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ABSTRACT
The problem of reducing operating errors after a feedback disruption is considered for a class of non-
linear delay-di!erential systems. It is shown that there are optimal controllers that reduce such errors
in minimal time, once feedback has been restored. It is further shown that optimal performance can
be approximated by bang-bang controllers – controllers that are easy to design and implement.

1. Introduction

Delay-di!erential systems are encountered in many engi-
neering applications, including remotely controlled sys-
tems, systems a!ected by computational delays, and sys-
tems with signi"cant reaction times (e.g. Ailon & Gil,
2000; Bushnell, 2001; Imaida, Yokokohji, Doi, Oda, &
Yoshikawa, 2004; Sheridan & Ferrell, 1963). The present
paper concentrates on the control of delay-di!erential
systems in the aftermath of a feedback disruption. Feed-
back disruptions are quite common in engineering prac-
tice; they may occur as a result of malfunctions; poor
operating conditions (e.g. loss of line of sight to a satel-
lite); demands for stealthy operation; need to conserve
energy; or overload of feedback communication chan-
nels (Montestruque & Antsaklis, 2004; Nair, Fagnani,
Zampieri, & Evans, 2007; Zhivogyladov & Middleton,
2003). Feedback disruptions are also an integral aspect of
the operation of sampled-data control systems, where no
feedback is available between samples.

Basic principles of feedback control suggest that oper-
ating errors may increase during periods of feedback dis-
ruption. The current paper develops robust controllers
that reduce such operating errors in minimal time, once
feedback has been restored.

Consider the control con"guration of Figure 1. Here,
the controlled system ! is a nonlinear delay-di!erential
systemwith input signal u(t) and state x(t). The controller
C had su!ered a disruption in its feedback channel for
some time, until feedback was restored momentarily at
the time t = 0. At this time, C received the sample x(0) =
x0 of the state of!. Using this sample of the state, Cmust
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guide ! to reduce in minimal time any operating errors
that may have accumulated during open-loop operation.

After possibly shifting the state space coordinates of!,
we assume that nominal operation is at the zero state x =
0. The objective of the controller C is to bring ! to the
zero state as quickly as possible. Due to errors and uncer-
tainties prevalent in practice, it is not possible to bring
the state of ! exactly to the zero state. Instead, a devia-
tion of magnitude not exceeding " is allowed. Then, once
feedback has been restored, the goal of C is to guide ! to
reduce operating errors as quickly as possible to a level
of " or below. We show in Section 4 that optimal con-
trollers ful"lling this goal exist under rather broad con-
ditions. The main requirement for the existence of such
controllers is controllability of the system !.

Optimal controllers are often di#cult to design and
implement. In Section 5, we show that, without signi"-
cantly degrading performance, optimal controllers can be
replaced by controllers that generate bang-bang input sig-
nals for !. Such controllers are relatively easy to design
and implement, since bang-bang signals are characterised
by a "nite list of real numbers – their switching times.
All controllers developed in this paper are robust; they
can accommodate inaccuracies, modelling errors, and
uncertainties.

The current paper expands the work of Yu and
Hammer (2016a, 2016b) from systems described by
ordinary di!erential equations to systems described
by delay-di!erential equations. Our discussion depends
on the literature on min–max optimisation, including
Kelendzheridze (1961), Pontryagin, Boltyansky, Gamkre-
lidze, and Mishchenko (1962), Neustadt (1966, 1967),
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Figure . Control system.

Gamkrelidze (1965), Luenberger (1969), Young (1969),
Warga (1972), Chakraborty and Hammer (2007, 2008a,
2008b, 2008c, 2009a, 2009b, 2010), Chakraborty and
Shaikshavali (2009), the references cited in these works,
and many others. A discussion of recent advances in
the theory of delay-di!erential systems can be found
in Loiseau, Michiels, Niculescu, and Sipahi (2009),
Niculescu and Gu (2012), the references cited in these
works, and many others. Yet, it seems that there are no
earlier reports in the literature addressing the existence,
implementation, or approximation of optimal controllers
that reduce operating errors of delay-di!erential systems.

The paper is organised as follows. Section 2 intro-
duces the basic mathematical framework, and Section 3
presents a few preliminary facts. The existence of optimal
controllers is proved in Section 4, while Section 5 shows
that optimal performance can be approximated by bang-
bang controllers. Section 6 consists of an example, and
concluding remarks are given in Section 7.

2. Formal problem statement

2.1 Notation

As usual,R denotes the real numbers;R+ denotes the non-
negative real numbers; Rn is the set of all column vectors
with n real components; and Rn × m is the set of all n ×
m matrices with real entries. The absolute value of a real
number r is |r|; the L!-norm of a constant matrix A =(
ai j

)
∈ Rn×m is |A| = max i, j|aij|. For a matrix-valued

function of time v: R+ → Rn × m : t $→v(t), the L! −norm
is |v|∞ := supt≥0 |v(t )|, where |v|! := ! if there is no
supremum. The function v is bounded if |v|! < !. We
often refer to |v|! as the amplitude of v.

It is important to distinguish between the two norms
|v(t)| and |v|!: the "rst is the largest absolute value of an
entry of v(t) at the time t, while the second is the supremal
absolute value of the entries over time.

Due to physical constraints and component limita-
tions, practical systems often impose a boundon themax-
imal amplitude of their input signal. Thus, the system !

of Figure 1 imposes an amplitude bound of K > 0 on its
input signals; only input signals satisfying |u|! " K are
allowed.

2.2 The class of signals

We use the mathematical framework of Chakraborty and
Hammer (2009b, 2010). Let Lm be the linear space of
Lebesgue measurable functions f: R → Rm : t $→f(t) that
are zero at all times t< 0. For a real numberω > 0, denote
by Lω,m

2 the Hilbert space of functions f, g # Lm with the
inner product

〈
f , g

〉
:=

∫ ∞

0
e−ωs f T (s)g(s)ds, (2.1)

where fT is the transpose of f. Note that the inner product
(2.1) is bounded whenever f and g are bounded.

The class of permissible input signalsU(K) of the con-
trolled system ! of Figure 1 consists of all members of
Lω,m
2 that are bounded by K, i.e.

U (K) :=
{
u ∈ Lω,m

2 : |u|∞ ≤ K
}
. (2.2)

The following notation is convenient. Let D(t) be an
n × m matrix-valued function of time with the rows
D1(t), D2(t),… , Dn(t), where DT

j (t ) ∈ Lω,m
2 , j = 1, 2,… ,

n. Then, for a function g ∈ Lω,m
2 , denote

〈
D, g

〉
:=

n∑

j=1

〈
DT

j , g
〉
. (2.3)

2.3 The class of controlled systems

We consider input-a#ne systems described by delay-
di!erential equations of the form

! :
ẋ(t ) = a(t, x(t ), x(t − τ )) + b(t, x(t ), x(t − τ ))w(t )

+c(t, x(t ), x(t − τ ))w(t − τ ),

x(0) = x0.
(2.4)

Here, x(t) # Rn is the state and w(t) # Rm is the input
signal; τ > 0 is the time delay; and a: R× Rn × Rn → Rn:
(t, y, z)$→a(t, y, z), b:R×Rn ×Rn →Rn × m: (t, y, z)$→b(t,
y, z), and c: R × Rn × Rn → Rn × m: (t, y, z)$→c(t, y, z) are
continuous functions. The initial state x(0)= x0 is known,
having been communicated by the feedback when it was
restored momentarily at t = 0 (see Section 1).

Due to the delay time τ , the state x(t) at times t > 0
depends, among other quantities, on values of the input
signal w(t) during times t < 0. However, the input seg-
ment w(t), t < 0, is not under our control, since con-
trol action starts at t = 0. Therefore, we must distinguish
among input values received by ! before and after t =
0. We refer to input received before t = 0 as the residual
input signal v(t); there is no control over values of v(t).
Input received after t = 0 is the control input signal u(t),
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so that

w(t ) =
{

v(t ) t < 0,
u(t ) t ≥ 0.

(2.5)

Both v(t) and u(t) are Lebesgue measurable functions
bounded by K, and so is w(t). The signal v is a remnant
of past operating policies; the control input signal u(t) is
speci"cally designed to achieve our control objective of
reducing operating errors in minimal time. The design of
u is the subject of this paper.

To incorporatemodelling uncertainties and errors into
our discussion, we decompose the functions a, b, and c of
(2.4) into two parts: speci"ed parts a0, b0, c0 that represent
the nominal model and unspeci"ed parts aγ , bγ , cγ that
represent modelling uncertainties and errors:

a(t, y, z) = a0(t, y, z) + aγ (t, y, z),
b(t, y, z) = b0(t, y, z) + bγ (t, y, z),
c(t, y, z) = c0(t, y, z) + cγ (t, y, z). (2.6)

Here, a0: R × Rn × Rn → Rn, b0: R × Rn × Rn → Rn × m,
and c0: R × Rn × Rn → Rn × m are speci"ed continuous
functions, while aγ : R × Rn × Rn → Rn, bγ : R× Rn × Rn

→ Rn × m, and cγ : R × Rn × Rn → Rn × m are unknown
continuous functions. All functions are subject to the fol-
lowing Lipschitz conditions at all times t and for all y, z,
y′, z′ # Rn:

∣∣a0(t, y′, z′) − a0(t, y, z)
∣∣ ≤ αmax

{∣∣y′ − y
∣∣ ,

∣∣z′ − z
∣∣} ,

∣∣b0(t, y′, z′) − b0(t, y, z)
∣∣ ≤ αmax

{∣∣y′ − y
∣∣ ,

∣∣z′ − z
∣∣} ,

∣∣c0(t, y′, z′) − c0(t, y, z)
∣∣ ≤ αmax

{∣∣y′ − y
∣∣ ,

∣∣z′ − z
∣∣} ,

a0(t, 0, 0) = 0, |b0(t, 0, 0)| ≤ α, |c0(t, 0, 0)| ≤ α;
(2.7)

