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and 2 above. Finally, let ¢ : S(Rm) x S(RP) --+ S(Rm) : 
( v, d) H ¢( v )d be any stable and causal system. Then, the 
controllers Ci and C0 render Fig. 3.2.1 internally stable and 
assign to it the response z = [I+ P</J(v)]d. 

We provide now a simple example to illustrate the compu­
tation of the controller CO of Step 2. 

Example 3.2.32: Consider the strictly stable and strictly 
causal system E : S(R) --+ S(R) given by the recursion 

Xk+I = 0.5 sin(xk) + uk, Xo = 0, 

Yk = Xk 

where u is the input sequence of E and y is its output 
sequence. We take the stable and causal parameter system 
</J: S(R) x S(R) --+ S(R) : (v, d) H ¢(v)d to be 

{k+l = 0.5{k + Vkdk, {o = 0, 

"lk = {k 

where r, is the output sequence of ¢. Due to the stability of 
E, we can choose a right coprime fraction E = pq- 1 with 
Q = I, the identity system, and P = E. The stability of E also 
renders the inner loop controller Ci unnecessary, so we can 
choose Ci = I. Referring to (3.2.2), we then have G(z) = I 
and T = 0. By (3.2.24), this yields C0 (v, z) = C(v, z), and, 
utilizing (3.2.25), we obtain 

(3.2.33) 

in this case. We now derive a realization for the controller C0 , 

which is the only controller in this case. 
First, we write the equations for the composition E</J( v ). 

Here, the sequence v is regarded as a "parameter," d is the 
input, and y is the ouput. This simply yields 

{ 

{k+l = 0.5ek + Vkdk 
E</J(v).d: Xk+l = 0.5sin(xk) + ek 

Yk = Xk. 

Next, let z be the output sequence of the system 
[I+ E¢(v)]. Then, Zk = dk +Yk = dk +xk, or dk = Zk -xk. 
The system [I+ E¢(v)]- 1 has the input sequence z and the 
output sequence d and is given by 

{ 

ek+l = 0.5ek + Vk(Zk - Xk) 
[I+ E</J( V )]-

1 
: Xk+I = 0.5 sin (xk) + ek 

dk = Zk - Xk. 

Finally, the controller C0 of (3.2.33) is a system of order 3, 
with the following representation, where z and v are the input 
sequences and u is the output sequence. 

{ 

ek+l = 0.5ek + Vk(Zk - Xk) 
C . Xk+I = 0.5 sin(xk) + ek 

0 
• (k+l = 0.5(k + Vk(Zk - Xk) 

Uk= (k. 

• To conclude, Proposition 3.2.31 shows that any response of 
the form z = [I+ P</J(v, ·)]d can be assigned to the system 
E by an internally stable control configuration. When this is 
combined with Proposition 3.1.17, we obtain the following 
parameterization of all responses that can be achieved through 

internally stable control of E. This is the main result of this 
paper. 

Theorem 3.2.34: Let E : S(Rm) --+ S(RP) be a strictly 
causal system having a right coprime fraction representation 
E = PQ- 1 with a bicausal denominator Q : S(Rm) --+ 

S (Rm). Assume that E can be strictly internally stabilize4 
by a controller that admits the representation (3.2.2). Then, 
referring to (1.2), the following is true. The class of all 
input&disturbance/output responses Ee that can be achieved 
through internally stable control of E "is given by 

{ Ee(v, d) ==[I+ P<j)(v)]d, ¢(·) : S(Rm) x S(RP)--+ S(Rm) 

: ( v, d) H ¢ ( v) d is a stable and causal system.} . + 
We have shown in Examples 3.2.3, 3.2.7, and 3.2.14 that 

many · of the controllers . used to stabilize nonlinear systems 
admit a representation of the form (3.2.2). Right coprime frac­
tion representations with bicausal denominators are discussed 
in Theorem 2.13. 

Theorem 3.2.34 provides a rather simple and transparent 
parameterization of the class of all systems that can be 
obtained from a given system E by internally stable control. 
The most intriguing application of this result would be, of 
course, a solution of the nonlinear optimal disturbance atten­
uation problem. In that context, ¢ will be determined by an 
optimization process aimed at minimizing the effect of the 
disturbance d on the output signal z = Ee(v, d). Once <p is 
determined, the present subsection outlines an internally stable 
implementation of the optimal system. These topics form the 
subject of a separate report. 

