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Example 1: Consider the following system with the two dimensional state vector 
Xk = (ek, (k? and a single dimensional input Uk. 

Here, we have n = 2, and the iterated recursion function becomes 

2 ( me+1)(]
2

+1}[e(+(e+1)uo] ) 
f (e, (, Uo, U1) = (e + l)([e( + (e + l)uo] +me+ 1)(]2 + l}u1 

The matrix C of (18) is given by: 

(
me+ 1)(]2 + 1}(f + 1) 

C(e, (, Uo, ui) = (e + l)((e + 1) [ ( e + ,~ cl' + , ) 

As one can see, we have <let c(e, (, Uo, U1) /=-0 for all values of e, (, Uo, U1, and whence 
the system is everywhere locally reachable. A slight reflection shows that the reach­
ability integer in this case is T/ = 2. 

Finally, direct observation shows that Im f 2(e, (, ·) = R2 for all values of e, 
(ER, and whence the system is globally reachable. D 

Remark 1: In many cases, one is interested in the behaviour of the system only 
over a bounded subset S of R11

• The present discussion can be directly adapted to 
such case by taking all notions relative to the subset S. D 

By definition, a globally reachable system has the property that every state x' can 
be reached from every other state x within T/ steps. It is, of course, important to 
investigate the input lists that take the system from x to x'. The next statement shows 
that, for any compact subset M of R11 and for any states x, x' EM, one can reach x' 
from x using an input list whose amplitudes do not exceed a bound that depends 
only on the set M, and not on the specific states x, x'. 

Proposition 4: Let I: be a system having a realization of the form ( 17) with a con­
tinuous recursion function f Assume the realization is everywhere locally reachable, 
as well as globally reachable, and let TJ be the reachability integer. Then, for every 
compact subset M C R11

, there is a real number µ 0 for which the following holds: 
for every pair of states x, x' E M, there is an input list uo, ... 'Uri- I E [- µ, µr that 
takes the system from the state x to the state x'. 

Proof: Let (17) be a realization with a continuous recursion function that is 
everywhere locally reachable, as well as globally reachable, and let TJ be the reach­
ability integer. Consider a compact subset M c R11

• Since the realization is glob­
ally reachable with reachability integer T/, the following is true: for every pair 
of points x, e EM, there is a list of input values uo(x, e), ... 'Uri- I (x, e) E R 111 such 
that e=fri(x,uo(x,e), ... ,Uri- 1(x,e)). We have to show that there is a real 
number µ > 0 so that one can choose this input list to satisfy 
uo(x, e), ... , u11- 1 (x, e) E (- µ, µr for all x, e EM. 
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By contradiction, assume that there is no such real numberµ> 0. Then, there is a 
sequence of pairs of states ~i, xi EM, i = 1, 2, 3, ... for which the following holds: 

(*) Every list of input values u0(i), ... , u77_1 ([) E R111 for which ~i = f 77(x;, u0(i), ... , 
u77_1 (i)) satisfies I (u0 (i), ... , u77_1 (i)) I ~ 21, i = 1, 2, ... 

By the compactness of M, the sequence of pairs {(~i,xi)}~ 1 has an accumulation 
point (~, x) in M x M i.e. there is a subsequence of the sequence {(~i, xi)}~ 1 that 
converges to the point(~, x) EM x M. For the sake of notational simplicity, assume 
that the entire sequence converges to this point, i.e. that limithoo ((, xi) = (~, x). 
Since the realization is globally reachable, there is an input list v0 , ••• , v77_1 E R111 such 
that~= f 77(x, v0 , ••• , v77_1). 

Now, let c > 0 be a real number, and denote by B(c, v0 , •.. , v77_ 1) c (R111)17 the 
open ball of radius c centred at the point (v0 , .•. , v77_i) E (R111)17. Since/ 77(x, ·) is an 
open function, it follows that the image/ 77(x,B(c,v 0 , ••• ,v77_ 1)) contains a neigh­
bourhood of the point ( There is then a real number a> 0 such that the ball 
B(a, ~) c R 11 of radius a centred at~ satisfies B(a, ~) Cf 77(x, B(c, v0 , ... , v77_1)). 