∣∣aγ (t, y′, z′) − aγ (t, y, z)
∣∣ ≤ γ max

{∣∣y′ − y
∣∣ ,

∣∣z′ − z
∣∣} ,

∣∣bγ (t, y′, z′) − bγ (t, y, z)
∣∣ ≤ γ max

{∣∣y′ − y
∣∣ ,

∣∣z′ − z
∣∣} ,

∣∣cγ (t, y′, z′) − cγ (t, y, z)
∣∣ ≤ γ max

{∣∣y′ − y
∣∣ ,

∣∣z′ − z
∣∣} ,

aγ (t, 0, 0) = 0,
∣∣bγ (t, 0, 0)

∣∣ ≤ γ ,
∣∣cγ (t, 0, 0)

∣∣ ≤ γ ,

(2.8)

where α, γ > 0 are speci"ed real numbers. The number
γ represents modelling uncertainties and is regarded as
small. The nominal system is

!0 :
ẋ(t ) = a0(t, x(t ), x(t − τ )) + b0(t, x(t ), x(t − τ ))w(t )

+c0(t, x(t ), x(t − τ ))w(t − τ ),

x(0) = x0.
(2.9)

In addition to uncertainty about the model of!, there
is also uncertainty about the residual input signal v. To

describe this uncertainty, let v0: R → Rm be a Lebesgue
measurable function bounded by K that forms the nom-
inal residual input signal. Let Vγ (v0) be the family of
all Lebesgue measurable functions v: R → Rm that are
bounded by K and di!er by no more than γ from v0,
namely,

Vγ (v0) :=




v : R → Rm
∣∣∣∣
|v(t ) − v0(t )| ≤ t < 0,
γ and |v(t )| ≤ K,

v(t ) = 0, t ≥ 0.






(2.10)

The actual residual input signal v is not known precisely;
it is only known that v # Vγ (v0). This represents an
uncertainty about the residual input signal.

Notation 2.1: Let !0 be the nominal system of (2.9),
let v0 be the nominal residual input signal, and let γ >

0 be a real number. The family of systems Fγ (!0) con-
sists of all systems ! of the form (2.4), where the func-
tions a, b, and c satisfy (2.6), (2.7), and (2.8), and aγ , bγ ,
and cγ are unspeci"ed continuous functions. All mem-
bers of Fγ (!0) have the same initial state x(0) = x0; all
have received the same unspeci"ed residual input signal
v # Vγ (v0); and all receive the same control input signal
u # U(K). The state of ! at a time t is denoted by x(t) =
!(x0, v, u, t) = !(x0, w, t).

A stationary state is a state at which a system remains
when its input is zero. The following is a direct conse-
quence of (2.4) (2.6), (2.7), and (2.8).

Proposition 2.1: The zero state is a stationary point of
every member of Fγ (!0).

As every practical systemhad started from rest at some
point in the past, we adopt the following.

Convention 2.1: There is an activation time ta < 0 prior
to which all members ! ∈ Fγ (!0) were at the zero state
and had received zero input. !

2.4 The control objective

Assuming that the state coordinates of the controlled sys-
tem ! have been appropriately shifted, we consider the
zero state x= 0 as the target state of!. The control objec-
tive is then to bring ! as quickly as possible from the ini-
tial state x0 to the vicinity of the zero state. Due to the
presence of uncertainties and errors, it is, of course, not
possible to bring ! exactly to the zero state; instead, a
tolerable deviation " > 0 from the zero state is speci"ed.
Referring to " as the operating error bound, the control
objective is to bring ! as quickly as possible to a state x
satisfying xTx " ", or, equivalently, to a state x within the



domain

ρ(") := {x ∈ Rn|xTx ≤ "}. (2.11)

This control objectivemust be achieved without knowing
whichmember ofFγ (!0) is the controlled system!, and
which member of Vγ (v0) is the residual input signal v.

Consider a member ! ∈ Fγ (!0) with the residual
input signal v # Vγ (vo) and the control input signal u #
U(K). The shortest time t(x0, !, v, u) it takes for the state
x(t) = !(x0, v, u, t) to go from the initial state x0 to the
domain ρ(") is

t(x0, !, v, u) = inf
t≥0

{
!T (x0, v, u, t )!(x0, v, u, t ) ≤ "

}
,

(2.12)

where t(x0, !, v, u) = ! if a state x # ρ(") cannot be
reached.

Now, we do not actually know which member of
Fγ (!0) the system ! is, nor do we know which member
ofVγ (v0) the residual input signal v is. Therefore, the con-
trol input signal u must bring the state of every member
ofFγ (!0) into the set ρ("), irrespective of which residual
input signal v # Vγ (v0) was received. The "rst time t(x0,
γ , ", u) at which u can bring every member ! ∈ Fγ (!0)
from the initial state x0 into ρ("), irrespective of which
residual input signal v # Vγ (v0) was received, is

t(x0, γ , ", u)

= inf
t≥0








 sup
! ∈ Fγ (!0 )
v ∈ Vγ (v0)

!T (x0, v, u, t )!(x0, v, u, t )



 ≤ "





;

(2.13)

here, t(x0, γ , ", u) = ! if u cannot bring every member
! ∈ Fγ (!0) into ρ(") for every residual input signal v#
Vγ (v0).

Finally, the shortest time t*(x0, γ , ") within which any
control input signal u#U(K) can bring all members! ∈
Fγ (!0) into ρ("), irrespective of which residual input
signal v # Vγ (v0) was used, is

t∗(x0, γ , ") = inf
u∈U (K)

t(x0, γ , ", u); (2.14)

here, t*(x0, γ , ")= ! if the in"mum does not exist, i.e., if
no permissible control input signal can achieve the con-
trol objective.

When t*(x0, γ , ") < !, we have to answer the follow-
ing critical question: is there a control input signal u*(x0,
γ , ") # U(K) that achieves the time t*(x0, γ , ") so that

t∗(x0, γ , ") = t(x0, γ , ", u∗(x0, γ , ")). (2.15)

Recall that the same input signal must be used for all
systems ! ∈ Fγ (!0) and all residual input signals v #
Vγ (v0), since the exact systemand the exact residual input
signal are not known. We show in Section 4 that an opti-
mal control input signal u*(x0, γ , ") does exist whenever
the nominal system!0 is controllable and the uncertainty
parameter γ is not excessively large.

An optimal control input signal u*(x0, γ , ") may not
be easy to implement. In general, u*(x0, γ , ") is a vector-
valued function of time; the calculation and implementa-
tion of vector-valued functions of time is,more often than
not, a vexing task. An important objective of our discus-
sion is to develop control input signals that achieve close-
to-optimal performance, while being relatively easy to
calculate and implement. We show in Section 5 that opti-
mal performance can be closely approximated by bang-
bang control input signals. Bang-bang signals are piece-
wise constant signals, whose components switch between
the extremal values of K and −K. Bang-bang signals are
relatively easy to calculate and implement, since they are
basically determined by a "nite list of real numbers – their
switching times. In summary, our discussion centres on
the following issues.

Problem 2.1: Let K, γ , " > 0 be real numbers. Let
Fγ (!0) be the family of systems of Notation 2.1 with the
initial condition x0; let Vγ (v0) be the family of residual
input signals of (2.10); and let ρ(") be given by (2.11).

(i) Find under what conditions there exists an optimal
control input signal u*(x0, γ , ") that satis"es (2.15).

(ii) If u*(x0, γ , ") exists, "nd simple-to-calculate-
and-implement control input signals that closely
approximate optimal performance.

We show in Section 3 that optimal control input sig-
nals u*(x0, γ , ") exist under rather broad conditions. The
main requirement for the existence of u*(x0, γ , ") is a
certain controllability condition called K-controllability
(see Section 3). One would expect that controllability is
involved, since it must be possible to drive every member
of Fγ (!0) into the vicinity of the origin. Among other
factors, K-controllability depends on a favourable rela-
tionship between the initial state x0 and the input ampli-
tude bound K (see Section 3).

Furthermore, we show in Section 3 that it is enough
to verify K-controllability for the nominal system !0; K-
controllability of the nominal system !0 is su#cient to
guarantee the existence of an optimal solutionu*(x0, γ , "),
as long as the uncertainty parameter γ is not exces-
sively large. Other members ofFγ (!0) do not have to be
checked individually for K-controllability.
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Regarding Problem 2.1(ii), we show in Section 5 that
optimal performance can be closely approximated by
bang-bang input signals. Bang-bang signals are usually
easier to calculate and implement than optimal signals.

3. Underlying facts

3.1 Escape times

An escape time is a "nite time at which the response of a
system diverges. We show now that systems of the fam-
ily Fγ (!0) have no escape times, namely, their response
is bounded at "nite times; of course, the response may
diverge as t → !.

Lemma 3.1: For every time T $ 0, there is a real number
M(T) $ 0 such that |!(x0,v, u, t)| " M(T) for all t # [0,
T], for all ! ∈ Fγ (!0), for all v # Vγ (v0), and for all u #
U(K).

Proof: Let ! be a member of Fγ (!0), let t1 < t2 be two
times, let t # (t1, t2], and let w be a Lebesgue measurable
input signal bounded by K. Then, by (2.4), we can write

x(t ) = x(t1) +
∫ t
t1

[
a(s, x(s), x(s − τ ))

+b(s, x(s), x(s − τ ))w(s)

+c(s, x(s), x(s − τ ))w(s − τ )

]
ds.

= x(t1) +
∫ t
t1 [a(s, x(s), x(s − τ )) − a(s, 0, 0)]ds

+
∫ t
t1{[b(s, x(s), x(s − τ )) − b(s, 0, 0)]w(s)

+b(s, 0, 0)w(s)}ds
+

∫ t
t1{[c(s, x(s), x(s − τ )) − c(s, 0, 0)]w(s − τ )

+c(s, 0, 0)w(s − τ )}ds.

