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PP, = P, P. Further,
},:«)QP*-'_ sz = I, (*)

so that, recalling that Y; is diagonal, we obtain that (QP *,_13)~is d-coprime. The
proof of (ii) = (iii) will be complete if we show that PP, = P, P is an interchange
equation. Clearly, by (*), P and P, are right o-coprime, and, since P, is
completely unstable, it follows that P and P, are right polynomially coprime as
well. Now P, 'Y, =Y, P! are both o-coprime representations, and P, and P, are
both completely unstable polynomial matrices. It follows that det P, = kdet P ,,
for some k in the field K. But then, since

Py'P = PP3!

and P, P, are right polynomial coprime, it follows that P, and P are left
coprime. This completes the proof of (iii) = (ii).

The last step of this proof is to show that (iii) = (i). Assume that (iii) holds.
Let PP, = P, P be an interchange equation, and let Y., Y, be mput /output stable
matrices, where Y, is diagonal, such that Y,QP,+Y,P = I. In view of Lemmas
3.5 and 3.6 (with A QP,, B= P C= P +), We can assume that Y; ! emsts and
that the diagonal entries of Y, 'Y,P,' are causal. Define r:=Y;'Y,P;'. We
claim that r decouples f with fustermal stability. We have rf =Y, 'Y,P,'PQ~ =
Y7 'Y, PP3'Q". It now follows that

I+rf =1+Y'Y,PP,'Q ' =Y7'P'07 "
Hence

f,=f(I+rf)"' = PO7'QP,Y, = PP,Y,

is diagonal.

We now show that r is causal and f, is internally stable. Since the diagonal
entries of ¥, 'Y; P* are causal, the dlagonal part r, of r is causal. Further, as
QP .+ rPP, —Y,‘ , we have that f7'=f"'+r=Y!(PP,)"". Since the right
hand side is diagonal,

rott = = (/7 )ott-

But then, since f~'|(0) is diagonal, it follows that 7,4 is causal. Thus, r (=r,; + r,g)
is causal. To prove internal stability, we use (2.9). First, h:=Q~ 1l = Q“(I +
rf)~'=P,Y,, is clearly input/output stable. Further, hr = P, Y, P* We now
have

hrP = P,Y,P,'P = P,Y,PP,' = I — P,Y,Q.
Thus, ArP is input/output stable. Since P, and P are left coprime, it follows that

hr is input /output stable as well. We can now conclude from Corollary 2.9 that f,
is internally stable. This completes the proof of the theorem. a
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Before turning to an examination of Theorem 3.4, we show that this theorem
allows the solution of a somewhat more general problem than the one we started
with. In particular, we show that, by a simple modification, one can obtain a
solution to the problem of decoupling through a combination of static (constant
gain) precompensation and dynamic output feedback. To this end, consider the
following diagram

! PN —l
l \ v £ I 3
| |
I |
I |

where f: AU — AY is a linear input/output map, V: U — U is a static nonsingular
precompensator, and r: AY — AU is a causal A K-linear map. We denote by £,
the resulting system. Then, we have that

f(V,r) = (fV)[I+r(_/V)]_l,

and it follows that there exists a pair (¥, r) such that f, ., is decoupled if and
only if there exists a nonsingular ¥: U — U such that (fV') is feedback decou-
pleable.

Assume next that f: AU — AU is nonsingular. Then, since V is static, we have
that (f¥) '1(0)=V"'[f '|(0)]. Now, by Theorem 3.4 (i), a necessary condition
for decoupling is that ¥~ '[ f~!|(0)] be diagonal. Moreover, by nonsingularity, the
last condition determines ¥ up to a diagonal static right multiplier, which has no
effect on conditions (ii) and (iii) of Theorem 3.4. Thus, we obtain the following

Corollary 3.7. Let f: AU — AU be a nonsingular linear input /output map. Then,
there exist a nonsingular static precompensator V:U — U and a causal output
feedback r: AU — AU such that f,, ,, is both decoupled and internally stable if and
only if the following hold: (i) There exists a nonsingular V:U—U such that
V-'Lf'(0)] is a diagonal matrix. (ii) ( fV) is feedback decoupleable.

We remark that condition (i) in the above Corollary can be easily checked as
follows. For all i =1,...,m, let y, be the (polynomial) greatest common divisor of
all entries in column i of f~'|(0), and let ¥:= diag(y,,...,¥,,). Then, condition (i)
is satisfied if and only if [/~ !|(0)]¥ ! is a static matrix (in which case it can be
taken as V).