It is also interesting to note that Step 2 above provides 
an explicit formula for the outer loop controller C0 , so that 
no equations need to be solved to obtain CO once the inner 
loop controller Ci is known. The computation of Ci involves 
the solution of the internal stabilization equations for E, 
but is independent of the parameter ¢ that characterizes the 
performance of the final system, as discussed earlier. This 
shows the validity of a general principle of separation, whereby 
stabilization and performance can be treated as separate issues. 

We conclude our present discussion by specializing Theo­
rem 3.2.34 to the case where the system E is stable. In that 
case, we can simply take P = E and Q = I, and we obtain 
the following. 

Corollary 3.2.35: Let E : S(Rm) --+ S(RP) be a strictly 
causal, stable, and differentially bounded system. Then, re­
ferring to (1.2), the following is true. The class of all in­
put&disturbance/output responses Ee that can be achieved 
through internally stable control of E is given by 

{ Ee(v, d) = [I+ E</J(v)]d, ¢(·): S(Rm) x S(RP)--+ S(Rm) 

: ( v, d) H ¢( v) d fs a stable and causal system.} . + 
IV. PROOFS AND TECHNICALITIES 

Proof of Lemma 2.2: We start by showing that the system 
(I - r) : S(RP) --+ S(RP) is injective (one to one). Indeed, 
let z, ( E S (RP) be two sequences satisfying 

(I - r)z = (I - r)(. (4.1) 
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We show that z = (, which proves that (I - r) is injective. 
Note that the strict causality of r implies that, for every input 
sequence u E S(RP), the output value y0 := ru] 0 at the 
time zero is entirely determined by the initial conditions of r 
and does not depend on u. Consequently, at the time zero, we 
have (J - I')z]o = zo-Yo and (J - r)(]o = (0 -y 0 • Together 
with (4.1), this yields z0 = (0 . 

In preparation for an induction, assume that z& = (& for 
some integer i ~ 0. By the strict causality of the system r, this 
implies that rz]t+l = r(Jt+l, so that, in particular, rz]i+i = 
I'(]i+I =: Yi+l· Substituting the latter into (4.1), we obtain 
(I - r)z]i+l = Zi+l - Yi+l = (I - r)(]i+l = (i+l - Yi+l, 
which directly yields Zi+I = (i+i · By induction, this proves 
that z = (, and the system (I - r) : S(RP) -+ S(RP) is 
injective. 

Next we show that the system (I - r) : S(RP) -+ S(RP) 
is surjective (onto). To this end, let d E S(RP) be an arbitrary 
sequence. The following argument proves the existence of a 
sequence z E S(RP) satisfying d = (I - r)z, which implies 
surjectivity. First, at the time zero, set z0 := do +Yo, where y0 

is the initial output of the system r. The remaining elements of 
the sequence z are determined via recursion in the following 
way. Let i ~ 0 be some integer for which the elements 
zo, z1, · · · , Zi of the sequence z have been determined. Let 
z* E S(RP) be any sequence having z0 , z1 , · · ·, Zi as its first 
elements, i.e., z*]~ = {z0 , z1 , · · ·, zi}. By the strict causality 
of r, the output value Yi+l := I'z*]i+I is uniquely determined 
by the elements zo, z1, · · ·, Zi, Setting Zi+I := di+ 1 +Yi+I pro­
vides the element number i+ 1 of the sequence z. By induction, 
this process defines a unique sequence z E S(RP), which, by 
construction, clearly satisfies d = (I - I')z; since d E S(RP) 
was arbitrary, it follows that (I - r) is surjective. Further­
more, note that the determination of the segue.nee z from the 
sequence d is causal, . since the computation of the element Zi 
involves only the elements do,··· .di of the sequence d. 

To conclude, we have shown that the system ( I - I') : 
S(RP)-+ S(RP) is both injective and surjective and, whence, 
is a set isomorphism. Furthermore, the system [J - r], being 
the sum of two causal systems, is causal. The last sentence 
of the previous paragraph shows that the inverse e1 - r)- 1 

: 

seRP)-+ seRP) is likewise causal. Thus, (I - r) is bicausal, 
as asserted. . • 

Proof of Proposition 2.14: We show that the premise of 
the proposition implies that the system Q- 1 D : seRr) -+ S 
is stable. The proposition follows then simply by setting 
</> := Q-1n. 