Using (2.6), (2.7), and (2.8), together with the fact that w
is bounded by K, we obtain

|x(t )| ≤ |x(t1)| + (α + γ )(t − t1) sup
s∈[t1−τ,t]

|x(s)|

+ (α + γ )(t − t1) sup
s∈[t1−τ,t]

|x(s)|K

+ (α + γ )(t − t1)K
+ (α + γ )(t − t1) sup

s∈[t1−τ,t]
|x(s)|K

+ (α + γ )(t − t1)K.

Then, since sups∈[t1−τ,t] |x(s)| ≤ sups∈[t1−τ,t1] |x(s)| +
sups∈[t1,t] |x(s)|, we get

sup
t∈[t1,t2]

|x(t )| ≤ |x(t1)| + 2(α + γ )(t2 − t1)K

+ (α + γ )(1 + 2K)(t2 − t1) sup
t∈[t1−τ,t1]

|x(t )|

+ (α + γ )(1 + 2K)(t2 − t1) sup
t∈[t1,t2]

|x(t )|.

(3.1)
Next, choose a real number µ > 0 that satis"es the

inequality (α + γ )(1 + 2K)µ < 1; note that µ depends
only on the speci"ed constants α, γ , and K. Setting

t2 = t1 + µ,

and moving the last term of (3.1) to the left side of the
inequality, we get

[1 − (α + γ )(1 + 2K)µ] sup
t∈[t1,t1+µ]

|x(t )|

≤ |x(t1)| + 2(α + γ )µK
+2(α + γ )µK sup

t∈[t1−τ,t1]
|x(t )|.

Considering that |x(t1)| ≤ supt∈[t1−τ,t1] |x(t )|, and de"n-
ing the ratios

η1 :=
2(α + γ )µK

[1 − (α + γ )(1 + 2K)µ]
,

η2 :=
[1 + 2(α + γ )µK]

[1 − (α + γ )(1 + 2K)µ]
,

yields

sup
t∈[t1,t1+µ]

|x(t )| ≤ η1 + η2 sup
t∈[t1−τ,t1]

|x(t )|. (3.2)

Note thatµ, η1, and η2 depend only on the speci"ed con-
stants α, γ , and K.

Next, referring to the activation time ta < 0 of Con-
vention 2.1, let r be the smallest integer satisfying r $ (T
− ta)/µ; build the partition

[ta,T] ⊆ {[ta, ta + µ], [ta + µ, ta + 2µ], . . . ,
× [ta + (r − 1)µ, ta + rµ]}. (3.3)

Let q be the smallest integer satisfying q $ τ /µ, and note
that

sup
t∈[t1−τ,t1]

|x(t )| ≤ sup
t∈[t1−qµ,t1]

|x(t )|

≤
q−1∑

j=0

(

sup
t∈[t1−( j+1)µ,t1− jµ]

|x(t )|
)

. (3.4)
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Note also that, by Convention 2.1 and Proposition 2.1, we
have

x(t ) = 0, t ≤ ta. (3.5)

Furthermore, for an integer k, de"ne the scalar

ζk := sup
t∈[ta+(k−1)µ,ta+kµ]

|x(t )|.

Then, setting t1 := ta + kµ, we obtain from (3.2) and (3.4)
the relation

ζk+1 ≤ η1 + η2

q−1∑

j=0

ζk− j, (3.6)

a linear recursive relation with step counter k. According
to (3.5), this relation has the initial conditions

ζk = 0 for all k ≤ 0. (3.7)

Using well-established properties of linear recursions, it
follows by (3.6) and (3.7) that there are real numbers d1,
d2, … $ 0 satisfying

|ζk| ≤ dkη1, k = 1, 2, . . . , (3.8)

where d1, d2, … depend only on η2 and on k. Recalling
from (3.3) that T " rµ + ta, this shows that

sup
t∈[0,T]

|x(t )| ≤ sup
t∈[ta,T ]

|x(t )| ≤ η1

r∑

k=1

dk.

Setting M(T ) := η1
∑r

k=1 dk, we have supt∈[0,T] |x(t )| ≤
M(T ). AsM(T) depends only onα, γ ,K, andT, our proof
concludes. !

Considering that the functions a, b, and c of (2.4) are
continuous functions, and recalling that continuous func-
tions map compact domains into bounded domains, we
obtain the following implication of Lemma 3.1.

Corollary 3.1: Let ! be a system described by (2.4) with
the functions a, b, and c, and let x(t) := !(x0, v, u, t) be the
state of ! in response to a residual input signal v # Vγ (v0)
and a control input signal u # U(K). Then, for every time
T $ 0, there is a real number B(T) $ 0 such that

sup
0≤t≤T

{|a(t, x(t ), x(t − τ ))|, |b(t, x(t ), x(t − τ ))|,

|c(t, x(t ), x(t − τ ))|} ≤ B(T )

for all v # Vγ (v0), all ! ∈ Fγ (!0), and all u # U(K).

3.2 Controllability

Recall that our objective is to bring the controlled sys-
tem ! of Figure 1 from its initial state x0 to a state in
the domain ρ(").Whether this is possible or not depends,
among other factors, on the relationship between the
initial state x0 and the value of the input bound K.
For instance, consider the scalar linear system ẋ(t ) =
5x(t ) + u(t ) with the initial state x0 = 2, input ampli-
tude bound K = 2, and operating error bound " = 1.
Since the derivative of x(t) cannot bemade negative under
the given conditions, no input signal with amplitude
bounded by 2 can drive the state from x0 = 2 into ρ(1).
However, raising the input bound to, say,K= 11, makes it
possible to bring the state from x0 into ρ(1). These simple
considerations lead us to the following notion.

De!nition 3.1: Asystem! with initial state x0 and resid-
ual input v is K-controllable if there is a control input sig-
nal uc # U(K) and a time tc $ 0 such that !(x0, v, uc,
tc) = 0.

The next statement shows that, if the uncertainty
parameter γ is not too large, then K-controllability of the
nominal system !0 guarantees a somewhat weaker form
of controllability for the entire family of systemsFγ (!0).

Proposition 3.1: Assume that the nominal system !0 of
(2.9) is K-controllable with the initial state x0 and the nom-
inal residual input signal v0. Then, for every real number
" > 0, there is a real number γ > 0 for which the follow-
ing is true: there is a control input signal uγ # U(K) and a
time tγ $ 0 such that!(x0, v, uγ , tγ )# ρ(") for all systems
! ∈ Fγ (!0) and all residual input signals v # Vγ (v0).

Proof: As the nominal system !0 is K-controllable with
the initial state x0 and the nominal residual input signal
v0, there are, by De"nition 3.1, a control input signal uc #
U(K) and a time tc $ 0 such that the state x(t) :=!0(x0, v0,
uc, t) satis"es x(tc) = 0. Using the same control input sig-
nal uc, let xγ (t) := !(x0, v, uc, t) be the response of a sys-
tem ! ∈ Fγ (!0) with residual input signal v # Vγ (v0).
Set ξ (t) := xγ (t)− x(t), and note that ξ (0)= xγ (0)− x(0)
= x0 − x0 = 0.

Let ta be the activation time of Convention 2.1, and
consider the input signals

w0(t ) :=






0 for t ≤ ta,
v0(t ) for ta ≤ t ≤ 0,
uc(t ) for t ≥ 0;

wγ (t ) :=






0 for t ≤ ta,
v(t ) for ta ≤ t ≤ 0,
uc(t ) for t ≥ 0.

(3.9)
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Note thatw0(t) andwγ (t) di!er only in the residual input.
Let t1 and t2 be two times, where ta " t1 < t2 " tc, and let
t # (t1, t2]. Then, using (2.4), (2.6), and (2.9), and recall-
ing from (2.7) and (2.8) that a0(s, 0, 0) = aγ (s, 0, 0) = 0,
we can write

ξ (t ) = ξ (t1) +
∫ t

t1
[a0(s, xγ (s), xγ (s − τ ))

− a0(s, x(s), x(s − τ ))]ds

+
∫ t

t1
[aγ (s, xγ (s), xγ (s − τ )) − aγ (s, 0, 0)]ds

+
∫ t

t1
[b0(s, xγ (s), xγ (s − τ ))

− b0(s, x(s), x(s − τ ))]wγ (s)ds

+
∫ t

t1
[bγ (s, xγ (s), xγ (s − τ ))

− bγ (s, 0, 0)]wγ (s)ds +
∫ t

t1
bγ (s, 0, 0)wγ (s)ds

+
∫ t

t1
[b0(s, x(s), x(s − τ )) − b0(s, 0, 0)][wγ (s)

− w0(s)]ds +
∫ t

t1
b0(s, 0, 0)[wγ (s) − w0(s)]ds

+
∫ t

t1
[c0(s, xγ (s), xγ (s − τ ))

− c0(s, x(s), x(s − τ ))]wγ (s − τ )ds

+
∫ t

t1
[cγ (s, xγ (s), xγ (s − τ ))

− cγ (s, 0, 0)]wγ (s − τ )ds

+
∫ t

t1
cγ (s, 0, 0)wγ (s − τ )ds

+
∫ t

t1
[c0(s, x(s), x(s − τ ))

−c0(s, 0, 0)][wγ (s − τ ) − w0(s − τ )]ds

+
∫ t

t1
c0(s, 0, 0)[wγ (s − τ ) − w0(s − τ )]ds.

