences ofreal 
numbers employed in the construction of the sets A1 and A2 (proof of 
Theorem 1). We define the closed 'intervals' 

c51: = So(rT) 

c5;: = S0(r?')\ S0(rf1_ i) c S0(r?'), i = 2, 3, ... 

Then, by (ii), we clearly have Q*[c5;] n A2 c S0(81) for all integers i ~ 1. By the 
C-stability of Q, the set Q*[c5;] n S0(~q) is closed for all real ~ > 0. Thus, the clo­
sure Q*[c5;] n A2 c S0(87) is contained in Q*[c5;], so there is, for each i ~ l, a subset 
H; C Q*[c5;] r'\ sown for which Q*[c5;] r'\ {A2 U HJ= Q*[c5;] r'\ Az. Define now 

AB:= A2 U {.O Hi} 
1= 1 

i 

Then, since Q*[S0(r?')J = U Q*[c5J, we obtain 
j = 1 

A8 nQ*[S 0(ri')] = {Q*[So(r:")] n A2 } u { Q*[S 0(r;")] n (Q
1 
H;)} 

= {Q*[S0(ri')] n A2 } u {C0
1 
H;) u ( Q*[O;] n H1+ 1)} 

= L0
1 

(Q*[O;] n(A 2 u H;))} 

u {Q*[c5;] n (Q*[c5i+ 1] n (A2 u Hi+ 1))} 

where in the last term we used the fact H;+ 1 c Q*[c5;+ 1], which implies that 
Q*[c5;] n Hi+ 1 = Q*[c5;] n (Q*[c5;+ 1) n H;+ 1). Thus, the set Q*[S0 ('rf')J n AB is the 
union of a finite number of closed sets, and is thus closed. Consequently, the set AB 
satisfies all its respective requirements in (i), (ii), and (iii). The construction of AA 
from A 1 is done similarly, by replacing Q by P, A 2 by A 1, and AB by AA throughout the 
last paragraph. D 

We turn now to an examination of the existence of right-coprime fraction 
representations in the C-stability sense. Let ~: So(Rm)-+ S0(W) be an injective 
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system. We say that L has a right C-coprime fraction representation if there exists a 
pair of C-stable and right C-coprime maps P:S~S 0(RP), Q:S~S 0(Rm), where 
Sc S0(Rq) for some integer q > 0, and where Pis injective and Q is an isomorphism, 
such that L = PQ - 1

. The set S is then called the factorization space of this 
representation. We first show that, in order to possess a right C-coprime fraction 
representation, the system L must exhibit continuous behaviour whenever its outputs 
are bounded. 

Proposition 

Let L: S0(Rm) ~ S0(R P) be an injective system having a right C-coprime fraction 
representation. Let {) > 0 be a real number, and let S* c S0({)m) be a subset. 
Assume that there exists a real -r > 0 such that L[S*J c S0(-rP). Then, the restriction 
of L to the closure S* of S* in S0(8m) is a continuous map. 

Proof 

Let L = PQ- 1 be a right C-coprime fraction representation of 1:. Let 
S1 := Q- 1 [S*J, and S2 := L[S*]. Then, denoting cc= max {e, -r}, we have 
S1 = Q*[S*] = P*[S 2 ] = Q*[S*] n P*[S 2] c Q*[S(am)J n P*[S(aP)]. Whence, by 
the right-coprimeness of P and Q, there is a real f1 > 0 such that S 1 c S(f1q). Now, let 
S1 be the closure of S 1 in S(f1q), so S1 is a compact set. By coprimeness, S n S(f1q) is 
a closed subset of S(f1q), so S1 is still a subset of S; by the C-stability of Q, the set Q[S 1] 

is well-defined, closed, and bounded, and we have Q[S 1] = S*. Consequently, the 
continuous isomorphism Q: S1 ~ S* is actually a homeomorphism (see for example 
Kuratowski (1961)), and the restriction of Q- 1 to S* is a continuous map. But then, 
by the continuity of P, the restriction of L ( = PQ - 1

) to S* is a continuous map as well. 
D 

The property of the system L described in the Proposition plays a fundamental 
role in our theory of C-rationality. It will be convenient to give it a special name. 

