








































Dynamics of non-linear recursive feedback systems 1203 

Proposition 8 
Let I:: S(-IR) S(IR) be a recursive system, having a recursive representation 

xk+ 1 = f(xk, ud, where f: IR x IR~ IR is a continuous function, and the initial con­
dition is x 0 = 0. Assume thatf(O, 0) = 0, and that, at the origin, f is differentiable and 
8f /8u #-0. Then, the system :E satisfies Condition 1. 

Proof 
Since the function f is differentiable at the origin, it follows that 

where 

and where 

Consequently 

f(x, u) =ax+ bu+ t/J(x, u) 

lim t/J(x, u) = 0 
l(x,u)l-+O l(x, u)I 

f((v.-yu.), u.) = a(v. -yu.) +bu•+ ,t, = (~ - a )ru. +av,+ ,t, 

so that 

lf((v, -yu,), u,)I.;; IG-a )I iru.l + lal lv,I +Ii/II.;; n(y) lru,1 + c 

where 

c •= lal.5 + Ii/II and n(y) •= IG-a )I 
Recalling that b #-0 by the Proposition assumption, it follows that there is a real 
number y #-0 for which n(y) < 1; hence, one such value may be chosen for y. For this 
value of y, consider the inequalities 

(c5+c) 
(1 _ n( y)) + c5 K and lyul K 

of Proposition 7. Substituting the value of c into the first inequality, it follows that 

_(c5_+_1a_lc5_+_1t/J_I) + c5 = [ 1 + (1 + lal) Jc5 + It/II K 

(1 - n( y)) ( 1 - n( y)) ( 1 - n( y)) 

Denote y* == max {1, 1/IYI}. Now, in view of the fact that 

lim t/J(x, u) = 0 
l(x,u)l-+O l(x, u)I 

there is a real number c; > 0 for which 

I t/1 I < ( 1 - n( y)) c; 
4y* 
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for all pairs (x, u) satisfying l(x, u)I < ,. Choose a number b > 0 so that 

[
l + (1 + lal) Jb < _£__ 

(1 - n(y)) 4y* 

which also implies that b < ,/4y*. Using the numbers, and b so selected, and taking 
K := , ;2y *, then 

(fl+c) +fl~_£__+_£__=_£_=K 
(1- n(y)) 4y* 4y* 2y* 

so that condition (b) of Proposition 7 holds whenever l(x. u)I < ,. Thus, it only 
remains to show that when lyul ~Kand lvl ~ b (condition (a) of Proposition 7), the 
inequality l(x, u)I <,holds.But lyul ~ K implies lul ~ K/lyl ~ ,;2. Also, since v = x + yu, 
it follows that x = v - yu, or 

Consequently, l(x, u)I = max {lxl, lul} < ,. D 

As the next step in the discussion, it is shown that results analogous to those 
described in Propositions 5, 6 and 8 are also valid in the case where m > 1. Only the 
generalizations of Propositions 5 and 8 are stated formally. 

Proposition 9 

Let :E: S(!Rm)---+ S(!Rm) be a recursive system having a recursive representation of 
the form xk+ 1 = / { xb uk), where f: !Rm x !Rm---+ !Rm and the initial condition is x 0 = 0. 
Assume that the recursion function f is of the form/(x, u) = Fx +Gu+ i/J(x, u), where 
the pair of m x m matrices (F, G) is controllable, and where 1/J: [Rm x [Rm---+ [Rm is a 
bounded continuous function, say 11/11 ~ N for some real number N > 0. Then the 
system :E satisfies Condition 1 for any real b > 0. 