Now, apply (2.7) and (2.8); recall that |wγ (s)| " K and
|w0(s)|"K; note that |wγ (s)−w0(s)|" γ for all s by (3.9)
and (2.10); and let t vary between t1 and t2. This yields

sup
t∈[t1,t2]

|ξ (t )| ≤ |ξ (t1)| + α sup
t∈[t1−τ,t2]

|ξ (t )|(t2 − t1)

+ γ sup
t∈[t1−τ,t2]

|xγ (t )|(t2 − t1)

+α sup
t∈[t1−τ,t2]

|ξ (t )|K(t2 − t1)

+ γ sup
t∈[t1−τ,t2]

|xγ (t )|K(t2 − t1) + γK(t2 − t1)

+α sup
t∈[t1−τ,t2]

|x(t )|γ (t2 − t1)

+αγ (t2 − t1) + α sup
t∈[t1−τ,t2]

|ξ (t )|K(t2 − t1)

+ γ sup
t∈[t1−τ,t2]

|xγ (t )|K(t2 − t1) + γK(t2 − t1)

+α sup
t∈[t1−τ,t2]

|x(t )|γ (t2 − t1) + αγ (t2 − t1).

(3.10)

Next, for any function g(t), we can write

sup
t∈[t1−τ,t2]

|g(t )| ≤ sup
t∈[t1−τ,t1]

|g(t )| + sup
t∈[t1,t2]

|g(t )|.(3.11)

Applying (3.11) to the terms in (3.10), denotingµ := t2 −
t1, and using the boundM(tc) of Lemma 3.1, we obtain

sup
t∈[t1,t2]

|ξ (t )| ≤ |ξ (t1)| + α(1 + 2K)µ

×
[

sup
t∈[t1,t2]

|ξ (t )| + sup
t∈[t1−τ,t1]

|ξ (t )|
]

+ γ [(1 + 2K + 2α)M(tc) + 2(K + α)]µ.

(3.12)

Next, choose the numberµ to satisfyα(1 + 2K)µ < 1, and
de"ne the numbers

η1 :=
1

1 − α(1 + 2K)µ
, η2 :=

α(1 + 2K)µ

1 − α(1 + 2K)µ
,

η3 :=
[(1 + 2K + 2α)M(tc) + 2(K + α)]µ

1 − α(1 + 2K)µ
.

Note that µ, η1, η2, and η3 are positive and depend only
on the speci"ed parameters α, γ , andK. Substituting into
(3.12), we get

sup
t∈[t1,t1+µ]

|ξ (t )| ≤ η1|ξ (t1)| + η2 supt∈[t1−τ,t1] |ξ (t )| + γ η3.(3.13)

Furthermore, let r $ (tc − ta)/µ and q $ τ /µ be the
smallest integers satisfying these inequalities. Build the
partition

[ta − τ, tc] ⊆ {[ta − qµ, ta − (q − 1)µ], [ta − (q − 1)µ, ta
−(q − 2)µ], . . . , [ta + (r − 1)µ, ta + rµ]}.

For an integer j, de"ne the real number

ζ j := sup
t∈[ta+( j−1)µ,ta+ jµ]

|ξ (t )|. (3.14)

Now, select t1 := ta + kµ and note that, for this t1, we have
|ξ (t1)| " ζ k. Then, we can rewrite (3.13) in the form

ζk+1 ≤ η1ζk + η2

q−1∑

j=0

ζk− j + γ η3, k = −q,−q + 1, . . . , r − 1,

ζk = 0 for all k ≤ −q.
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Using well-established features of linear recursions and
an argument similar to the one used in the proof of
Lemma 3.1, we conclude that there is a real number
M $ 0 such that ζ k " γM for all k # { − q, −q + 1,… ,
r}. In view of (3.14), this yields

sup
t∈[ta,tc]

|ξ (t )| ≤ γM. (3.15)

In particular, |ξ (tc)| " γM. Thus, referring to (2.11) and
recalling that the state of ! is of dimension n, it follows
that every γ > 0 satisfying

γ <

√
"/n
M

ful"ls the statement of the proposition at the time tγ = tc
with the control input signal uγ = uc. This concludes our
proof. !

Proposition 3.1 shows that, as long as uncertainties are
not excessive, K-controllability of the nominal system!0
guarantees that there is a control input signal that brings
allmembers of the familyFγ (!0) into the domain ρ(") at
the same time. For such uncertainty, we show in the next
section that an optimal control input signal u*(x0, γ , ")
exists.

4. Optimal solutions

We show now that an optimal solution of Problem 2.1(i)
exists under rather general conditions, as follows.

Theorem4.1: Assume that the nominal system!0 of (2.9)
is K-controllable with the initial state x0 and the nominal
residual input signal v0, and let γ > 0 be a real number
satisfying the condition of Proposition 3.1 for the operating
error bound " > 0. Then,

(i) There is a !nite minimal time t*(x0, γ , "), and
(ii) There is an optimal control input signal u*(x0, γ ,

") # U(K) satisfying t*(x0, γ , ") = t(x0, γ , ",
u*(x0, γ , ")).

The proof of Theorem 4.1 is stated later in this sec-
tion. It is based on the GeneralisedWeierstrass Theorem,
which, crudely stated, says that a continuous functional
attains extremal values in a compact domain. In our case,
it turns out that the set of input signals U(K) is compact
in a certain sense and the minimal time t(x0, γ , ", u) of
(2.13) is a continuous functional of the control input sig-
nal u (in a certain sense). The Generalised Weierstrass
Theorem then implies that the functional t(x0, γ , ", u)
attains aminimumwithinU(K). This proves the existence

of an optimal control input signal u*(x0, γ , "). To for-
malise these arguments, we need to review a few notions
(e.g. Lusternik & Sobolev, 1961).
De!nition 4.1: LetH be aHilbert space with inner prod-
uct 〈 ·, ·〉.

(i) A sequence u1, u2, … of members of H converges
weakly to a member u # H if limi → !〈ui, y〉 = 〈u,
y〉 for every y # H.

(ii) A subset W of H is weakly compact if every
sequence of members ofW has a subsequence that
converges weakly to a member ofW.

The following statement is from Chakraborty and
Hammer (2009b, 2010).
Lemma 4.1: The set of control input signals U(K) of (2.2)
is weakly compact in the topology of the Hilbert space Lω,m

2 .

Our discussion depends on the following weaker
notions of continuity (e.g. Zeidler, 1985).
De!nition 4.2: Let S be a subset of aHilbert spaceH, and
let z be a point of S. A functional F: S→ R isweakly lower
semi-continuous at z if the following holds true whenever
F is "nite at z: for every sequence {zi}∞i=1 ⊆ S that con-
verges weakly to z and for every real number ε > 0, there
is an integer N > 0 such that F(z) − F(zi) < ε for all
i$N. If F is weakly lower semi-continuous at every point
z # S, then F is weakly lower semi-continuous over S.

A function G: S × R → Rn : (s, t)$→G(s, t) is weakly
continuous at a point z # S at a time t if the following is
true for every sequence {zi}∞i=1 ⊆ S that converges weakly
to z: for every real number ε > 0, there is an integer N >

0 such that |G(z, t) − G(zi, t)| < ε for all i $ N. If G is
weakly continuous at every point z # S at the time t, then
G is weakly continuous over S at the time t.

The function G is uniformly weakly continuous over a
time interval [t1, t2] if the following is true for every point
z # S and for every sequence {zi}∞i=1 ⊆ S that converges
weakly to z: for every real number ε > 0, there is an inte-
ger N > 0 such that |G(z, t) − G(zi, t)| < ε for all i $ N at
all times t # [t1, t2].

The following statement shows that all systems under
consideration are weakly continuous functions of the
control input signal.
Lemma 4.2: Let ! be a member of the family Fγ (!0),
and let v # Vγ (v0) be a residual input signal. Then, the
response !(x0, v, u, t) : U(K) → Rn : u $→!(x0, v, u, t)
forms a uniformly weakly continuous function over every
!nite interval of time.

Proof: Let {ui}∞i=1 ⊆ U (K) be a sequence of control
input signals that converges weakly to a control input
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signal u # U(K), and "x a time t $ 0. We show "rst
that the sequence {!(x0, v, ui, t )}∞i=1 converges to !(x0,
v, u, t). Referring to the activation time ta of Con-
vention 2.1, de"ne, for each integer i = 1, 2,… , the
signals

w(t ) =
{

v(t ) t ∈ [ta, 0),
u(t ) t ≥ 0;

wi(t ) =
{

v(t ) t ∈ [ta, 0),
ui(t ) t ≥ 0.

Denote x(t, w) := !(x0, v, u, t) and x(t, wi) := !(x0, v, ui,
t), and consider the di!erence x(t, i) := x(t, w) − x(t, wi),
i = 1, 2, …. As x(t, wi) and x(t, w) start from the initial
state x(0) = x0, we have x(0, i) = 0, i = 1, 2, …. Now, let
t2 > t1 $ 0 be two times, and let t # (t1, t2]. Then, using
(2.4), we can write

x(t, i) = x(t1, i) +
∫ t

t1
[a(s, x(s, w), x(s − τ, w))

− a(s, x(s, wi), x(s − τ, wi))]ds

+
∫ t

t1
[b(s, x(s, w)), x(s − τ, w))

− b(s, s, x(s, wi), x(s − τ, wi))]wi(s)ds

+
∫ t

t1
b(s, x(s, w), x(s − τ, w))(w(s)

− wi(s))ds +
∫ t

t1
[c(s, x(s, w), x(s − τ, w))

− c(s, x(s, wi), x(s − τ, wi))]wi(s − τ )ds

+
∫ t

t1
c(s, x(s, w), x(s − τ, w))(w(s − τ )

− wi(s − τ ))ds.