The continuity of the recursion function f ·implies that the iterated function 
f 77-is continuous as well, and, since M is compact, f 77 is uniformly continuous 
over M. Consequently, there is a real number {3 > 0 such that 
If 77(x, v0, ... , v77_1) - f 77(x', v0, ... , v77_ 1)1 < a/2 for all points x, x' EM satisfying 
Ix - x'I < {3. 

Define the positive number 'Y := min { a/2, {3}. Since limithoo (~i, xi) = (~, x), 
there is an integer j ~ 1 such that I (~i, x;) - (~, x) I < 'Y for all i ~ j. Then, for 
every integer i ~ j we have 

I( - ~I < 'Y ::; a/2 and Ix; - xi < 'Y ::; {3 

and it follows that 

Combining these facts, we obtain, for all i ~ j, 

I( - f 77(x;, Vo, ... , v11_1)I = I[~; - ~] - [! 17(x;, Vo, ... , v17_1) - ~]I 

= I[~; - ~] - [! 11(x;, Vo, ... ' v77-1) - f 17(x, vo, ... 'v?J_i)]I 

::; I[~; - ~]I+ If 11(xi, Vo, ... , v11-1) - f 11(x, Vo,···, v17_1)I 

< a/2 + a/2 

=a 

Thus,~; E B(a,f 11(xi, v0 , ... , v17_ 1)) for all integers i ~ j. But then, by the definition 
of the radius a, this implies that ~i E / 17(x;, B(c, v0, ... , v17_1)) for all i ~ j. This 
means that, for every i ~ j, the state ~i can be reached from the state xi by using 
an input list that belongs to the ball B(c, v0 , ... , v77_ 1). The amplitude of this input list 
is clearly bounded by the number 

[l(vo, · · ·, v17_1)I + cl 
in contradiction to (*). This proves our assertion. D 
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We comment that in Proposition 4, the path from x to x' is not necessarily 
contained in the compact set M; only the starting point x and the end point x' 
are in M. 

The next subsection deals with the connection between reachability and eigensets. 
We show that for reachable systems, eigensets can be calculated in a relatively simple 
manner. As eigensets form the foundation for the derivation of state feedback func­
tions (see Theorem 1), the notion of reachability takes on a prominent role in the 
theory of robust control for nonlinear systems. 

4.2. Reachability, disturbances, and eigensets 

Let I: be a system having the nominal recursive representation xk+l = f (xk, uk), 
k = 0, 1, 2, ... Throughout the ensuing discussion we assume that the recursion func­
tion J of 1: is a continuous function, that .E is everywhere locally reachable as well as 
globally reachable, and we let TJ be the reachability integer. The objective of 
this subsection is to present an effective computational technique for the calculation 
of eigensets of the recursion function f of 1:. As seen in Theorem 1, these 
eigensets can be used to construct state feedback functions that solve the design 
problem (7). 

The fact that the system I: is globally reachable implies that its state values can be 
assigned arbitrarily at steps that are integer multiples of the reachability integer 
TJ. In other words, for any sequence of vectors ea, e1, 6, ... E R'1, there is an 
input sequence u that drives .E in such a way that the resulting trajectory x satisfies 
Xo = eo, xrJ = e1' X2rJ = 6, X3rJ = 6' ... ' or xirJ = ( for all integers i 2:: 0. Indeed, 
global reachability implies that for every integer i = 0, l, 2, ... , there is an input 
list u0 (i), ... , urJ 1 (i) E R111 such that 

( 19) 

The concatenated input sequence 

u = u0 ( 0), ... , urJ_ 1 ( 0) , u0 ( 1 ) , ... , urJ_ 1 ( 1 ) , u0 ( 2) , ... , urJ_ 1 ( 2), . . . ( 20) 

clearly achieves the desired result. The availability of this input sequence is a basic 
tool for our ensuing discussion. 

Note that although the states can be assigned arbitrarily at steps that are integer 
multiples of T/, there is usually little choice when it comes to selecting the states 
through which the trajectory passes at steps that are not integer multiples of 'T/· 
These states are restricted by system characteristics, and cannot be assigned arbi­
trarily. In order to satisfy the design problem (7), one has to guarantee, among 
others, that the amplitudes of these states do not exceed LI. Whether or not this 
requirement can be satisfied depends on the value of LI and on the characteristics of 
the recursion function f of 1:. 

