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By contradiction, assume that there is no such real number g > 0. Then, there is a
sequence of pairs of states &, x; € M, i =1,2,3,... for which the following holds:

(*) Every list of input values uy(i), . .. ,u,~; (i) € R" for which & = f "(x;, ug(d), .. -,
u,_1(i)) satisfies |(uo(),...,u,—1(0))| > 2, i=1,2,...

By the compactness of M, the sequence of pairs {(¢;, x;) } 1=, has an accumulation
point (§,x) in M x M i.e. there is a subsequence of the sequence {(&;, x;)}, that
converges to the point (¢, x) € M x M. For the sake of notational simplicity, assume
that the entire sequence converges to this point, i.e. that limit;_ (&, x;) = (&, x).
Since the realization is globally reachable, there is an input list vy, ..., v,_; € R” such
that &€= f "(x,vp, ..., Vy1)-

Now, let € > 0 be a real number, and denote by B(e,,...,v,_1) C (R™)" the
open ball of radius € centred at the point (v, ...,v,_1) € (R™)". Since f "(x, -) is an
open function, it follows that the image f "(x, B(e, v, - - . , ;1)) contains a neigh-
bourhood of the point £ There is then a real number o« > 0 such that the ball
B(c, &) C R" of radius « centred at ¢ satisfies B(a,§) C f "(x, B(e, vo, - - -, Vy—1))-

The continuity of the recursion function f implies that the iterated function
f ™is continuous as well, and, since M is compact, f 7 is uniformly continuous
over M. Consequently, there is a real number (>0 such that
Lf ", v0, -y V1) — f (X", 0, -+ -, Vp—1)| < /2 for all points x, x" € M satisfying
|x —x'| < B.

Define the positive number ~ :=min{/2,8}. Since limit;_,, (&,x;) = (€, x),
there is an integer j > 1 such that |(&;,x;) — (§,x)| <~ for all i > j. Then, for
every integer { > j we have

& —€&l<v<a/2 and |x;—x|<y<B
and it follows that
If n(xiavm' @ 'avn—l) - fﬂ(x’ Vo, - - 'avrl-l)| < a/2

Combining these facts, we obtain, for all i > j,
& — f "(xis Vo -+ 5 V1) = |[6i—£] = [£ n(xi;VOa'“avn—l) — ¢
= (16— 8= 1 "Gt Yor o+ gmt) = £ (s )]
<[ = &I+ 1 "(xiy v0s -+ - V1) = f (%, V05 -+ Y1)
<a/2+a/2
=a

Thus, & € B(a, f "(x;, v, ..., v,—1)) for all integers i > j. But then, by the definition
of the radius «, this implies that & € f "(x;, B(g, v, ..., v,—1)) for all i > j. This
means that, for every i > j, the state &; can be reached from the state x; by using
an input list that belongs to the ball B(g, vy, . . ., v;—1). The amplitude of this input list
is clearly bounded by the number

[|(Voy - -+ vp—1)| + €]

in contradiction to (*). This proves our assertion. (]
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We comment that in Proposition 4, the path from x to x’ is not necessarily
contained in the compact set M; only the starting point x and the end point x’
are in M.

The next subsection deals with the connection between reachability and eigensets.
We show that for reachable systems, eigensets can be calculated in a relatively simple
manner. As eigensets form the foundation for the derivation of state feedback func-
tions (see Theorem 1), the notion of reachability takes on a prominent role in the
theory of robust control for nonlinear systems.

4.2. Reachability, disturbances, and eigensets

Let X be a system having the nominal recursive representation x| = f (xy, ),
k=0,1,2,... Throughout the ensuing discussion we assume that the recursion func-
tion f of X is a continuous function, that X is everywhere locally reachable as well as
globally reachable, and we let n be the reachability integer. The objective of
this subsection is to present an effective computational technique for the calculation
of eigensets of the recursion function f of X. As seen in Theorem 1, these
eigensets can be used to construct state feedback functions that solve the design
problem (7).