Applying (2.7) and (2.8) together with the fact
that |w(t)| " K and |wi(t)| " K for all t, we
get

sup
t1≤t≤t2

|x(t, i)| ≤ |x(t1, i)| + (α + γ ) sup
t1−τ≤t≤t2

|x(t, i)|(t2 − t1)

+ 2(α + γ ) sup
t1−τ≤t≤t2

|x(t, i)|K(t2 − t1)

+ sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
b(s, x(s,w), x(s − τ, w))(w(s) − wi(s))ds

∣∣∣∣

+ sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
c(s, x(s, w), x(s − τ, w))(w(s − τ )

−wi(s − τ ))ds
∣∣∣∣. (4.1)

Using the fact that supt1−τ≤t≤t2 |x(t, i)|
≤ supt1−τ≤t≤t1 |x(t, i)| + supt1≤t≤t2 |x(t, i)|, and

rearranging terms, we obtain

(1 − (α + γ )(1 + 2K)(t2 − t1)) sup
t1≤t≤t2

|x(t, i)|

≤ |x(t1, i)| + (α + γ )(1 + 2K)(t2 − t1) sup
t1−τ≤t≤t1

|x(t, i)|

+ sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
b(s, x(s,w), x(s − τ, w))(w(s) − wi(s))ds

∣∣∣∣

+ sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
c(s, x(s,w), x(s − τ, w))(w(s − τ )

−wi(s − τ ))ds
∣∣∣∣. (4.2)

Now, let µ > 0 be a real number satisfying (1 − (α +
γ )(1 + 2K)µ) > 0, and set t2 := t1 + µ. Denote

η4 := (1 − (α + γ )(1 + 2K)µ)−1 ,

η5 := η4(α + γ )(1 + 2K)µ, (4.3)

and note that |x(t1, i)| ≤ supt1−τ≤t≤t1 |x(t, i)|. Then, (4.2)
can be rewritten in the form

sup
t1≤t≤t2

|x(t, i)| ≤ (η4 + η5) sup
t1−τ≤t≤t1

|x(t, i)|

+ η4 sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
b(s, x(s, w), x(s − τ, w))(w(s)

− wi(s))ds
∣∣∣∣

+ η4 sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
c(s, x(s, w), x(s − τ, w))(w(s − τ )

− wi(s − τ ))ds
∣∣∣∣. (4.4)

To examine the last two terms of (4.4), de"ne two
matrix functions ybt , yct : R → Rm×n at a "xed time t$ t1:

ybt (s) :=
{
eωsbT (s, x(s,w), x(s − τ,w)) t1 ≤ s ≤ t,
0 else.

yct (s) :=
{
eωscT (s, x(s,w), x(s − τ,w)) t1 ≤ s ≤ t,
0 else.

Then, denoting wτ (s) := w(s − τ ) and wτ i(s) := wi(s −
τ ), and using the inner product (2.1), (2.3), we can write

sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
b(s, x(s, w), x(s − τ, w))[w(s) − wi(s)]ds

∣∣∣∣

= sup
t1≤t≤t2

∣∣〈ybt , w − wi
〉∣∣ ,

sup
t1≤t≤t2

∣∣∣∣

∫ t

t1
c(s, x(s, w), x(s − τ, w))[w(s − τ )

−wi(s − τ )]ds
∣∣∣∣ = sup

t1≤t≤t2

∣∣∣∣
〈
yct , wτ − wτ i

〉∣∣∣∣.
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Now, as the sequence {wi}∞i=1 converges weakly to
w, it is also true that the sequence {wτ i}∞i=1 con-
verges weakly to wτ . Therefore, there is, for every
real number β > 0, an integer Nt > 0 for which
max

{∣∣〈ybt , w − wi
〉∣∣ ,

∣∣〈yct , wτ − wτ i
〉∣∣} < β for all i $

Nt. We must show that Nt can be chosen indepen-
dently of t, i.e. that there is an integer N > 0 such
that

sup
t1≤t≤t1+µ

∣∣〈ybt ,w − wi
〉∣∣ < β and sup

t1≤t≤t1+µ

∣∣〈yct ,wτ − wτ i
〉∣∣

< β for all i ≥ N. (4.5)

To prove the latter, we start with the "rst term of (4.5).
Assume, by contradiction, that there is a sequence of
times

{
θ j

}∞
j=1 ⊆ [t1, t1 + µ] for which

∣∣∣
〈
ybθ j

, w − w j

〉∣∣∣ ≥ β for all j = 1, 2, . . . (4.6)

As the interval [t1, t1 + µ] is compact, the sequence{
θ j

}∞
j=1 includes a convergent subsequence, say,

{
θ jk

}∞
k=0

with limk→∞ θ jk = θ ′ ∈ [t1, t1 + µ]. In addition, since
the sequence {wi}∞i=1 converges weakly to w, so does its
subsequence

{
w jk

}∞
k=1. Consequently, there is an integer

N′ > 0 such that
∣∣〈ybθ ′, w − w jk

〉∣∣ < β/2 for all k $ N′.
Employing the bound B(t1 + µ) of Corollary 3.1 together
with (2.7) and (2.8), and recalling that all input signals are
bounded by K, we can write

∣∣∣
〈
ybθ ′, w − w jk

〉
−

〈
ybθ jk

, w − w jk

〉∣∣∣

=
∣∣∣
∫ θ ′

θ jk
b(s, x(s, w), x(s − τ, w))[w(s) − w jk (s)]ds

∣∣∣

≤ B(t1 + µ)K
∣∣θ ′ − θ jk

∣∣ .

Now, using the fact that limk→∞ θ jk = θ ′, select an integer
N* $ N′ satisfying |θ ′ − θ jk | < β/[2B(t1 + µ)K] for all
k $ N*. Then,

∣∣∣
〈
ybθ jk

, w − w jk

〉∣∣∣ =
∣∣∣∣
〈
ybθ jk

, w − w jk

〉
−

〈
ybθ ′, w − w jk

〉

+
〈
ybθ ′, w − w jk

〉 ∣∣∣∣

≤
∣∣∣
〈
ybθ jk

, w − w jk

〉
−

〈
ybθ ′, w − w jk

〉∣∣∣

+
∣∣〈ybθ ′, w − w jk

〉∣∣

< β/2 + β/2 = β

for all k $ N*, contradicting (4.6). Consequently, for
every real number β > 0, there is an integer Nb
> 0 such that supt1≤θ≤t1+µ

∣∣〈ybθ , w − wi
〉∣∣ < β for all

i $ Nb.

Applying a similar argument to the term with the
function c, we conclude that, for every real num-
ber β > 0, there is an integer Nc > 0 such that
supt1≤θ≤t1+µ

∣∣〈ycθ , wτ − wτ i
〉∣∣ < β for all i $ Nc. Thus,

setting N := max {Nb, Nc}, we obtain that, for every
real number β > 0, there is an integer N > 0 such
that

sup
t1≤t≤t1+µ

max
{∣∣〈ybt , w − wi

〉∣∣ ,
∣∣〈yct , wτ − wτ i

〉∣∣}

< β for all i ≥ N. (4.7)

To continue, "x a real number ε > 0 and, recalling the
number η4 of (4.3), select a real number β satisfying 0 <

β < ε/(2η4). By (4.4) and (4.7), this leads to the conclu-
sion that, for every real number ε > 0, there is an integer
Nε $ 0 such that

sup
t1≤θ≤t1+µ

|x(θ , i)| ≤ ε + (η4 + η5)

× sup
t1−τ≤θ≤t1

|x(θ , i)| for all i ≥ Nε. (4.8)

Invoking the similarity between (4.8) and (3.2), we can
use an argument similar to the one following (3.2) to
de"ne the sequence

ζk := sup
θ∈[ta+(k−1)µ,ta+kµ]

|x(θ , i)|, k = . . . , −1, 0, 1, . . . ,

which satis"es the linear recursion

ζk+1 ≤ ε + (η4 + η5)

q−1∑

j=0

ζk− j, ζk = 0 for all k ≤ 0.

By properties of linear recursions, we conclude that there
is an expression H(η4 + η5, k) consisting of a combina-
tion of the powers (η4 + η5), (η4 + η5)2,… , (η4 + η5)k, for
which ζ k " |H(η4 + η5, k)|ε. Thus, by choosing ε su#-
ciently small, we can make ζ k as small as desired, and it
follows that

lim
i→∞

(

sup
0≤θ≤t

|x(θ , i)|
)

= 0 (4.9)

for every "nite time t $ 0, so that

lim
i→∞

x(θ , wi) = x(θ , w)

for all times θ # [0, t]. Furthermore, by (4.9), this conver-
gence is uniform over the interval [t1, t2]. This concludes
our proof. !

To continue, we review a few more facts (e.g. Willard,
2004).
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Theorem 4.2:

(i) A weakly continuous functional is also weakly lower
semi-continuous.

(ii) Let S and A be topological spaces and assume
that, for every member a # A, there is a weakly
lower semi-continuous functional fa: S → R. If
supa∈A fa(s) exists at every point s # S, then
the functional f (s) := supa∈A fa(s) is weakly lower
semi-continuous on S.

Fix a time t $ 0 and consider the functional ψ(t, ·):
U(K) → R: u $→ψ(t, u) given by

ψ (t, u) := sup
(!,v )∈Fγ (!0 )×Vγ (v0 )

!T (x0, v, u, t )!(x0, v, u, t ).

(4.10)

Now, by Lemma 4.2, the function !(x0, v, u, t): U(K) →
Rn is weakly continuous. Since a continuous function of a
weakly continuous function is weakly continuous, it fol-
lows that the functional !T(x0, v, u, t)!(x0, v, u, t): U(K)
→ R is weakly continuous. By Theorem 4.2(i), this func-
tional is also weakly lower semi-continuous. Thus, ψ(t,
u) is weakly lower semi-continuous by Theorem 4.2(ii);
this veri"es the following statement.
Lemma 4.3: The functional ψ(t, u) of (4.10) is weakly
lower semi-continuous over U(K) at every time t $ 0.