Let (} > 0 be a real number. By the stability of the system 
'ED, there is a real number r > 0 such that ~D[seor)] c 
S ( rP). Furthermore, by the stability of the system D, there 
is a real number ,8 > 0 such that D [ S (or)] c S e13m). Let 
, := max [r, ,B], and denote 89 := Q- 1 D[S(Or)]. (The set 
Se is closed: compactness of S(Or) and stability of D imply 
that D[seer)] is compact, but then Se is the inverse image of 
a closed set through a continuous map and must be closed.) . 
The definition of, yields Se c P*[S('YP)] n Q*[S(,m)]. By 
the Definition 2.11 of right coprimeness, there is then a real 
number ( > 0 such that Se c se (q). Since 8 was arbitrary, 
this shows directly that the system Q- 1 D is BIBO-stable. 
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To show that . the restriction Q- 1 D : S(Or) ~ Sis contin­
uous as well, note that condition 2) of the right coprimeness 
Definition 2.11 directly implies that the set Se is compact, 
since 89 C S n S( (q), and a closed subset of a compact 
set is compact. Now, let Ui E seer), i = 0, 1, 2, ... , be 
any convergent sequence, and denote u := limi-+= ui, Let 
Si := Q- 1 Dui, i = 0, 1, 2, · · ·. Since Si E 89 for all 
i = 0, 1, 2, ···and Se is compact, it follows that the sequence 
{ si} has a convergent subsequence si(j), j = 0, 1, 2, ... ; let 
the limit of this subsequence bes := limi-= si(i)· According 
to our notation, we have si(j) = Q- 1 Dui(j), so that 

Qsi(i) = Dui(j), j = 0, 1,2, · · · (4.2) 

Now, by continuity of the systems Q and D, it follows 
directly that limi-= Qsi(i) = Qs and limi-+= Dui(i) = Du. 
In view of (4.2), this yields Qs = Du or s = Q- 1 Du. Since 
the latter is valid for any convergent subsequence of { si}, it 
follows that the sequence {Si} has the single accumulation 
point s = Q- 1 Du to which it converges. Finally, since this 
holds for any convergent sequence { ui} in seor), we conclude 
that the restriction of Q- 1 D to S(Or) is continuous for any 
real 8 > 0. Combining this with the conclusion of the second 
paragraph of the proof, we obtain that Q- 1 D is a stable 
~~fil . • 

The following two technical results were employed in 
Example 3.2.14, where the partial inverse function u- 1 is 
defined. 

Lemma 4.3: If u: Rq X Rm-+ Rm : ex,v) 1-+ uex,v) is 
a continuous and strictly reversible function, then the partial 
inverse function u- 1 (·, ·) : Rq x Rm -+ Rm is continuous. 

Proof: By definition of strict reversibility, the partial 
function u- 1 (x, ·) ·is continuous for all x E Rq. Consider 
now the continuity of the partial function u- 1 e., v) for a fixed 
V E Rm. Let A 'E Rq, and write a := u- 1ex + A,v), 
,8 := u- 1ex, v), and ( := u(x + A, a) - uex, a). Noting that 
v = uex + A, a) = uex, (3), it follows that uex, a) = v - (. 
Consequently, a= u- 1ex, v - () and f3 = u- 1(x, v). 

Now, let 8 > 0 be a real number. By continuity of 
the function u- 1ex, ·), there is a real number 'f/ > 0 such 
that lo: - ,Bl = lu-1ex, v - () - u- 1(x, v)I < 8 whenever 
1(1 < 'T/· Furthermore, by continuity of the function u, there 
is a real number c > 0 such that 1(1 = luex + A, a) -
uex, o:)I < 'f/ wheneyer lb.I < c. This yields that la - ,Bl = 
lu-1(x + A, v) - u- 1 (x, v)I < 8 whenever lb.I < c, and 
u- 1e., v) is a continuous function. 