The fact that the system X is globally reachable implies that its state values can be
assigned arbitrarily at steps that are integer multiples of the reachability integer
7. In other words, for any sequence of vectors &, &, &,... € R", there is an
input sequence u that drives 2 in such a way that the resulting trajectory x satisfies

xo = &0y Xy = &1, Xop =&, X3y = &3,..., OF Xi = §; for all integers i > 0. Indeed,
global reachability implies that for every integer i =0,1,2,..., there is an input
list u(i), ..., u, 1(i) € R™ such that
i1 = (& uo(i), - - up-1 (1)) (19)
The concatenated input sequence
U= u0(0)1 LR un—l(o)a uO(l)v EERR) unfl(l)’ u0(2), by un—l(z)’ i (20)

clearly achieves the desired result. The availability of this input sequence is a basic
tool for our ensuing discussion.

Note that although the states can be assigned arbitrarily at steps that are integer
multiples of 7, there is usually little choice when it comes to selecting the states
through which the trajectory passes at steps that are not integer multiples of 7.
These states are restricted by system characteristics, and cannot be assigned arbi-
trarily. In order to satisfy the design problem (7), one has to guarantee, among
others, that the amplitudes of these states do not exceed 4. Whether or not this
requirement can be satisfied depends on the value of 4 and on the characteristics of
the recursion function f of Z.

Consider now the problem of finding a state feedback function ¢ that satisfies
(7) for some real numbers 6§, 4 > 0, where § < 4. According to Theorem 1, the
existence of such a feedback function is guaranteed when the initial condition
of the controlled system X is within the maximal (6, 4)-eigenset of the recursion
function f of Z.

Now, in order to be of practical significance, the set of permissible initial
conditions of X should contain a ball around the origin, so that a range of initial
conditions is admissible. This requirement is incorporated into design problem (7),
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and it requires the use of (8, 4)-eigensets that contain a ball B(p,0) of radius p > 0
around origin of R".

Note that for a given value of p, the actual set of possible initial conditions of X
includes a ball of radius (p + §), since an uncertainty of amplitude not exceeding 6 is
always permitted around each initial condition. Thus, the value p = 0 is a permissible
selection here, and does not require absolute accuracy in the setting of the initial
condition. Also, since all states used by the closed loop system must be of amplitude
not exceeding 4, we have the additional requirement that p + 6 < 4.

Assume now that the system X is started from an initial conditions x, € B(p, 0).
In general, it is not possible to find an input sequence u that drives Z(xy) so that
all states along the resulting trajectory are within B(p,0), even in the case where no
disturbances are present. In other words, as much as one would like to prevent
further dispersion of the trajectory from the origin, it is usually impossible to
maintain the entire trajectory within the ball of radius p, for every initial condition
in that ball.

Now, when X is globally reachable with reachability integer n, and no disturb-
ances are present, it follows by (19) and (20) that an input sequence u for X can be
found for which the resulting nominal state sequence x satisfies

Xy € B(p,0) for all integers k£ > 0 (21)

In other words, for this input sequence, the nominal trajectory re-enters the ball
B(p,0) at least once every 7 steps.

Of course, since the values x;,, Kk =1,2,..., can be assigned arbitrarily (by
choosing an appropriate input sequence u), one could restrict these values even
further, and force them to be within a ball of radius smaller than p. In the present
discussion, however, we use (21) as our guiding requirement. We also assume that p
is a specified design parameter.

To summarize, we require the nominal trajectory x of the closed loop system
(figure 1) to satisfy

|xg| <4—=6 and |x < p, £=0,1,2,...

where the first inequality takes into account the fact that a disturbance of amplitude
not exceeding § may be added to the nominal trajectory at each step.

In addition to the practical significance discussed so far, condition (21) also has
important mathematical implications. As discussed below, this condition allows us
to calculate a (6, 4)-eigenset of the recursion function f* by examining only the first
n steps of the recursion x;,; = f (xx,u). This then yields a finite technique for the
calculation of (8, 4)-eigensets.