According to (2.13), theminimal time t(x0, γ , ", u) can
be expressed in the form

t(x0, γ , ", u) = inf
t≥0

{ψ (t, u) ≤ "} .

Based on this expression and Lemma 4.3, a proof identi-
cal to the one used in Yu and Hammer (2016a, proof of
Proposition 3.4) establishes the following statement.
Proposition 4.1: The functional t(x0, γ , ", u): U(K) →
R is weakly lower semi-continuous over U(K) at every time
t $ 0.

To continue, we need the following version of the Gen-
eralised Weierstrass Theorem (e.g. Willard, 2004).
Theorem 4.3: Aweakly lower semi-continuous functional
attains its minimum in a weakly compact set.
Proof of Theorem 4.1: By Lemma (4.1), the set U(K) is
weakly compact, and, by Proposition 4.1, the time func-
tional t(x0, γ , ", u) is weakly lower semi-continuous over
U(K). Thus, it follows fromTheorem 4.3 that theminimal
time t*(x0, γ , ") of (2.14) is achieved by a control input
signal u*(x0, γ , ") # U(K). This completes the proof. !

Theorem 4.1 shows that Problem 2.1(i) has an optimal
solution u*(x0, γ , ") under rather general conditions; the

only requirements are that the nominal system !0 be K-
controllable and that the uncertainty parameter γ not be
too big.

Still, an optimal control input signal u*(x0, γ , "), is, in
general, a vector-valued function of time; it may be hard
to calculate and implement. The next section shows that
u*(x0, γ , ") can be replaced by a bang-bang signal, with-
out signi"cantly degrading performance.

5. Practical implementation

This section addresses part (ii) of Problem 2.1. We show
that an optimal control input signal u*(x0, γ , ") can be
replaced by a bang-bang signal u±, without a signi"cant
departure from optimal performance. Once the existence
of such bang-bang signals is assured, they can be derived
through relatively simple numerical algorithms.

To introduce the main statement of this section, let
"′ > " be an operating error bound that is slightly larger
than the speci"ed operating error bound ". We show
that there is a bang-bang control input signal u± # U(K)
which, for the error bound "′, achieves a time t(x0, γ , "′,
u±) that is no longer than the optimal time t*(x0, γ , ")
for the original error bound ". Thus, bang-bang control
input signals can achieve performance that is as close as
desired to optimal performance.
Theorem 5.1: Assume that the nominal system !0 is K-
controllable from the initial state x0 with the nominal resid-
ual input signal v0, and let " > 0 be the speci!ed oper-
ating error bound. Then, for every "′ > ", there are γ >

0 and bang-bang control input signal u± # U(K) (with a
!nite number of switchings) such that t(x0, γ , "′, u±) "
t*(x0, γ , ").

The proof of Theorem 5.1 depends on the next state-
ment, which states that the response to any control input
signal can be approximated by the response to a bang-
bang control input signal.
Theorem 5.2: Let! be a member ofFγ (!0), and let u#
U(K) be a control input signal of!. Let t′ $ 0 be a time, and
let σ > 0 be a real number. Then, there are a real number
γ > 0 and a bang-bang control input signal u± # U(K)
(with a !nite number of switchings) such that the following
is true: the di"erence between the response x(t) := !(x0, v,
u, t) of ! to u and the response x±(t) := !(x0, v, u±, t) of
! to u± satis!es |x(t)− x±(t)|< σ for all t # [0, t′], for all
! ∈ Fγ (!0), and for all v # Vγ (v0).

The proof of Theorem 5.2 requires the following.
Lemma 5.1: Let ! be a system of the form (2.4) with the
functions b and c. Denote x(t) := !(x0, v, u, t), and !x a
time t′ > 0. Then, for every real number ε > 0, there are
real numbers β(t′, ε)> 0 and γ > 0 such that the following
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are true for all residual input signals v # V(v0, γ ), for all
control input signals u # U(K), and for all systems ! ∈
Fγ (!0):

|b(t1, x(t1), x(t1 − τ )) − b(t2, x(t2), x(t2 − τ ))| < ε and
|c(t1, x(t1), x(t1 − τ )) − c(t2, x(t2), x(t2 − τ ))| < ε, (5.3)

where t1, t2 ∈
[
0, t ′

]
are any times satisfying |t1 − t2| <

β(t′, ε).
Proof: Let v # V(v0, γ ) be a residual input signal, let
u#U(K) be a control input signal, letw be the combined
input signal of (2.5), and refer to the functions b and c of
(2.4). As x(t)= !(x0,w, t) originates from the integration
of bounded Lebesguemeasurable functions, it is a contin-
uous function of t. As b and c are continuous functions as
well, it follows that b(t, x(t), x(t − τ )) and c(t, x(t), x(t −
τ )) are continuous functions of t, and hence are uniformly
continuous over the compact interval [ta, t′], where ta is
the activation time of Convention 2.1. Consequently, for
every real number ε > 0, there is a real number β(ε, w)
> 0 for which |b(t1, x(t1), x(t1 − τ )) − b(t2, x(t2), x(t2 −
τ ))| < ε and |c(t1, x(t1), x(t1 − τ )) − c(t2, x(t2), x(t2 −
τ ))| < ε for every pair of times t1, t2 ∈ [ta, t ′] satisfying
|t1 − t2| < β(ε, w). We show that β( ·, w) can be selected
independently of w and !.

To this end, let ε′ # (0, ε) be a number and denote

β ′(ε′, w) :=

sup





|t1−t2|

∣∣∣∣∣∣∣∣

t1, t2 ∈
[
ta, t ′

]
,

|b(t1, x(t1), x(t1−τ ))−b(t2, x(t2), x(t2−τ ))| < ε′,

|c(t1, x(t1), x(t1−τ ))−c(t2, x(t2), x(t2−τ ))| < ε′.






Consider the in"mum of β ′(ε′, w) over all permissible
input signals:

β∗(ε′) := inf
w:w(t−ta)∈U (K)

β ′(ε′, w). (5.4)

If β*(ε′) > 0 for all ! ∈ Fγ (!0), then the lemma is valid
for β(t′, ε) = β*(ε′), and our proof concludes. To prove
that this is the case, we show "rst that β*(ε′) = 0 is not a
valid option.

By contradiction, assume that β*(ε′) = 0. Then, there
is a sequence of signals {wi}∞i=1, where wi(t − ta) # U(K),
i = 1, 2,… , such that limi → !β(ε′, wi) =0. By Lemma
4.1, the sequence of signals zi(t) :=wi(t− ta), i= 1, 2,… ,
has a weakly convergent subsequence

{
zik

}∞
k=1 that con-

verges weakly to a signal z # U(K). Set w(t) := z(t + ta)
and apply Lemma 4.2 (see, in particular, (4.9)); it follows
that, for every real number δ > 0, there is an integerNδ >

0 such that

sup
t∈[0,t ′]

{
|!(x0, wik, t ) − !(x0, w, t )|, |!(x0, wik, t − τ )

−!(x0, w, t − τ )|
}

< δ (5.5)

for all k $ Nδ . Now, by Lemma 3.1, we have that |x(t)| "
M(t′) at all times t " t′. Invoking this bound, it follows by
uniform continuity of the functions b(t, y, z) and c(t, y, z)
over the compact domain [ta, t′] × [ − M(t′), M(t′)]n ×
[−M(t′),M(t′)]n, that, for every real number δ′ > 0, there
is a real number ε′′ > 0 such that |b(t, y, z) − b(t, y′, z′)|
< δ′/4 and |c(t, y, z)− c(t, y′, z′)|< δ′/4 whenever |y− y′|
< ε′′, |z − z′| < ε′′, and |y|, |y′|, |z|, |z′| " M(t′). Selecting
δ = ε′′ in (5.5), it follows that, for all integers k ≥ Nε′′ , we
have

|b(t,!(x0,wik , t ), !(x0,wik , t − τ )) − b(t,!(x0,w, t ),

!(x0,w, t − τ ))| < δ′/4 and

|c(t,!(x0,wik , t ), !(x0,wik , t − τ )) − c(t,!(x0,w, t ),

!(x0,w, t − τ ))| < δ′/4 (5.6)

for all t # [ta, t′].
Furthermore, by uniform continuity of the functions

b(t, x(t), x(t− τ )) and c(t, x(t), x(t− τ )) over the compact
time interval [ta, t′], there is a real number β > 0 such
that

|b(t1, !(x0, w, t1), !(x0, w, t1 − τ ))

−b(t2, !(x0, w, t2), !(x0, w, t2 − τ ))| < δ′/4 and
|c(t1, !(x0, w, t1), !(x0, w, t1 − τ ))

−c(t2, !(x0, w, t2), !(x0, w, t2 − τ ))| < δ′/4

for all t1, t2 # [ta, t′] satisfying |t1 − t2| < β . Combining
this with (5.6), we obtain

∣∣b(t1, !(x0, wik, t1), !(x0, wik, t1 − τ ))

−b(t2, !(x0, wik, t2), !(x0, wik, t2 − τ ))
∣∣

≤
∣∣b(t1, !(x0, wik, t1), !(x0, wik, t1 − τ ))

−b(t1, !(x0, w, t1), !(x0, w, t1 − τ ))
∣∣

+
∣∣b(t1, !(x0, w, t1), !(x0, w, t1 − τ ))

−b(t2, !(x0, w, t2), !(x0, w, t2 − τ ))
∣∣

+
∣∣b(t2, !(x0, w, t2), !(x0, w, t2 − τ ))

−b(t2, !(x0, wik, t2), !(x0, wik, t2 − τ ))
∣∣

≤ δ′/4 + δ′/4 + δ′/4 = 3δ′/4

for all t1, t2 # [ta, t′] satisfying |t1 − t2| < β .
Similarly,

∣∣c(t1, !(x0, wik, t1), !(x0, wik, t1 − τ ))

−c(t2, !(x0, wik, t2), !(x0, wik, t2 − τ ))
∣∣ < 3δ′/4

for all t1, t2 # [ta, t′] satisfying |t1 − t2|< β . As β > 0, the
last two inequalities rule out the possibility of β*(ε′) = 0
for all ε′ > 0.
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Now, consider another member !′ ∈ Fγ (!0). In
(3.15), substitute t′ for tc and δ′/[8(α + γ )M] for γ . Com-
bining this with (2.8), we get

∣∣b(t1, !′(x0, wik, t1), !
′(x0, wik, t1 − τ ))

−b(t2, !′(x0, wik, t2), !
′(x0, wik, t2 − τ ))

∣∣

≤
∣∣b(t1, !′(x0, wik, t1), !