Finally, the inequality 

1u-1ex + A, v + e) - u- 1ex, v)I = I [u-1(x + A, v + e) 
- u- 1ex + A, v)] 
+ [u- 1(x + A, v) 
- a-lex, v)]I 

~ p--1(x + A,v + e) 
- a- 1ex + A, v)] I 
+ I [u- 1(x + A, v) 

- u- 1ex, v)J I 
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combined with the fact that we have uniform continuity 
over bounded domains for the partial functions, implies that 
a- 1(·, ·) is continuous. + 

Lemma 4.4: The system B(z) : S(Rm) ~ S(Rm) : u t-+ 

B(z)u of (3.2.22) is bicausal for every z E S(RP). 
Proof: We have already noticed that B(z) is causal. To 

prove that it is bicausal, it is enough to show that u is uniquely 
determined by s := B(z)u in a causal manner, for every 
fixed z E S (RP). To this end, fix a sequence z E S (RP) and 
consider (3.2.19). First, since S(z, ·) is a strictly causal system 
by Definition 3.2.16, the first element S(z, u)]o is determined 
by the initial conditions and does not depend on the sequence 
u (that starts at the time 0). Since u0 = a(S(z)u]0 , s0 ) by 
(3.2.19), it follows that u0 can be determined from s0 (and the 
initial conditions). Next, preparing for recursion, assume that, 
for some integer i ~ 0, the elements ub have been determined 
from the elements st. To ·determine the element Ui+i, let 
w = (uo, · · ·, ui, Wi+1, · · ·) E S(Rm) be any sequence 
starting with the elements u0 , • · ·, Ui. By the strict causality of 
the system S(z, ·), we have S(z, u)]i+1 = S(z, w)]i+ 1, since 
S(z, u)]i+1 is determined by elements O, · · ·, i of the sequence. 
Hence, S(z, u)]i+l is determined by the elements s0 , ···,Si. 

But Ui+l = a(S(z)w]i+1, si+i) according to (3.2.19), and it 
follows that Ui+ 1 is determined by the elements so, · · · , si+ 1. 
This shows that u depends causally on s. Having shown 
earlier that s also. depends causally on u, we conclude that 
B(z) : S(Rm) ~ S(Rm) : u 1---+ B(z)u is a bicausal system 
for any z E S(RP). + 

The following statement simplifies the proof of Proposition 
3.2.31, since it implies that in the course of proving internal 
stability, each disturbance signal within the configuration can 
be examined separately. 

Lemma 4.5: Let F : E1 x E2 X • • • X En ~ E : 
(e1, e2, ···,en) H F(e1, e2, ···,en) be a function, where 
E1, ···,En, E are compact subsets of normed spaces. Denote 
by 11 · 11 the norm on each one of those spaces, and define 
a norm on the product space by setting ll(e1, · · ·, en)II := 
maxk=l,···n {llekll}. Assume that, for each i = 1, · · ·, n, 
the partial function F(e1, · · ·, ei-1, ·, ei+1, ···,en) : Ei ~ 
E : ei H F(e1,e2,···,en) is continuous for all e1,···, 
ei-1, ei+l, ···,en. Then, Fis a continuous function. 

Proof: We use n = 2 to simplify notation; the same 
basic argument applies to the general case. Fix two elements 
e1 E E1 and e2 E E2, and let Si be the set of all elements 
ci E Ei for which ei + ci E Ei, i = 1, 2. Notice that the sets 
Si, i = 1, 2 are also compact. Clearly, 

IIF((e1 + c1), (e2 + c2)) - F(e1, e2)II 

= ll[F((e1 + c1), (e2 + c2)) - F((e1 + c1), e2)] 

+ [F((e1 + c1), e2) - F(e1, e2)]11 

~ IIF((e1 + c1), (e2 + c2)) - F((e1 + c1), e2)II 

+ IIF((e1 + c1), e2) - F(e1, e2)II (4.6) 

Now, fix some real number 8 > 0. By continuity of the 
partial functions, there are then real numbers 6, 6 ( c1) > 0 
such that IIF((e1 + c1), (e2 + 6)) - F((e1 + 6), e2)II <.8/2 
whenever llc2II < 6(c1) and IIF((e1 +c1), e2)-F(e1, e2)II < 
8/2 whenever ll<:111 < 6, Now, compactness implies that 

there is a real number e' > 0 such that the function 6 ( c1) 
can be chosen to satisfy 6(c1) > e' for all c1 E 81. 
Otherwise, by a standard convergent sequence argument, there 
would be an element ci E 8 1 for which the partial function 
F((e1 +ci), ·) is not continuous at the point e2. Defining~:= 
min[6, e'], we clearly have that~> 0 and, using (4.6), yields 
IIF((e1 + c1), (e2 + c2)) - F(e1, e2)II ~ IIF((e1 + c1), (e2 + 
c2)) - F((e1 + c1), e2)II + IIF((e1 + c1), e2) - F(e1, e2)II < 
8 /2 + 8 /2 = 8 for all c1 E 8 1 and all c2 E 8 2 satisfying 
llc1 II < ~ and llc2 II < ~-This proves the lemma. + 