To be somewhat more specific, but still assuming no disturbances are active,
construct the following set of input lists. For every state x € B(p +6,0), let %,(x)
be the set of all input lists u,...,u,_; € R™ for which the state f "(x,up,...,u;_1)
belongs to B(p,0). Of these input lists, let #(x) be the set of all input lists
Uy, ..., Up_1 € U,(x) for which

If i(x,uo(x),...,u,-ﬁl(x))| <4 -6512 11"'>77

so that the state amplitude bound is not violated. Assume that %(x) # ¢ for all
x € B(p+ 6,0) (otherwise, the design objective cannot be met).
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For each list uy, . ..,u,_; € %(x), construct the following set of (state, input) pairs
through which the system passes

S(x’ uO,'--aun—l) = {(X, uO)a (f(X, u0)>u1)’-~~a(f ﬂ—l(x, Ugy - - ;unA2)7u7]71)}

which is a subset of R” x R". Finally, combine all these (state input) pairs into one
set

s= U St
XEB(p,0),ttg,.stty 1 EU(X)

which is again a subset of R" x R™. In view of the fact that for all x € B(p + 6,0) we
have f "(x,up,...,u,_1) € B(p,0), it follows that f [S] C II,.S, so that S is a con-
ditional invariant subset of the recursion function f. Note that the calculation of S
involves only consideration of 7 iterations of /. Every state obtained at step 7 is
contained in the initial condition set B(p -+ §,0), and whence the previous input
values can also be used for the steps n and beyond. Of course, this construction is
facilitated by reachability. Incidentally, the set S also satisfies B(p,0) C I1,.S and
If[S]l<4-6.

The set S constructed above is not a (6, 4)-eigenset of the function f, since some
effects of the disturbances have not been taken into account so far. Nevertheless, the
technique used in the construction of S forms the basis of our derivation of a finite
process for the calculation of (4, 4)-eigensets. We now proceed to develop this
process.

Consider a system 2 having the recursive representation x;,; = f (x;,u;). For an

initial condition x € R", an integer i > 0, a list of input values u," ..,%;_; € R", and
a real number § > 0, we construct recursively a subset f 5(x,up,...,%; 1) C R" as
follows.
L

f 5 = Ns(x)

f Ig(X, Uy - - - uk—l) = f{Né[f ]g_l(xy Ug, - - - 1uk-72)], N&(uk~l)}a k= 1> e 7i
In intuitive terms, the set f fg(x, Uy, - - -, u;_y ) consists of all states the system can reach
at the step i under the following conditions: the system is started from the nominal
initial condition x and is driven by the nominal input list u, . ..,%; 1, while at each

step the state value as well as the input value are disturbed by a disturbance of
amplitude not exceeding 6.

Now, let 4 > 0 be the specified bound on the disturbance effects, as in (7). Also,
let 6§, p >0 be two real numbers satisfying p+ é§ < 4. For a state x € B(p,0),

consider the set of all input lists uy(x),...,u, 1(x) € R" for which the following
hold.
If 5 up(x), ..., w1 (x))| <A4—6 forall i=1,...,n—1 (22)
and
|f 306 up(x), - w1 (X)) < p (23)

Note that these relations simply represent a finite set of inequalities based on the
recursion function f of X. Using the solution of these inequalities we can build a
(6, 4)-eigenset of the recursion function f as follows.
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First, for each state x € B(p,0), let U(x, p,6,4) C (R™)" be the set of all input
lists (uo(x),...,uy—1(x)) € (R™)" that satisfy (22) and (23). In other words,
U(x,p,6,4) is the solution set of the inequalities (22) and (23). Assume that
U(x,p,6,4) # & for all x € B(p,0); conditions on the recursion function f of X
under which this assumption is valid are discussed later.

Next, for a list (u(x), .. .,u,—1(x)) € U(x, p,6,4) and an integer i € 0,...,7—1,
denote by

(g (), . - oy 1 (X)) 1= u(x)

the projection onto the ith element of the list. Build the following subsets of
R" x R™, consisting of state-input pairs.

SO = {(ya u): y e Né(x)’x € B(P, O)au € WOU(x,Py‘S,A)}
Si:={(,u): y € f §(x,up(x),...,ui1(x)),x € B(p,0),u € mU(x,p,6,4)},
i=1,...,m—1

Finally, combine these subsets into the set

S,6,4)= |J S (24)

i=0,...,n—1

which is a subset of R” x R™. A slight reflection shows then that (22) and (23) imply
the following.