′(x0, wik, t1 − τ ))

−b(t1, !(x0, wik, t1), !(x0, wik, t1 − τ ))
∣∣

+
∣∣b(t1, !(x0, wik, t1), !(x0, wik, t1 − τ ))

−b(t2, !(x0, wik, t2), !(x0, wik, t2 − τ ))
∣∣

+
∣∣b(t2, !′(x0, wik, t2), !

′(x0, wik, t2 − τ ))

−b(t2, !(x0, wik, t2), !(x0, wik, t2 − τ ))
∣∣

≤ (α + γ )
δ′

8(α + γ )
+ 3δ′/4 + (α + γ )

δ′

8(α + γ )

= δ′/4 + 3δ′/4 = δ′

for all |t1 − t2| < β . By choosing δ′ su#ciently small, we
get

∣∣b(t1, !′(x0, wik, t1), !
′(x0, wik, t1 − τ ))

−b(t2, !′(x0, wik, t2), !
′(x0, wik, t2 − τ ))

∣∣ < ε

for all |t1 − t2| < β and k $ N. Similarly,
∣∣c(t1, !′(x0, wik, t1), !

′(x0, wik, t1 − τ ))

−c(t2, !′(x0, wik, t2), !
′(x0, wik, t2 − τ ))

∣∣ < ε

for all |t1 − t2| < β and all integers k $ N. Since β > 0
and this holds for all members !′ ∈ Fγ (!0), our proof
concludes. !

We proceed now to prove Theorem 5.2.
Proof of Theorem5.2: As the residual input v and the ini-
tial condition x0 are the same for all members ofFγ (!0),
we have

x(t ) = x±(t ) for all t ≤ 0. (5.7)

Consider two times t1, t2 # [0, t′], t1 < t2, and let λ > 0
be a real number for which the ratio p := (t2 − t1)/λ is an
integer. Construct the partition

[t1, t2]
=

{
[t1, t1+λ], [t1+λ, t1+2λ], . . . , [t1+(p− 1)λ, t2]

}
.

(5.8)

In each sub-interval of this partition, we select below m
points θ

q
1 , θ

q
2 , . . . , θ

q
m ∈ [t1 + qλ, t1 + (q + 1)λ], q = 0,

1,… , p − 1, to serve as switching times of a bang-bang
control input signal u± =

(
u±
1 , . . . , u±

m
) T ∈ U (K) given

by

u±
i (t ) :=






+K for t ∈ [t1 + qλ, θ
q
i ),

−K for t ∈ [θq
i , t1 + (q + 1)λ),

if θq
i < t1 + (q + 1)λ),

(5.9)

i = 1, 2,… ,m, q = 0, 1,… , p − 1.
The point θ

q
i is determined by the given control input

signal u = (u1, u2,… , um)T # U(K) from the equation

K
[
2(θq

i − (t1 + qλ)) − λ
]

=
∫ t1+(q+1)λ

t1+qλ
ui(s)ds.

(5.10)

The fact that −Kλ ≤
∫ t1+(q+1)λ
t1+qλ ui(s)ds ≤ Kλ implies

that there is a unique solution θ
q
i of (5.10) for each i #

{1, 2,… ,m } and each q # {0, 1, 2,… , p− 1}. With these{
θ
q
i
}
, the bang-bang signal u± of (5.9) satis"es

∫ t1+(q+1)λ

t1+qλ

(
ui(s) − u±

i (s)
)
ds = 0, i ∈ {1, 2, . . . ,m} ,

q ∈
{
0, 1, 2, . . . , p− 1

}
. (5.11)

Using the activation time ta of Convention 2.1, con-
sider the combined signals

w(t ) : =
{

v(t ) t ∈ [ta, 0),
u(t ) t ≥ 0;

w±(t ) : =
{

v(t ) t ∈ [ta, 0),
u±(t ) t ≥ 0.

As the same residual input signal is used in both cases, we
have

∫ θ ′′

θ ′

(
wi(s) − w±

i (s)
)
ds = 0 for all θ ′, θ ′′ ≤ 0.

Examine now the di!erence ξ (t) := x(t) − x±(t), t #
[ta, t′]. By (5.7), we have ξ (t) = 0 for all t " 0. Invoking
(2.4) at a time t # (t1, t2], we get

ξ (t ) = ξ (t1) +
∫ t

t1

[
a(s, x(s), x(s − τ ))

− a(s, x±(s), x±(s − τ ))

+ b(s, x(s), x(s − τ ))w(s)
− b(s, x±(s), x±(s − τ ))w±(s)
+ c(s, x(s), x(s − τ ))w(s − τ )

− c(s, x±(s), x±(s − τ ))w±(s − τ )
]
ds.

INTERNATIONAL JOURNAL OF CONTROL 729



Using (2.6) with the bounds (2.7), (2.8), |w|"K, and |w±|
" K, yields

sup
t∈[t1,t2]

|ξ (t )|

≤ |ξ (t1)| + (α + γ ) sup
s∈[t1−τ,t2]

|ξ (s)| (t2 − t1)

+(α + γ )(t2 − t1) sup
s∈[t1−τ,t2]

|ξ (s)|K

+ sup
t∈[t1,t2]

∣∣∣∣

∫ t

t1
b(s, x(s), x(s − τ ))

(
w(s) − w±(s)

)
ds

∣∣∣∣

+(α + γ )(t2 − t1) sup
s∈[t1−τ,t2]

|ξ (s)|K

+ sup
t∈[t1,t2]

∣∣∣∣

∫ t

t1
c(s, x(s), x(s − τ ))

(
w(s − τ ) − w±(s − τ )

)
ds

∣∣∣∣ .

Collecting terms, using the facts that sups∈[t1−τ,t2] |ξ (s)|"
supt∈[t1−τ,t1] |ξ (t )| + supt∈[t1,t2] |ξ (t )| and |ξ (t1)| "
supt∈[t1−τ,t1] |ξ (t )|, and shifting the integration variable
of the second integral, we obtain

[1 − (α + γ )(1 + 2K)(t2 − t1)] sup
t∈[t1,t2]

|ξ (t )|

≤ [1 + (α + γ )(1 + 2K)(t2 − t1)] sup
t∈[t1−τ,t1]

|ξ (t )|

+ sup
t∈[t1,t2]

∣∣∣∣

∫ t

t1
b(s, x(s), x(s − τ ))

(
w(s) − w±(s)

)
ds

∣∣∣∣

+ sup
t∈[t1,t2]

∣∣∣∣

∫ t−τ

t1−τ

c(s + τ, x(s + τ ), x(s))
(
w(s) − w±(s)

)
ds

∣∣∣∣ .

(5.12)

Now, select a real number µ # (0, t′ − t1] such that (α
+ γ )(1 + 2K)µ < 1, set

t2 := t1 + µ, (5.13)

and denote

η1 : =
1 + (α + γ )(1 + 2K)µ

1 − (α + γ )(1 + 2K)µ
,

η2 : =
1

1 − (α + γ )(1 + 2K)µ
.

Then, (5.12) yields

sup
t∈[t1,t1+µ]

|ξ (t )| ≤ η1 sup
t∈[t1−τ,t1]

|ξ (t )|

+η2 sup
t∈[t1,t1+µ]

∣∣∣∣

∫ t

t1
b(s, x(s), x(s − τ ))

(
w(s) − w±(s)

)
ds

∣∣∣∣

+η2 sup
t∈[t1,t1+µ]

∣∣∣∣

∫ t−τ

t1−τ

c(s + τ, x(s + τ ), x(s))
(
w(s) − w±(s)

)
ds

∣∣∣∣ .

(5.14)

To estimate the last two integral terms, use the parti-
tion (5.8) with t2 = t1 + µ, and let q(t) # {0, 1, 2,… , p −
1} be such that t # [q(t)λ, (q(t) + 1)λ]. Note that, since t1

$ 0, we have w(t) = u(t) for t # [t1, t1 + µ]. Then,

sup
t∈[t1,t1+µ]

∣∣∣∣

∫ t

t1
b(s, x(s), x(s − τ ))

(
w(s) − w±(s)

)
ds

∣∣∣∣

= sup
t∈[t1,t1+µ]

∣∣∣∣
q(t )−1∑

i=0

∫ t1+(i+1)λ

t1+iλ
b(s, x(s), x(s − τ ))

(
u(s) − u±(s)

)
ds

+
∫ t

t1+q(t )λ
b(s, x(s), x(s − τ ))

(
u(s) − u±(s)

)
ds

∣∣∣∣

= sup
t∈[t1,t1+µ]

∣∣∣∣
q(t )−1∑

i=0

∫ t1+(i+1)λ

t1+iλ

{
b(t1 + iλ, x(t1 + iλ), x(t1 − τ + iλ))

−b(t1 + iλ, x(t1 + iλ), x(t1 − τ + iλ)) + b(s, x(s)), x(s − τ )

}

×
(
u(s)−u±(s)

)
ds +

∫ t

t1+q(t )λ
b(s, x(s), x(s−τ ))

(
u(s) − u±(s)

)
ds

∣∣∣∣

≤ sup
t∈[t1,t1+µ]

∣∣∣∣
q(t )−1∑

i=0

b(t1 + iλ, x(t1 + iλ), x(t1 − τ + iλ))

×
∫ t1+(i+1)λ

t1+iλ

(
u(s) − u±(s)

)
ds

∣∣∣∣

+ sup
t∈[t1,t1+µ]

∣∣∣∣
q(t )−1∑

i=0

∫ t1+(i+1)λ

t1+iλ

[
b(s, x(s), x(s − τ ))

−b(t1 + iλ, x(t1 + iλ), x(s − τ + iλ))
] (
u(s)−u±(s)

)
ds

∣∣∣∣

+ sup
t∈[t1,t1+µ]

∣∣∣∣

∫ t

t1+q(t )λ
b(s, x(s), x(s − τ ))

(
u(s) − u±(s)

)
ds

∣∣∣∣ .