Proof of Proposition 3.2.31: We have shown earlier 
in Section ill that the controllers listed in the proposition 
achieve the response z = [I+ Pcp(v)]d. Thus, it only 
remains to show that the configuration is internally stable. 
According to (3.2.30), the equivalent controller C induced 
by the controllers Ci and CO of the proposition is C ( v, z) = 
Qcp(v)[I + Pcp(v)J-1z. Adhering to our usual practice of 
denoting 'lf;(v)z := C(v, z), we have 

'lj;(v)z = C(v, z) = Qcp(v)[I + Pcp(v)r 1z. (4.7) 

The proof is divided into several parts enumerated below. 
1) Inserting (4.7) into (3.1.12) yields 

so that 

u = 'lj;d(v)d = 'lj;(v)[I - ~'lj;(v)r 1d 

= Qcp(v)[I + Pcp(v)r 1 

· { I - PQ- 1Qcp(v)[I + Pcp(v)]-1 
}-

1
d 

= Qcp(v)[(I + P</>(v)) - Pcp(v)r 1d 

= Q</J(v)d 

u = "Pd(v)d = Qcp(v)d. (4.8) 

Since Q and cp are both stable and causal, we conclude that 
"Pd(·) : S(Rm) x S(RP) ~ S(Rm) is a stable and causal 
system, and the transmission from (v, d) to u in Fig. 3.2~1 is 
stable. 

2) The relation z = [I+ Pcp(v)]d shows directly that the 
transmission from ( v, d) to the output z in Fig. 3 .2.1 is stable, 
since P and cp are stable. 

3) Consider now the signal sin Fig. 3.2.1. By (3.2.26), we 
have u = Ci(s, z), and, together with (3.2.2), this yields 

s = G(z)u-Tz. (4.9) 

Substituting for u and z the formulas from parts 1) and 2) of 
the present proof, we obtain 

s = G([I + Pcp(v)]d)Qcp(v)d - T[f+ Pcp(v)]d. (4.10) 

This indicates that the transmission from ( v, d) to s is stable, 
since G, P, </>, Q, and Tare all stable systems. 

4) Note that an additive disturbance on the signal y can 
be regarded as part of the disturbance d and does not require 
separate consideration. 

5) We examine now the effect of a disturbance n E S (Rm) 
being added to the signal s of Fig. 3.2.1. For this purpose it 
is convenient to redraw Fig. 3.2.1 in the form as depicted in 
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2:,(d) 

V 

Fig. 4.11 

Fig. 4.11. Recall that :Ei ( d) is a strictly causal system for every 
fixed d E S (Rm), and CO is causal. The diagram indicates that 

z = :Ei(d)e 

e = n + s = [n + Ca(v, z)] (4.12) 

Using the notation 'l/;0 (v)z := C0 (v, z) we get 

e = n + "Po(v)z = n + "Po(v):Ei(d)e (4.13) 

or 

n = e - "Po(v):Ei(d)e = [I - "Po(v):Ei(d)]e. (4.14) 

Now, the combination 'l/;0 (v):Ei(d) : S(Rm) --t S(Rm) : e 1-+ 

'l/;0 (v):Ei(d)e is strictly causal for fixed d and V, since 'l/;0 (v) 
is causal and :Ei ( d) is strictly causal. By Lemma 2.2, this 
implies that the system [I - 'l/;0 (v):Ei(d)] : S(Rm) --t S(Rm) 
is bicausal . (for each d and v) and has a causal inverse 
[I - 'l/;0 (v):Ei(d)]- 1 

: S(Rm) --t S(Rm). We can then write 

e = [I - "Po(v):Ei(d)r 1n (4.15) 

and substituting this into (4.12) yields 

z = :Ei(d)e = :Ei(d)[J - "Po(v):Ei(d)r 1n. (4.16) 

This shows that the output signal z is well defined as a function 
of the disturbance signal n. Since s = CO ( v, z), it follows that 
s is also uniquely determined by n, for any v and d. Similar 
arguments show that all other signals within the configuration 
remain well defined when n is incorporated, and the control 
configuration remains well posed. 