Definition 3 

Let L: S0(Rm) ~ S0(R P) be a system. We say that L is homogeneous if for every 
real{)> 0 the following holds: for every subset S* c S({)m) for which there exists a real 
-c > 0 such that L[S*] c So(i-P), the restriction of L to the closure S* of S* in S0({)m) is a 
continuous map. 

In view of the Proposition, homogeneity is a necessary condition for the existence 
of a right-coprime fraction representation in the C-stability sense. We next show 
that homogeneity is also a sufficient condition for the existence of such a fraction 
representation. 

Theorem 6 

An injective system L: S0(Rm) ~ S0(R P) has a right C-coprime fraction represent­
ation if and only if it is homogeneous. 

Proof 

The 'only if' direction is stated in the Proposition. We prove now the 'if' 
direction by constructing a right C-coprime fraction representation L = PQ - 1

. 
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Adhering to the notation of§ 3, we let G(I:) := {(u, I:u):u E So(Rm)} be the graph on:, 
and we denote, for brevity, S: = G(L), so S is a subset of S0(Rq) with q = m + p. 
Let P 1 : S0 (Rm) x S0(RP) -+ S0(Rm) and P 2 : S0(Rm) x S0 (RP) -+ S0(R P) be the respective 
natural projections, and define the maps P: S-+ So(RP): Px: = P 2x for all x E S, and 
Q:S-+ S0(Rm):Qx := P 1x for all x ES. In view of the fact that L is an injective 
map, we have that Pis injective and Q is an isomorphism. Also, clearly, L = PQ 1, 
and, since P and Q are just restrictions of the natural projections from the space 
product, the maps P and Qare C-stable. To show that P and Qare right C-coprime, 
we first note that, by the construction of P and Q, one evidently has 
P*[S 0(8P)J n Q*[S 0(8m)J c Sn So(8q) c S0(8q), and condition (ct) of Definition 2 
holds. Thus, we only have to show that Sn S0(8q) is a closed subset of So(8q), for all 
real 8 > 0. To this end, let u1, u2 , ... c Sn S0(8q) be a sequence of elements 
converging to a point u E S0(8q). Our proof will conclude upon showing that 
u ES. Now, the projected sequence u;: = P 1 ui, i = 1, 2, ... , clearly converges to the 
point u' := P 1u E S0(8m), whereas the projected sequence u;' := P2ui, i = 1, 2, ... , 
converges to the point u": = P 2u E S0(8P). Further, since ui ES, we have u;' = Lu; for 
all i = 1, 2, ... , and 

lim Lu; = lim u;' = u" 
i--+ 00 i--+ 00 

On the other hand, since {Lua c So(8P) and { ua c So(8m), it follows by homogeneity 
that L is continuous on the closure { u;}, so lim I:u; = L(lim u;) = I:u'. Thus 
u" = Lu', or u = (u', u") belongs to S, and Sn S0(8q) is closed in So(8q). D 

We now turn to a discussion of the uniqueness of coprime fraction representations 
in the C-stability sense. The situation here closely resembles the situation for the 
case of BIBO-rationality described in Theorem 3. 

Theorem 7 
Let L: S0(Rm) -+ S0(R P) be an injective homogeneous system, and let I: = PQ 1 

and I:= P 1 Q11 be two right C-coprime fraction representations of I:, with factoriz­
ation spaces S, S 1 c So(Rq), respectively. Then, there exists a C-unimodular map 
M:S 1 -+ S such that P1 = PM and Q1 = QM. 

Our proof of Theorem 7 depends on the following auxiliary result. 

Lemma 2 
Let I:: S0(Rm) -+ S0(RP) be an injective system having a right C-coprime fraction 

representation I: = PQ - 1
, and let T: S 1 -+ S0(Rm) be a C-stable isomorphism, where S 1 

is a subspace of S0(Rq) for which the set S 1 n S0(8q) is a closed subset of S0(8q), for any 
8 > 0. If the map I: T is C-stable, then so also is the map Q- 1 T. 