Theorem 3: Let X be a system with the recursive representation Xgi1 = f (Xk, ux),
and assume there are real numbers 4 >0, 6 >0, and p > 0, where p+ 6 < A, for
which the solution set U(x,p,6,4) of (22) and (23) is not empty for any x € B(p,0).
Then, the set S,(6,4) of (24) is a (6,4)-eigenset of the recursion function f, and
B(p,0) C I1,,S,(6,4).

In view of the fact that S,(8, 4) is obtained from the solution of the finite set of
inequalities (22) and (23), we have a finite procedure for the calculation of (6, 4)-
eigensets of the recursion function f'. In general, S,(6, 4) is not equal to the maximal
(6, A)-eigenset of f. Nevertheless, the maximal (8, 4)-eigenset is not needed in order
to construct a state feedback function according to Theorem 1. Using the procedure
of Theorem 1, the eigenset S,(6, 4) allows us to build a state feedback function o for
which the closed loop system X, permits disturbances of amplitude not exceeding 6,
and may be started from any initial condition of magnitude not exceeding p, all
without violating the bound 4 on the output sequence.

Of course, when solving the inequalities (22) and (23), one has to obtain the
largest possible value of ¢ for which a solution exists. For the largest value of 6,
the closed loop system X, permits the largest disturbance amplitudes possible within
the framework of the present section. In this way, we have obtained a computable
solution for the design of a state feedback function o.

As we can see, the critical step in this process is the solution of the set of inequal-
ities (22) and (23). It is therefore important to examine conditions under which these
inequalities possess a non-empty solution set. Before turning to this examination, we
provide an example.

Example 2: Consider the system X: S(R) — S(R?) with the following realization



784 J. Hammer

B (2x|,k + [(e10)* + 1]uk>
Xk+1 =

X1k

In this case,

and the recursion function is

S (x1,x0,u) =

(le +[(x)* + 1]u>

X1
Iterating the recursion function we obtain
4y +2[(x1)? + Lo + {1221 + [(x1)” + Luo)” + 1}u1>
21+ [(x1)” + 1ug

Take 4 =1 and p = 1/2. Then, we must have § < 4 — p=1/2, and (22) and (23)
in this case lead to the following: For each |x| < 1/2, find wy, u; for which the
inequalities

fz(xthaanul) = (

|f(yl7y2’v0)‘sl_6 (a)
|f 2152, v0, )| < 1/2 (b)

are valid for all yy, y,, vo, v; satisfying |y; — x| <6, [y2 — x3] < 6, |vo — up| < 6 and
|[vi — uy| < 6. It is usually easiest to solve these inequalities sequentially, by first
solving the inequality (a), and then invoking (b) on the solution of (). We adopt
this technique below.

Consider first inequality (a). Since the second component of (a) is x;, we need
1/24 6 < 1—46, which requires § < 1/4. For the first component, we assign the
nominal input value

—2x1

Uy = m‘ (c)

which leads to a nominal value of 0 for the first component. For a given nominal x;

and disturbances §; on x; and &, on u, the value of the first component of (a)
becomes (note that u, is determined by the nominal value of x;)

2y +6,) = [(¥1 + 6 +1] (i + 52) e (@)

(x1)* +1

where |x;| < p=1/2, |6 <6, and |6 < 6. To satisfy inequality (a), we need
a; < 1 — 6, which, since § < 1/4, requires a; < 0.75.

Now, due to the particular form of the recursion function f, the number q, is also
the magnitude of the second component of / 2. In view of (b), we need therefore to
require a; < 1/2. A numerical examination shows that the largest value of § that
satisfies the last requirement is approximately § = 0.16; for this value of §, one has
a; <0.49 for all |x;| < 1/2.