Choose a real number ε > 0 and, in the notation of
Lemma 5.1, set λ " β(t′, ε). Then, using (5.11), the bound
B(t′) of Corollary 3.1, and the fact that 0 " pλ = t2 − t1
= µ, we get

sup
t∈[t1,t2]

∣∣∣∣

∫ t

t1
b(s, x(s), x(s − τ ))

(
u(s) − u±(s)

)
ds

∣∣∣∣

≤ 2Kεµ + 2KB(t ′)λ. (5.15)

Similarly,

sup
t∈[t1,t2]

∣∣∣∣

∫ t−τ

t1−τ

c(s+τ, x(s+τ ), x(s))
(
w(s)−w±(s)

)
ds

∣∣∣∣

≤ 2Kεµ + 2KB(t ′)λ. (5.16)

Substituting (5.15) and (5.16) into (5.14), we obtain

sup
t∈[t1,t2]

|ξ (t )| ≤ η1 sup
t∈[t1−τ,t1]

|ξ (t )| + 4Kη2
[
εµ + B(t ′)λ

]
.

(5.17)

Now, let δ > 0 be a real number. Select ε > 0 so that
4Kη2εµ <δ/2 and select λ > 0 so that λ " β(t′, ε) and
4Kη2B(t′)λ < δ/2. Then, (5.17) becomes

sup
t∈[t1,t1+µ]

|ξ (t )| ≤ δ + η1 sup
t∈[t1−τ,t1]

|ξ (t )| ,
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which resembles (3.2); denote

ζk := sup
t∈[ta+(k−1)µ,ta+kµ]

|ξ (t )|.

Adapting to the present case, the argument leading from
(3.2) to (3.8) yields |ζ k|" dkδ, k= 1, 2, …. Continuing to
use the notation used after (3.8), let r be an integer satis-
fying r$ (t′ − ta)/µ, and setD :=max i = 1, 2,… , rdk. Then,
supt∈[ta,t ′] |ξ (t )| ≤ Dδ, and the theorem follows by select-
ing δ < σ /D. This concludes our proof. !

We turn now to the proof of Theorem 5.1.

Proof of Theorem 5.1: By Theorem 4.1, there is a min-
imal time t*(x0, γ , ") and an optimal control input sig-
nal u*(x0, γ , ") # U(K) satisfying t*(x0, γ , ") = t(x0, γ , ",
u*(x0, γ , ")). Now, let σ > 0 be a real number. ByTheorem
5.2, there is a bang-bang control input signal u± # U(K)
with a "nite number of switchings for which |!(x0, v,
u*(x0, γ , "), t) − !(x0, v, u±, t)| < σ for all t # [0, t*(x0,
γ , ")], for all v # Vγ (v0), and for all ! ∈ Fγ (!0).

Next, note that any vectors y, z#Rn satisfy zTz=yTy−
2yT(y − z) + (y − z)T(y − z) " yTy+ 2n|y||y − z| + n|y −
z|2. Thus, since !(x0, v, u*(x0, γ , "), t*(x0, γ , ")) # ρ("),
this yields

!T (x0, v, u±, t∗(x0, γ , "))!(x0, v, u±, t∗(x0, γ , "))

≤ !T (x0, v, u∗(x0, γ , "), t∗(x0, γ , "))

×!(x0, v, u∗(x0, γ , "), t∗(x0, γ , "))

+2n
∣∣!(x0, v, u∗(x0, γ , "), t∗(x0, γ , "))

∣∣

×
∣∣!(x0, v, u∗(x0, γ , "), t∗(x0, γ , "))

−!(x0, v, u±, t∗(x0, γ , "))
∣∣

+n
∣∣!(x0, v, u∗(x0, γ , "), t∗(x0, γ , "))

−!(x0, v, u±, t∗(x0, γ , "))
∣∣2

≤ " + 2n
√

"σ + nσ 2.

As "′ − " > 0, we can select σ to satisfy 2n
√

"σ + nσ 2 ≤
"′ − ". Then, !(x0, v, u±, t*(x0, γ , ")) # ρ("′), and it fol-
lows that t(x0, γ , "′, u±)" t*(x0, γ , "). This concludes our
proof. !

In brief terms, Theorem 5.1 shows that optimal per-
formance can be approximated as closely as desired by
using bang-bang control input signals. Considering that
it is easier to work with bang-bang signals than with gen-
eral vector-valued signals, this fact simpli"es the calcu-
lation and the implementation of controllers that reduce
operating errors in minimal time.

6. Example

Consider the following nonlinear system:

! : ẋ1(t ) = (1 + d1 sin t )x2(t ) + d2x2(t − 1)
+(2 + d3 cos t )u(t − 1),

ẋ2(t ) = d4 cos 2t
x21(t )

1 + x21(t )
+ x1(t − 1)

+(2 + cos x2(t ))u(t − 1), (6.1)

where d1, d2, d3, and d4 are constant parameters with
unspeci"ed values in the ranges 0.3 " d1, d2 " 0.5 and
0.8 " d3, d4 " 1; the nominal values are d01, d02 = 0.4 and
d03, d04 = 0.9. Here, the delay time is τ = 1, and the uncer-
tainty parameter is γ = 0.1. The initial state of the system
is x0 = [−1, 4]T, and the residual input signal is a con-
stant signal with unspeci"ed value in the range ν(t) # [
− 0.1, 0.1]; the nominal value is v0(t)= 0, t" 0. The input
signal bound is K = 5, and the operating error bound is
" = 1.

We use a numerical optimisation process to calcu-
late a bang-bang control input signal u±(t) that approx-
imates optimal performance. Often, u±(t) can be derived
via a numerical search process, as described brie$y in
Remark 6.1.

In the present case, numerical optimisation shows that
the minimal time t*(x0, γ , ") is about 1.47 seconds. A
numerical search process (see Remark 6.1) shows that the
simple bang-bang signal u±(t) of Figure 2(A) achieves
almost optimal performance, as can be seen in Figure
2(B). The plots of Figure 2(B) show the performance for
three sets of parameters:

Set 1:{ν(t ) = −0.1, d1 = 0.5, d2 = 0.5, d3 = 1, d4 = 1};

Set 2:{ν(t ) = 0, d1 = 0.4, d2 = 0.4, d3 = 0.9, d4 = 0.9};

Set 3:{ν(t ) = 0.1, d1 = 0.3, d2 = 0.3, d3 = 0.8, d4 = 0.8}.(6.2)

For comparison, consider the case where the con-
trol input signal u(t) is a constant. A constant input
signal is used in the sample-and-hold method com-
monly employed in sampled-data control systems. For the
present example, simulation shows that there is no con-
stant input signal u # [−5, 5] that takes all members of
Fγ (!0) from x0 to the domain ρ(1). Thus, a constant
control input signal cannot resolve the control problem
in this case, although a solution does exist.
Remark 6.1 Design of the controller C: The bang-bang
control input signal u±(t) of Figure 2(A) was derived
through a numerical search process, as follows.

Estimate a bound of the minimal time: qualitative con-
siderations based on the structure of Equation (6.1), the
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Figure . Demonstration.

input signal bound K, and initial state x0 lead to the con-
clusion that t*(x0, γ , ") " 3. Thus, interest is focused on
the time interval [0, 3].

Create the partition P: partition the time interval [0, 3]
into 300 equal subintervals of duration 0.01 each. The
endpoints of the partition’s subintervals serve as potential
switching times for bang-bang input signals.

Choose representatives of the family Fγ (!0): select a
class of N representatives {!1, !2,… , !N} of the fam-
ily Fγ (!0) and its residual input signals; the systems of
(6.2) can form part of such a class.

Generate bang-bang input signals: for an integer j# {0,
1,… , 300}, let Uj be the family of all bang-bang signals
with j switching times at points of the partition P.

The minimal time: set

t±j := min
u∈Uj

{t : max
i=1,2,...,N

!T
i (x0, vi, u, t )!i(x0, vi, u, t ) ≤ "}.

Terminate: stop the process at step j if t±j − t±j+1 < ε,
where ε > 0 is an acceptable tolerance. The member of
Uj corresponding to t±j is then an appropriate bang-bang
control input signal.

If necessary, more advanced numerical optimisation
techniques can be employed.

7. Conclusion

In this paper, we considered the design of optimal con-
trollers that reduce operating errors as quickly as possible
after a feedback disruption. We showed that such opti-
mal controllers do exist under rather general conditions.

We also showed that optimal performance can be approx-
imated as closely as desired by controllers that generate
bang-bang signals. The use of bang-bang signals provides
a relatively simple path toward designing and implement-
ing controllers that approximate optimal performance.

Feedback disruptions abound in modern control sys-
tems. One common situation where feedback disruptions
are inevitable is in the control of continuous-time sys-
tems by digital controllers. In this application, sampling
is used to transmit the controlled system’s response to
the controller; needless to say, feedback disruptions occur
between samples. Controllers derived in this paper can
help reduce the resulting operating errors quickly, once
the next sample has arrived.
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