Using the above observation, all our following discussion can be generalized
to include static precompensation as well.

We consider now a simple particular case of Theorem 3.4. Let f: AU — AU be
a linear input/output map. We say that f is o-invertible if f~! exists and is
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input/output stable. Intuitively speaking, f is o-invertible whenever it (is nonsin-
gular and) has no unstable zeros (For a detailed discussion of o-invertible maps,
see Hammer [1983a).) Assume now that f: AU— AU is a o-invertible linear
input/output map. Then, f possesses a canonical zero representation f = PQ™!,
with P = I. Consequently, in the notation of Theorem 3.4, we also have P, =TI
and P = I. But then, condition (ii)b of the theorem is evidently satisfied, and we
obtain the following

Corollary 3.8. Let f: AU — AU be a o-invertible linear input /output map. Then, f
is feedback decoupleable if and only if f~'|(0) is a diagonal matrix.

We next turn to an examination of the d-coprimeness condition. We start
with a special case. (Here, recall that the concept of diagonal stabilizers was
defined in Section 2.)

Lemma 3.9. Let A, B be input /output stable matrices, where B is diagonal and
nonsingular. Let C be a left diagonal stabilizer of A B~ ". Then, the pair (A, B) is
d-coprime if and only if the diagonal matrices CA, and B are o-coprime.

Proof. Suppose (A4, B) is d-coprime. Then there exist input/output stable
matrices Y|, Y, such that Y] is diagonal and Y, 4 + Y, B = I. Considering diagonal
and off-diagonal parts, we obtain

YAy + Yoo B = 0, YA,+Y,,B =1

Now, since Y, = —Y; 4B~ is input/output stable, C is a o-divisor of Y.
Hence, Y, =Y;C, where Y; is diagonal and input/output stable. But then, we
obtain the diagonal equation

so that CA,, B are o-coprime.

Conversely, assume that CA, and B are o-coprime. Then there exist diagonal
input/output stable matrices Y,, Y5 such that Y,CA, + Y;B = I. Define Y;:=Y,C,
Y,=Ys—Y,A;B~'. We then obtain that Y, is input/output stable and Y, 4+
Y, B = I. Thus, (A4, B) is d-coprime. O

As a consequence of Lemma 3.9, we obtain another interesting particular case
of the decoupling problem. Let f be a nonsingular linear input/output map. We
say that f is zero decoupled if there exists a canonical zero representation
f=PQ7! with P a diagonal matrix. Given a nonsingular linear input/output
map f, it is quite easy to check whether f is zero decoupled, using the following
procedure. Let f=PQ~! be a canonical zero representation of f. For each
i=1,2,...,m, let p, be the greatest common (polynomial) divisor of the entries in
the i-th row of P. Let u:= diag(p,, pt,,- -, 1, )- Then it is readily seen that f is zero
decoupled if and only if ™ !P is a unimodular polynomial matrix, i.e., if and only
if det(u~'P) belongs to the field K.

Let f be a zero decoupled input/output map. Let f = PQ~! be a canonical
zero representation such that P is diagonal. In the notation of Theorem 3.4, we
can choose P, =1, P= P. Using Theorem 3.4 and Lemma 3.9 we obtain the
following
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Corollary 3.10. Let f: AU— AU be a zero decoupled nonsingular input /output
map, and let f = PQ™' be a canonical zero representation such that P is a diagonal
matrix. Also, let R be a left diagonal stabilizer of the off diagonal part (f~') .
Then f is feedback decoupleable if and only if the following conditions hold:

@) f'(0) is a diagonal matrix.

(ii) The diagonal matrices RQ, and P are o-coprime.

Remark 3.11. Let P,Q, P, be as in the statement of Theorem 3.4. Suppose P
and P, are interchangeable. Let PP, = P, P be an interchange equation. It is not
difficult to show that QP and P are right o-coprime, Le., there exist input/out-
put stable matrices Y, and Y, such that Y,QP,+Y,P = I. (This is essentially
shown in the proof of Proposition 3.1.) For decoupling, however, we need an
additional condition, i.e., that Y, be diagonal. Thus, d-coprimeness plays a central
role in decoupling problems.