Consider now the problem of finding a state feedback function a that satisfies 
(7) for some real numbers 8, LI > 0, where 8 ::; LI. According to Theorem 1, the 
existence of such a feedback function is guaranteed when the initial condition 
of the controlled system I: is within the maximal (8, Ll)-eigenset of the recursion 
function/ of 1:. 

Now, in order to be of practical significance, the set of permissible initial 
conditions of I: should contain a ball around the origin, so that a range of initial 
conditions is admissible. This requirement is incorporated into design problem (7), 
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and it requires the use of (8, Ll)-eigensets that contain a ball B(p, 0) of radius p ~ 0 
around origin of R11

• 

Note that for a given value of p, the actual set of possible initial conditions of E 
includes a ball of radius (p + 8), since an uncertainty of amplitude not exceeding 8 is 
always permitted around each initial condition. Thus, the value p = 0 is a permissible 
selection here, and does not require absolute accuracy in the setting of the initial 
condition. Also, since all states used by the closed loop system must be of amplitude 
not exceeding LI, we have the additional requirement that p + 8 ~ LI. 

Assume now that the system Eis started from an initial conditions x 0 E B(p, 0). 
In general, it is not possible to find an input sequence u that drives E(x 0) so that 
all states along the resulting trajectory are within B(p, 0), even in the case where no 
disturbances are present. In other words, as much as one would like to prevent 
further dispersion of the trajectory from the origin, it is usually impossible to 
maintain the entire trajectory within the ball of radius p, for every initial condition 
in that ball. 

Now, when E is globally reachable with reachability integer T/, and no disturb­
ances are present, it follows by (19) and (20) that an input sequence u for r can be 
found for which the resulting nominal state sequence x satisfies 

xkr, E B(p, 0) for all integers k ~ 0 (21) 

In other words, for this input sequence, the nominal trajectory re-enters the ball 
B(p, 0) at least once every rJ steps. 

Of course, since the values xkr,, k = I, 2, ... , can be assigned arbitrarily (by 
choosing an appropriate input sequence u), one could restrict these values even 
further, and force them to be within a ball of radius smaller than p. In the present 
discussion, however, we use (21) as our guiding requirement. We also assume that p 
is a specified design parameter. 

To summarize, we require the nominal trajectory x of the closed loop system 
(figure 1) to satisfy 

lxkl ~ LI - 8 and lxkr,I ~ p, k = 0, I, 2, ... 

where the first inequality takes into account the fact that a disturbance of amplitude 
not exceeding 8 may be added to the nominal trajectory at each step. 

In addition to the practical significance discussed so far, condition (21) also has 
important mathematical implications. As discussed below, this condition allows us 
to calculate a (8, Ll)-eigenset of the recursion function/ by examining only the first 
rJ steps of the recursion xk+I = f (xk, uk). This then yields a finite technique for the 
calculation of (8, Ll)-eigensets. 

To be somewhat more specific, but still assuming no disturbances are active, 
construct the following set of input lists. For every state x E B(p + 8, 0), let o?tµ(x) 
be the set of all input lists u0 , ... , ur,-I E R111 for which the state f Tl(x, u0, ... , uT/_1) 
belongs to B(p, 0). Of these input lists, let o/t(x) be the set of all input lists 
u0 , ••• , u77_ 1 E o// p(x) for which 

If i(x, uo(x), ... , ui-1 (x))I ~ LI - 8, i = 1, ... , rJ 

so that the state amplitude bound is not violated. Assume that o/t(x) -=I-0 for all 
x E B(p + 8, 0) ( otherwise, the design objective cannot be met). 
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For each list u0, ••• , u17_1 E 1?/t(x), construct the following set of (state, input) pairs 
through which the system passes 

S ( X, Uo, ... , U17- I ) : = { ( X, Uo), (f ( X, Uo) , U I ) , ••• , (/ 77- l ( X, Uo, ... , U17- 2) , U17- I )} 

which is a subset of R11 x R111
• Finally, combine all these (state input) pairs into one 

set 

S := LJ S(x, u0 , ..• , u17_1) 

xEB(p,0),110 , ••• ,u,1_ 1 Eo/l(x) 

which is again a subset of R11 x R111
• In view of the fact that for all x E B(p + 8, 0) we 

have f 17(x, u0 , .•. , u17_i) E B(p, 0), it follows that f [SJ c llxS, so that S is a con­
ditional invariant subset of the recursion function/. Note that the calculation of S 
involves only consideration of rJ iterations off. Every state obtained at step rJ is 
contained in the initial condition set B(p + 8, 0), and whence the previous input 
values can also be used for the steps rJ and beyond. Of course, this construction is 
facilitated by reachability. Incidentally, the set S also satisfies B(p, 0) c llxS and 
If [S]I :S; L1 - 8. 