Proof ( of Lemma 2) 

Let 8 > 0 be a real number. In view of the C-stability of the maps T:S 1 -+ S0(Rm) 
and I:T:S 1 -+ S0(RP), there exist real positive numbers i-1 and i-2 for which 
S2 := T[S 0(8q) n S1] c S0{i-T) and S3 := I:T[S 0(8q) n S1] c S0{'r~). Also, since 
S0(8q) n S1 is closed in S0(8q) it is compact, and, hence, the set S2 , being the continu­
ous image of a compact set, is a closed subset of Im T n S0{i-T) = So(i-T). Thus, 
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S2 is compact. Now, let X:= Q- 1[S2 ]. Then, clearly, P[XJ =S 3 , so that, by 
injectivity, X = P*[S 3] n Q*[S 2]. Letting r: = max { r i, r 2 }, we obtain 
X c P*[S 0(rP)J n Q*[So(rP)J. By the right C-coprimeness of P and Q, there exists 
a real ~ > 0 for which P*[So(rP)J n Q*[S 0 (rm)J c So(~q), and it follows that 
X c S0(~q). Further, let S be the factorization space of the fraction representation 
L = PQ - 1. Then, since Q is continuous, the set X = Q- 1 [S 2] is a closed subset of 
Sn S0 (~q), and whence, by the coprimeness requirement, a closed subset of 
S0(~q). Consequently, X is compact, and the restriction of Q to X is a 
homeomorphism. Since Q[X] = S2 , it follows that the restriction of Q- 1 to S2 is a 
continuous function. Thus, by the continuity of T and the fact that 
S2 =T[S 1 nS 0 (8q)J, the restriction of Q- 1 T to S 1 nS 0(8q) is continuous (and 
bounded), for every real 8 > 0. This proves our assertion. D 

Proof ( of Theorem) 

We use the notation of the theorem. Clearly, the maps LQ 1( = P 1) and LQ ( = P) 
are C-stable. Thus, by Lemma 2 and our assumption that L = PQ- 1 and L = P 1 Q 1 

1 

are right C-coprime fraction representations, it follows that the maps Q 1 Q 1 and 
Q11Q are both C-stable. But the map M:Q- 1Q1 :S 1 ---+ Sis an isomorphism, and its 
inverse is M - l = Q11Q. Consequently, both M and M - l are C-stable, and, since 
Q1 = QM and P 1 = LQ 1 = PQ- 1QM = PM, our proof is concluded. D 

Finally, combining Theorem 7 with the proof of Theorem 6, we obtain the 
following analogue of Theorem 4. (We say that two spaces S 1, S2 are C-morphic if 
there exists a C-unimodular map M:S 1 ~ S2 .) 

Theorem 8 

Let L: S0(Rm)---+ S0(RP) be an injective homogeneous system. The factorization 
space of any right C-coprime fraction representation of L is C-morphic to the graph 
G(L). 

We conclude with an example of a class of homogeneous systems. 

Examplet 

A system L: So(Rm) ---+ So(RP) is called recursive if there exist integers 17, µ > 0 and a 
function! :(RPY,+ 1 x (Rmt+ 1 ---+ RP such that, for every pair of sequences u E S(Rm) and 
y : = LU E S(RP), the following relationship holds for all integers k: 

Yk+,,+1 =f(yk, Yk+1' ... , Yk+,,, Uk, ... , Uk+µ) 

The function f is called the recursion function of L. Using our definition of the 
topologies on S0(Rm) and S0(RP), one can readily show through an explicit compu­
tation that the following holds. 

Let L: So(Rm) ---+ So(RP) be a recursive system with recursion function 
f:(RP) 11+1 x (Rmt+ 1 ---+ RP. If the functionfis continuous, then Lis a homogeneous 
system. 

t The author is grateful for this example to Eduardo D. Sontag of the Department of 
Mathematics, Rutgers University, New Brunswick, New Jersey, U.S.A. 
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Thus, we see that a large class of commonly encountered systems is indeed 
homogeneous. (Of course, the continuity off does not imply that L is stable in any 
sense.) In particular, we see from here that the rationality of linear recursive systems 
is 'caused' not by linearity, but rather by the evident continuity of their recursion 
functions. 
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