Example 3.12. 'We will now illustrate our results with an example. Consider the
stability set o:= {fin QR: f(z) =0 implies Re(z) <0}.Let f:= PO~ !, where

P = z2—1 zz+z—2] G= [z"’+4z2 234522432
z22-2z z2—z-2] 234322 z23+4z2+62
Asdet P =z>—3z+2 and det Q = (z2 —9)z?, it follows that PQ ! is a o-coprime
factorization of f. Also,

z+1  —(z+2)
pl— z—1 z—2

—z z+1

z—1 z—2

Using the construction given in the proof of Lemma 2.11, the right strict adjoint
P, of P is given by

P, = [z+1 —(z+2) '
-z z+1

Since P, is unimodular, by defining P:= PP, and Q:=QP,, we obtain the
factorization f = PQ ™!, which is o-coprime. Further,

b _ |z—1 0 a_ |22 3z
= 0 2—2], ¢ [32 22]'

Note that f is zero-decoupled. Thus, we can apply Corollary 3.10 to check if f is
feedback decoupleable. In order to apply Corollary 3.10, we have to compute a
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left diagonal stabilizer of (/') ;. An easy calculation gives

(f ote = 3z

By definition of left diagonal stabilizer (given in Section 2), the left diagonal
stabilizer of (f~!) is

_lz-2 0
% = 0 z—1 ]

We will now check the decoupleability conditions given in Corollary 3.10. The
strict polynomial part of f~! is

o -2

z

which is diagonal. Further,

o 12*(z—2) 0 . [z-1 o0
aon—[ 0 zz(z—l)]’ P—[ 0 z——2]

are o-coprime. Hence, f is feedback decoupleable. In order to find a decoupling
feedback compensator, we will use the constructions of Theorem 3.4. For this we
have to find ¥; and Y, such that ;Q +Y,P =1, Y, is diagonal, and Y; 'Y, is
causal. Some straightforward calculations give

[ (z—-17)(z—-2)
ACALL S 0
. (z+1)*
8 0 (z—l)(4z+73) ’
] 4(z+1)*
[ 2322 -5:-1 ~32(z-17) |
¥ (z+1)* (z+1)*
YU —32(4z473) = (5322 +92+2)
4(z+1)* 4(z+1)*

Using the construction given the proof of Theorem 3.4, the feedback compensator
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r:=Y; 'Y, decouples f with internal stability. Finally, the decoupled system is

(z-1)(z-17)(z-2) 0
(z+1)*

S = (z=2(z=1)(4z+73) |’ ‘

0 4
4(z+1)

Appendix

In this appendix we will examine the various coprimeness-type conditions which
arise in the statement of our main Theorem 3.4. We will give an explicit
characterization of d-coprimeness, and will show that d-coprimeness can be
essentially reduced to a coprimeness condition between diagonal matrices. We
will also briefly describe certain procedures which may be useful in checking
condition (iii) of Theorem 3.4.

Let us start with an examination of the d-coprimeness condition. We need the
following notion. Let 4, B,y: AU — AU, where v is diagonal and nonsingular, be
input/output stable matrices. We say that the (ordered) pair (A4, B) is row
compatible modulo v if there exist input/output stable matrices 8, S: AU — AU,
where 6 is diagonal, such that A = 8B + yS. We next show that row compatibility
\ is essentially equivalent to coprimeness of certain diagonal matrices. First, we
establish our notation. For a matrix X, we denote by X' the i-th row, and by X,
the (i, j) entry. Now, let J denote the set of all i €1,...,m for which B’ = 0, and

let (the difference set) J:=(l,...,m}\ J. For all i € J, let B, be the greatest
‘ common o-divisor of the entries in B, and let ¥/, ...,¢/, € @ K be elements such

| that . Bi'jxpj = f3;. Further, for all i € J¢, let 8;:=1, and let B:= diag(B,,..-,8,,)-

J=1

m
Finally, denote a;:= } A, 4} for all i€J, a;=0 for all i€J°, and a:=
j=1
diag(a,,...,a,,). Then, we have the following

Lemma A.l. Let A, B,y: AU— AU, where v is diagonal and nonsingular, be
input /output stable matrices, and denote v:= diag(y,,--.,Y,,)- Then, in the above
notation, the pair (A, B) is row compatible modulo v if and only if the following
hold.
(i) v (4 — aB™'B) is input /output stable.
(ii) The greatest common o-divisor of v; and B; is a o-divisor of «; for all
i=1,...,m.