The set S constructed above is not a (8, L1)-eigenset of the function/, since some 
effects of the disturbances have not been taken into account so far. Nevertheless, the 
technique used in the construction of S forms the basis of our derivation of a finite 
process for the calculation of (8, L1)-eigensets. We now proceed to develop this 
process. 

Consider a system E having the recursive representation X1c+i = f (x1c, uk). For an 
initial condition x E R11

, an integer i ~ 0, a list of input values u0 ,· ... , ui- l E Rm, and 
a real number 8 > 0, we construct recursively a subset f ~(x, u0, ... , ui_i) c R11 as 
follows. 

f ~ := N1lx) 

f ~(x, u0 , ... , uk_i) := f {N 0[f ~- I (x, u0 , ... , uk- 2)], N 8(uk- l )}, k = 1, ... , i 

In intuitive terms, the set/ ~(x, u0 , ... , ui-l) consists of all states the system can reach 
at the step i under the following conditions: the system is started from the nominal 
initial condition x and is driven by the nominal input list u0 , ... , u;- 1, while at each 
step the state value as well as the input value are disturbed by a disturbance of 
amplitude not exceeding 8. 

Now, let L1 > 0 be the specified bound on the disturbance effects, as in (7). Also, 
let fJ, p > 0 be two real numbers satisfying p + fJ::; L1. For a state x E B(p, 0), 
consider the set of all input lists u0(x), ... , u17_1 (x) E Rm for which the following 
hold. 

If ~(x, uo(x), ... , ui-1 (x))I ::; L1 - fJ for all i = 1, ... , rJ - 1 (22) 

and 

If J ( x, uo ( x) , ... , u11_ 1 ( x)) I ::; p (23) 

Note that these relations simply represent a finite set of inequalities based on the 
recursion function f of E. Using the solution of these inequalities we can build a 
(6, L1)-eigenset of the recursion function/ as follows. 
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First, for each state x E B(p, 0), let U(x, p, 6, L1) c (Rm)1' be the set of all input 
lists (u0 (x), ... , u1/_1 (x)) E (Rm)1' that satisfy (22) and (23). In other words, 
U(x, p, 8, L1) is the solution set of the inequalities (22) and (23). Assume that 
U(x, p, 8, L1) -I-0 for all x E B(p, O); conditions on the recursion function f of .r 
under which this assumption is valid are discussed later. 

Next, for a list (u0(x), ... , u1/_1 (x)) E U(x, p, 6, L1) and an integer i E 0, ... , 7J - 1, 
denote by 

·niuo(x), ... , u1J-l (x)) := ui(x) 

the projection onto the ith element of the list. Build the following subsets of 
R11 x R111

, consisting of state-input pairs. 

S0 := {(y,u): y E N8(x),x E B(p,O),u E 1r0 U(x,p,6,L1)} 

Si := {(y, u): y E / Hx, u0 (x), ... , ui-l (x)), x E B(p, 0), u E 1riU(x, p, 6, L1)}, 

i= 1, ... ,77- l 

Finally, combine these subsets into the set 

Sp(6, L1) := LJ Si (24) 
i=0, ... ,7)-l 

which is a subset of R11 x Rm. A slight reflection shows then that (22) and (23) imply 
the following. 

Theorem 3: Let E be a system with the recursive representation Xk+l = f (xk, uk), 
and assume there are real numbers L1 > 0, 6 > 0, and p > 0, where p + 6 ::; L1, for 
which the solution set U(x, p, 8, L1) of (22) and (23) is not empty for any x E B(p, 0). 
Then, the set Sp(6, L1) of (24) is a (8, L1)-eigenset of the recursion function f, and 
B(p, 0) c llxSp(6, L1). 