6) We fix now the signals n and d and consider the 
stability with respect to the ·disturbance signal v. By our 
basic premise that only bounded signals and disturbances are 
applied, there is a real number a> 0 such that v E S(am) and 
d E S(aP). Denote by s(n) and z(n) the respective signals 
generated by the disturbance n under those circumstances. 
On account of the strict internal stability of the inner loop 
of Fig. 3.2.1, there are two real numbers e, (} > 0 such that 
l:Ei(d)(s(n) + n) - :Ei(d)s(n)I ~ (} for all n E S(em) 
and all s(n) E S(Rm). For a sequence n E S(em), let 
8z := :Ei(d)(s(n) + n] - E~(d)s(n), so that l8z(n)I ~ 8. 
Notice that 

s(n) = Ga(v, Ei(d)(s(n) + n)) 
= Ca(v, [Ei(d)s(n) + 8z(n)]). (4.17) 

Remove now the disturbance n (so that e =sin Fig. 4.11), 
and add the disturbance 8z(n) to the output signal z. Denote 
by s*, z* the values of the signals s and z, respectively, for 
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this new configuration. We claim thats* = s(n). To prove the 
claim note that, by definition, z* = Ei ( d) s*, and 

s* = C0 (v, (z* + 8z(n)) = C0 (v, [Ei(d)s* + 8z(n)]). 
(4.18) 

Combine now the disturbances 8z(n) and d, both of which 
are additive disturbances on z*. Clearly, this has no effect on 
any of the signals and yields 

Co(v, [:Ei(d)s* + 8z(n)]) = C0 (v, Ei(d + 8z(n))s*). 
(4.19) 

Thus, we have 

s* = Co(v, Ei(d + 8z(n))s*). (4.20) 

We claim that ( 4.20) determines s* uniquely. Indeed, using 
the notation "Po(v)z = C0 (v, z), we obtain s* = 'l/;0 (v) 
Ei(d + oz(n))s* or 

[I - 'l/;0 (v)Ei(d + 8z(n))]s* = 0. (4.21) 

Invoking now Lemma 2.2, while taking into account the strict 
causality of the system Ei(d + 8z(n)) : S(Rm) --t S(RP) and 
the causality of the system 'l/;0 (v): S(RP) --t S(Rm) (with v, 
d, and n fixed), we obtain that [I - 'l/;0 (v)Ei(d + 8z(n))] is 
bicausal. Thus, the unique solution of (4.21) is 

s* = [I - "Po(v)Ei(d + 8z(n))r 10 (4.22) 

which is also the unique solution of (4.19) and (4.18). Finally, 
a comparison of (4.18) with (4.17) shows that s* = s(n) is 
also a solution of (4.18); since the latter has a unique solution, 
this must be it. Thus, 

s* = s(n). (4.23) 

Also, Ei(d+8z(n))s(n) = Ei(d)s(n)+8z(n) = Ei(d)[s(n)+ 
n] = z(n), so that 

Ei(d + 8z(n))s(n) = z(n). (4.24) 

7) Still regarding 8z( n) as part of the disturbance d and 
using (4.10) in combination with (4.23), we obtain 

s(n) = G([I + P<f,(v)](d + oz(n)))Q<f,(v)(d + 8z(n)) 
-T[I + P<f,(v)](d + 8z(n)). (4.25) 

Recall that v E S(am), d E S(aP), and 8z(n) E S((JP). 
Consequently, d + oz(n) E S((a + (})P), and the stability of 
the systems G, P, ¢, and Qin (4.25) entails that there is a real 
number /3 > 0 such that s(n) E S(/3m), i.e., s(n) is bounded. 
Since oz(n) E S((JP) whenever n E S(em), it follows that 
s(n) E S({3m) for all n E S(em), v E S(am), and d E S(aP). 

When these facts are used in conjunction with (4.24), we 
obtain that z(n) E Ei[S((a + 8)P) x S({3m)]. The stability 
of :Ei then implies that z( n) is bounded, and there is a real 
number rJ > 0 such that z(n) E S(rJP) for all n E S(em), 
v E S(am), and d E S(aP). 