Proof. Assume first that the pair (4, B) is row compatible modulo y. Then,
there exist input/output stable matrices 8, S where 8 is a diagonal matrix
0:= diag(é,,...,6,,): AU — AU, such that A= 8B + yS. Evidently, we can assume
that 8, =0 for all i € J. Denoting B%:= B~ 'B, we have that B? is input/output
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stable, and 4 =6BB° +yS. Now, for all i € J, we have ), BY 4/=1, so that
i=1

m
a;=8,8;+v,s;, where s;:= ). S, ;¥j is input/output stable. Hence, it follows
j=1

that (ii) is necessary. Furtl{er, letting s,=0 for all i € J¢, and denoting ®:=
diag(sy,..-,S,,), we obtain that a =8B + y®, so that y"'(4 — af~'B) =y~ '[8BB°
+ S — (88 + y®)B°]=S — ®B° is input/output stable, and (i) follows. Thus,
both (i) and (ii) are necessary.
Conversely, assume that (i) and (ii) hold. Then, by (i), we have that 4 = a B°
+ vS’, where S’ is input/output stable. Next, by (ii), there exist input/output
stable diagonal matrices 8, ®: AU — AU such that a= 68 + ®@y. Consequently,
A=08BB° + y®B® + yS'= 6B + vS, where S:=®B°+ S’ is input/output stable.
Thus, the pair (4, B) is row compatible modulo y, and our proof concludes. O
We next show that the condition of d-coprimeness is essentially a row
compatibility condition, and thus, by Lemma A.l, it reduces to a coprimeness
verification for diagonal matrices. To this end, let 4, B: AU — AU be input /out-
put stable matrices, and assume that B is polynomial and nonsingular. Then, by
definition, the pair (4, B) is d-coprime if and only if there exist input/output
stable matrices Y, Y,: AU — AU, where Y, is diagonal, such that Y4+ Y,B=1.
Now, let adj B be the adjoint of B, i.e. the polynomial matrix consisting of the
minors of B. Then, B(adj B)=det B, and, right multiplying the d-coprimeness
condition by adj B, we obtain the equivalent condition

adjB = Y,[A(adjB)] + (det B)Y,

where we commuted the scalar det B and the matrix ¥,. Consequently, the pair
(A, B) is d-coprime if and only if the pair (adj B, A(adj B)) is row compatible
modulo (det B)I. We restate this fact as the following

Proposition A.2. Let A, B: AU — AU be input /output stable matrices, where B is
polynomial and nonsingular. Then, the pair (A, B) is d-coprime if and only if the
pair (adj B, A(adj B)) is row compatible modulo (det B)I.

Let us examine the linear equation arising in Theorem 3.4(iii). Given matrices
P, Q, and P, we need to find input/output stable matrices ¥; and Y,, where Y,
is diagonal, such that

PY,0+Y,P =1 (A3)

Using the Kronecker product of matrices (see Bellman [1970]), equation (A.3) can
be transformed into a linear equation of the form Ay = b (over the ring 2 K),
where the matrix A and the vector b are given and have their entries in the ring
QY K, and where a solution vector y with entries in Q) K is sought. This linear
equation can be obtained as follows. Let R, R,,...,R,, denote the columns of an
n X n matrix R. Let C(R) be the “stacking operator” (see Bellman [1970, p. 245]),
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which transforms R into the column vector

Rl
R,
C(R):=
R

Now by applying this stacking operator to (A.3), we obtain
(Q'®P,)C(Y;) +(P'@I)C(Y,) = C(I),

where “®” denotes the Kronecker product of two matrices, and “’” denotes the
transpose. The restriction that Y, be diagonal is clearly equivalent to the require-
ment that certain entries of C(Y;) be zero. Let 4, be the submatrix of Q’®P,
consisting of the 1st, the (n +2)nd, the (2n +3)rd,..., and the n%th columns. Let
d(Y;) be the vector obtained by writing the diagonal entries of ¥; as a column
vector. Then, (A.3) can be rewritten as

d(Y;)

[(4:Pe)]| ¢y

= ¢(I),

which is a linear equation of the form Ay = b over the ring @ K. Since K is a
principal ideal domain, standard procedures based on the Hermite normal form
may now be employed to find d(Y;) and C(Y,), and, whence, Y; and Y,.
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