In view of the fact that Sp(6, L1) is obtained from the solution of the finite set of 
inequalities (22) and (23), we have a finite procedure for the calculation of (8, L1)­
eigensets of the recursion function/. In general, Sp(6, L1) is not equal to the maximal 
( 8, L1 )-eigenset off. Nevertheless, the maximal ( 8, L1 )-eigenset is not needed in order 
to construct a state feedback function according to Theorem 1. Using the procedure 
of Theorem 1, the eigenset Sp(8, L1) allows us to build a state feedback function <7 for 
which the closed loop system .Ea-permits disturbances of amplitude not exceeding 6, 
and may be started from any initial condition of magnitude not exceeding p, all 
without violating the bound L1 on the output sequence. 

Of course, when solving the inequalities (22) and (23), one has to obtain the 
largest possible value of 8 for which a solution exists. For the largest value of 8, 
the closed loop system .ra-permits the largest disturbance amplitudes possible within 
the framework of the present section. In this way, we have obtained a computable 
solution for the design of a state feedback function (]". 

As we can see, the critical step in this process is the solution of the set of inequal­
ities (22) and (23). It is therefore important to examine conditions under which these 
inequalities possess a non-empty solution set. Before turning to this examination, we 
provide an example. 

Example 2: Consider the system .r: S(R) -+ S(R2 ) with the following realization 
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In this case, 

x= (:;) 

and the recursion function is 

Iterating the recursion function we obtain 

f 2( ) _ (4x 1 + 2[(x1)2 + l]u0 + {[2x1 + [(xi)
2 + l]uo]2 + l}u 1) 

XI ' X2' Uo' U I -
2x1 + [(x1 )2 + 1 ]uo 

Take L1 = 1 and p = I /2. Then, we must have 8 ::; L1 - p = I /2, and (22) and (23) 
in this case lead to the following: For each /x/ ::; 1 /2, find u0 , u1 for which the 
inequalities 

/f(Y1,Y2,vo)I::; 1-8 

/! 2 (Y1,Y2, Vo, v1)/::; 1/2 

(a) 

(b) 

are valid for all y 1, y2, v0, v1 satisfying /y1 - x 1 / ::; 8, /y2 - x 2/ ::; 8, /v0 - u0 / ::; 8 and 
/v1 - ui/ ::; 8. It is usually easiest to solve these inequalities sequentially, by first 
solving the inequality (a), and then invoking (b) on the solution of (a). We adopt 
this technique below. 

Consider first inequality (a). Since the second component of (a) is x 1, we need 
1 /2 + 8 ::; 1 - 8, which requires 8 ::; 1 / 4. For the first component, we assign the 
nominal input value 

-2x 1 

Ux = (x1)2 + 1 
(c) 

which leads to a nominal value of O for the first component. For a given nominal x 1 

and disturbances 81 on x 1 and 82 on u, the value of the first component of (a) 
becomes (note that ux is determined by the nominal value of x 1) 

12(x 1 + 81) = [(x1 + 81)2 + 1] ( - ;xi + 82) I=: a, 
(xi) + 1 

(d) 

where jx1 / ::; p = 1/2, /81 / ::; 8, and /82 / ::; 8. To satisfy inequality (a), we need 
a 1 ::; 1 - 8, which, since 8::; 1/4, requires a 1 ::; 0.75. 

Now, due to the particular form of the recursion function/, the number a 1 is also 
the magnitude of the second component off 2

• In view of (b), we need therefore to 
require a 1 ::; 1 /2. A numerical examination shows that the largest value of 8 that 
satisfies the last requirement is approximately 8 = 0.16; for this value of 8, one has 
a 1 ::; 0.49 for all /x1/::; 1/2. 