Consider next inequality (b), using the feedback assignment represented by (c).
Namely, denoting by f(x, x,, vp) the first component of f (x;, x5, vy), set
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_ _2x1 u = _zﬁ(xl7x2:u0)
(1) +1 [ 1 (o1 0, up)]” + 1

From the preceding paragraph we have that | fi(x1, x;, 4g)| < 1/2; thus, the argu-
ment used to show that inequality (a) holds for § = 0.16 implies that inequality (b) is
also valid for § = 0.16. Consequently, 6 = 0.16 is a permissible value of § in this
case; as mentioned earlier, this is approximately the maximal permissible value of
6 in this case. According to (¢), the feedback function here is given by

Up

—2x1
(x1)* +1

We now turn to a discussion of some conditions under which the set of inequal-
ities (22) and (23) is guaranteed to have a solution for some values of the real
numbers 4, §, and p. The next statement shows that reachability guaranties the
existence of a solution.

o(xy, %) = O

Theorem 4: Let X be a system having the recursive representation Xp+1 = f (X, )
with a continuous recursion function f. Assume X is everywhere locally reachable
as well as globally reachable. Then, for every real number p >0, there are real
numbers 6, A > 0, where p+ 6 < A, for which the inequalities (22) and (23) have
a non-empty solution set.

Proof: Assume that the system X is everywhere locally reachable as well as
globally reachable, and let 1 be its reachability integer. Let p >0 be a real
number, and consider the ball B(2p,0) in R". Since B(2p,0) is a compact set, it
follows from Proposition 4 that there is a real number px > 0 that satisfies
the following condition. For every point x € B(2p,0), there is an input list
u(x), ..., up-1(x) € [—p, u]™ such that f"(x,ug(x),...,up-1(x)) =0. Denote by
Bi(2p,0) the ball of radius 2y around the origin in the space (R")',i=1,...,n,
and note that B'(2u,0) is also a compact set.

The continuity of the function f: R" x R™ — R" implies that all iterations
R % (R — R", i=1,...,n, are continuous functions. Consequently, com-
pactness of the above mentioned sets implies that, foreach i = 1,..., 7, there is a real
number N; > 0 such that

Ifi[B(Zp,O),Bi(2p,,0)]| SNh i':la"-a"?
Let N := max {N,,...,N,,p}, and take
A:=2N (25)

Consider now the restriction of the function f " to the domain
B(2p,0) x B'(21,0) C R* x (R™)", i=1,...,n. Since this domain is compact and
f"is a continuous function, it follows that f' is uniformly continuous over
B(2p,0) x B'(2u,0). Consequently, for each i = 1,...,7 — 1, there is a real number
a; > 0 for which the following holds for all x € B(2p, 0):

|fi(xl:v0a-~avi—l) _fi(X,uo(x),---,ui—l(x))| <N;

for all x’ € B(2p,0) satisfying |x' — x| < o;, and for all vy,...,v;_; € [-2u,2u]"
satisfying |(vo,...,vii1) — (4o(%), ..., u;_1(x))| < oy. Also, there is a real number
a, > 0 such that
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|fn(xl7v07"'avn—l) _fn(x7u0(x))"'5u7171(x))| <p

for all x’ € B(2p,0) satisfying |x' — x| < o, and for all vy,..., v,y € [-2p,2u]"
satisfying |(vo, ..., vp-1) — (uo(X), ..., up_1 (x))| < . Set

6 := min {ay,..., 0y, p,p, N} (26)
It is then a direct consequence of (25) to (26) that (22) and (23) are satisfied for the
present values of p, 4, and §. This concludes our proof. O

In particular, Theorem 4 shows that for a reachable system with a continuous
recursion function, one can always find a robust state feedback controller that
guarantees a bounded response over any prescribed range of initial conditions.

Generally speaking, the largest disturbance amplitude 6 that can be permitted for
a given system depends on the bound 4 imposed on the disturbance effects, on the
characteristics of the recursion function f, and on the imposed initial condition
radius p. For a specific recursion function f, there may be values of p and 4 for
which the inequalities (22) and (23) have no solution. However, when the inequalities
(22) and (23) have a solution for the desired values of 4 and p, the largest value of ¢
for which a solution exists can be calculated directly, as seen in Example 2. This
value of § determines the largest disturbance amplitude within the framework of the
present section.
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