Now, the set S((/3 + er) is compact with respect to the 
topology induced by the norm p, and thus the restriction of 
Ei(d) to S((f3+er) is uniformly continuous. This means that 
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for every real number 'Y > 0 there is a real number w > 0 such 
that, for alls E S(/3m), one has p[Ei(d)(s + n)- Ei(d)s] < 'Y 
for all n E S(cm) satisfying p(n) < w. Since we have s(n) E 
S (f3m) for all n E S (cm), the latter directly implies that 
8z(n) = Ei(d)[s(n) +n]- Ei(d)s(n) is a continuous function 
of n, as long as n E S (cm). When this fact is used in conjunc­
tion with ( 4.25), taking into account the stability of the systems 
G, P, ¢, and Q, it implies that s(n) is a continuous function of 
n over S(cm). Having shown earlier that s(n) is bounded, it 
follows that the transmission from n to sis stable over S(cm). 

Finally, when these facts are combined with the stability of 
the system Ei( ·) and (4.24), they lead us to the conclusion 
that z(n) is a continuous function of n as long as n E S(cm). 
Since we have already shown earlier that z ( n) is bounded for 
all n E S(cm), it follows that the transmission from n to z 
is stable over S (cm). 

8) We consider next the ef:fect of a disturbance signal ( that 
is added to the signal u in (3.2.1), i.e., inside the inner loop. 
The objective is to show that the transmission from ( to z is 
stable. We use an argument similar to the one used for the 
disturbance v. 

We regard the disturbance ( as a new input of the inner 
loop, so that the inner loop now has the two inputs s and (. To 
express this fact, we represent the response of the inner loop in 
the form Ei ( d) ( s, (). Clearly, within the closed loops shown 
in Fig. 3.2.1, the signals sand z depend on(, so we denote by 
s( (), z( () the values of those signals with the disturbance ( 
present. The signals v and d are temporarily regarded as fixed, 
and, as before, we take v E S(am) and d E S(aP). 

Now, by the strict internal stability of the inner loop, 
there is a real number c > 0 such that IEi(d)(s((), () -
Ei(d)(s((),O)I ~(}for all ( E S(c:m) and alls(() E S(Rm). 
Denote 8z(() := Ei(d)(s((), () - Ei(d)(s((), 0), and note 
that l8z(()I ~ (} for all ( E S(cm). Notice that s(() = 
'lj;0 (v)z(() = 'lj;0 (v)Ei(d)(s((),() = 'lj;0 (v)[Ei(d)(s((),O) + 
8z(()] = 'lj;0 (v)~i[d + 8z(()](s((), 0) ~ 'lj;0 (v)Ei[d + 8z(()] 
s( (), so that 

(4.26) 

Eliminate now the disturbance (, and consider 8z(() as 
an additive disturbance on the signal z. Let s' and z' be 
the respective values of the signals s and z under these 
circumstances. We claim that s' = s((). To prove the claim, 
notice that 8z( () can be regarded as part of the disturbance d, 
so that z' == Ei(d + 8z(())s', and 

s' = 'lj;0 (v)z' = 'lj;o(v)Ei(d + 8z(())s'. (4.27) 

Notice that d + 8z(() E S((a + or). As shown in part 7) 
of the present proof, (4.27) has . a unique solution, which, in 
view of (4.26) is given by 

s' = s((). (4.28) 

Applying (4.10) to our present situation, we obtain 

s(() = G([I + P</>(v)](d + 8z(()))Q</>(v)(d + 8z(()) 
-T[I + P</>(v)]((d + 8z(())) (4.29) 

which, on account of the stability of the systems G, P, Q, ¢, 
and T, shows directly that s( () is bounded and is a ·continuous 

function of 8z( (). An argument identical to the one used 
in 7) leads us then to the conclusion that s( () and z( () 
are bounded and continuous functions of the disturbance (, 
whenever ( E S(cm), with v E S(am) and d E S(aP) for 
any real a > 0. This shows that the transmissions from ( to s 
and z are stable for all ( E S(cm), v E S(am) and d E S(aP). 

The stability of all other transmissions within Fig. 3.2.1 
follows from the above, or along similar lines. 

Within the proof, the effect of each signal and disturbance 
was considered separately, whereas the definition of internal 
stability requires simultaneous consideration of the effect of all 
signals and disturbances. Nevertheless, since bounded signals 
and disturbances make all relevant domains compact, internal 
stability follows by Lemma 4.5. + 
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