Consider next inequality (b), using the feedback assignment represented by (c). 
Namely, denoting by f 1(x 1,x 2 , v0) the first component off (x 1,x 2, v0), set 
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-2xI 
u ----

0 - (xI)2 +I' 

From the preceding paragraph we have that lfI(xI,x 2 ,u0)1 < 1/2; thus, the argu­
ment used to show that inequality (a) holds for 8 = 0.16 implies that inequality (b) is 
also valid for 8 = 0.16. Consequently, 8 = 0.16 is a permissible value of 8 in this 
case; as mentioned earlier, this is approximately the maximal permissible value of 
8 in this case. According to (c), the feedback function here is given by 

-2xI 
O"(XI' Xz) = 2 

(xi) + I 
D 

We now turn to a discussion of some conditions under which the set of inequal­
ities (22) and (23) is guaranteed to have a solution for some values of the real 
numbers L1, 8, and p. The next statement shows that reachability guaranties the 
existence of a solution. 

Theorem 4: Let I: be a system having the recursive representation Xk+I = f (xk, Uk) 
with a continuous recursion function f Assume I: is everywhere locally reachable 
as well as globally reachable. Then, for every real number p > 0, there are real 
numbers 8, L1 > 0, where p + 8::; L1, for which the inequalities (22) and (23) have 
a non-empty solution set. 

Proof: Assume that the system I: is everywhere locally reachable as well as 
globally reachable, and let rJ be its reachability integer. Let p > 0 be a real 
number, and consider the ball B(2p, 0) in Rn. Since B(2p, 0) is a compact set, it 
follows from Proposition 4 that there is a real number µ > 0 that satisfies 
the following condition. For every point x E B(2p, 0), there is an input list 
uo(x), ... , u11-I (x) E [-µ, µr such that f 17(x, uo(x), ... , u11-I (x)) = 0: Denote by 
Bi (2µ, 0) the ball of radius 2µ around the origin in the space (Rm)1

, i = 1, ... , 'f/, 
and note that Bi(2µ, 0) is also a compact set. 

The continuity of the function f: Rn x Rm --+ Rn implies that all iterations 
f i: Rn x (Rm/--+ Rn, i = 1, ... , 'f/, are continuous functions. Consequently, com­
pactness of the above mentioned sets implies that, for each i = 1, ... , rJ, there is a real 
number Ni > 0 such that 

Let N := max {NI, ... , N 17, p }, and take 

LI:= 2N (25) 

Consider now the restriction of the function f i to the domain 
B(2p, 0) x Bi(2µ, 0) c Rn x (Rm)\ i =I, ... , rJ. Since this domain is compact and 
f i is a continuous function, it follows that f i is uniformly continuous over 
B(2p, 0) x Bi(2µ, 0). Consequently, for each i = 1, ... , 'f/ - 1, there is a real number 
Qi > 0 for which the following holds for all x E B(2p, 0): 

If i(x', v0 , ... , vi_i) - f i(x, u0 (x), ... , ui-I (x))I < Ni 

for all x' E B(2p, 0) satisfying Ix' - xi < Qi, and for all Vo, ... , vi-I E [-2µ, 2µr 
satisfying I ( v0 , ..• , vi-I) - (u0 (x), ... , ui-I (x) )I < Qi· Also, there is a real number 
Q 17 > 0 such that 
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If 71(x', v0 , ... , v71_ 1) - f 71(x, uo(x), ... , u71_ 1 (x))I < p 

for all x' E B(2p, 0) satisfying Ix' - xi < a 71, and for all v0 , ••. , v71_ 1 E [-2µ, 2µ]'11 
satisfying l(v0 , ... , v71_ 1) - (u0(x), ... , u71_ 1 (x))I < aw Set 

8 := min { a 1, ••• , a 71, p, µ, N} (26) 

It is then a direct consequence of (25) to (26) that (22) and (23) are satisfied for the 
present values of p, L1, and 8. This concludes our proof. D 

In particular, Theorem 4 shows that for a reachable system with a continuous 
recursion function, one can always find a robust state feedback controller that 
guarantees a bounded response over any prescribed range of initial conditions. 

Generally speaking, the largest disturbance amplitude 8 that can be permitted for 
a given system depends on the bound L1 imposed on the disturbance effects, on the 
characteristics of the recursion function f, and on the imposed initial condition 
radius p. For a specific recursion function f, there may be values of p and L1 for 
which the inequalities (22) and (23) have no solution. However, when the inequalities 
(22) and (23) have a solution for the desired values of L1 and p, the largest value of 8 
for which a solution exists can be calculated directly, as seen in Example 2. This 
value of 8 determines the largest disturbance amplitude within the framework of the 
present section. 
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