Proof 

(For an m x m matrix A, a norm of A is denoted by IAI, such that IAul ~ IAI lul for 
all elements u E !Rm.) Let y be a non-singular m x m matrix, let b > 0 be a real number, 
and let v be an arbitrary sequence in S( bm). Denote u := :E; 1 v. Then, using the relations 
(2.2) for :E; 1 , and substituting the particular form off, it follows that 

yuk+ 1 = vk+ 1 - f((vk -yuk), uk) = vk+ 1 - Fvk + Fyuk - Guk - 1/1 

= (F- Gy- 1 )(yuk) + vk+1 - Fvk-1/1 

Denoting z == yu, K := y- 1
, and wk:= vk+ 1 - Fvk - 1/1, then 

zk+ 1 = (F- GK)zk + wk (3.6) 

which can be regarded as the state representation of a linear system with state z and 
input w, operating under the static state feedback K. Now, since the pair (F, G) is 
controllable by the assumption above, there is a feedback matrix K (which ism x m 
here) such that all the eigenvalues of the matrix (F - GK) have absolute value strictly 
less than 1 (Wonham 1967). Moreover, since an arbitrarily small change in K can 
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transform it into a non-singular matrix in case it is singular, it is easy to see that the 
m x m matrix K can be chosen so that it is non-singular. Now, for all v E S(c5m) it is the 
case that 

lwl ~ lvl + IFvl + 11/11 ~ c5 + 1Flc5 + N ~ v 

for an appropriate real number v > 0. Also, the initial condition for the system (3.6) 
satisfies 

lzol = IYuol = lvo - xol = lvol ~ c5 

since x 0 = 0. Consequently, whenever v E S(c5m), the system (3.6) is operated from 
bounded initial conditions by bounded input sequences, and, having all its eigenvalues 
with absolute value strictly less than 1, it follows that there is a real number N' > 0 
such that lzl ~ N'. Now, letting y == K- 1 it follows that 

lyul ~ N' or lul = IKzl ~ IKIN' 

so that, taking o: == IKIN', we have lul ~ o: for all sequences v E S(c5m). This implies that 
S{c5m) C Ly[S{o:m)J. D 

Proposition 10 

Let L: S(!Fr)---+ S(!Rm) be a recursive system having a recursive representation of 
the form xk+ 1 = f(xb uk), where f: !Rm x !Rm---+ !Rm is differentiable at the origin and 
satisfies f(O, 0) = 0, and the initial condition is x 0 = 0. Let (F, G) be the jacobian 
matrix of the partial derivatives off at the origin, where Fis m x m and G is m x m, 
and assume that the pair (F, G) is controllable. Then, the system I: satisfies 
Condition 1. 

Proof 

Since the function f is differentiable at the origin, then 

f(x, u) = Fx +Gu+ 1/J(x, u) 

where 

lim 1/J(x, u) = 0 
l<x,u)l-+O l(x, u)I 

Now, let y be a non-singular m x m matrix, let c5 > 0 be a real number (whose value will 
be chosen later), and let v be an arbitrary sequence in S(c5m). Let u == L; 1 v. Then, 
using the proof of Proposition 9, it follows that 

yuk+ 1 = ( F - Gy- 1
) (yuk) + vk + 1 - F vk - 1/1 

Now, let y be the non-singular m x m matrix chosen in the proof of Proposition 9. 
Denoting z == yu, K == y- 1

, and wk== vk+ 1 - Fvk - 1/J, it follows, as in (3.6), that 

zk+ 1 = (F- GK)zk + wk 

which can be regarded as the state representation of a linear system with state z and 
input w, operating under the static state feedback K. Recalling that 

lim 1/J(x, u) = 0 
l(x,u)l-+O J(x, u)I 
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it follows that, for any real w > 0, there is a real number ~ > 0 for which 

lt/J(x, u)I < w~ 

for all pairs {x, u) satisfying l(x, u)I < ~. Now, assuming that l(x, u)I < ~' then 

lwl ~ lvl + IFvl + It/II ~ b + IFlb + w~ 

Further, since (3.6) is a linear system, it follows that 

z = r(z0 ) + Z 0 {w) 

where Z 0 ( w) is the response of the system (3.6) to the input sequence w with zero 
initial conditions, and r(z0 ) is the response to the zero input sequence from the initial 
condition z0 • Then, from the choice of K, the linear system ( 3.6) is strictly stable and 
hence there are bounded numbers lrl > 0 and IZ0 I > 0 such that 

IZo(w)I ~ IZol lwl ~ IZol{b + IFlb + w~) and lr(zo)I ~ lrl lzol 
Next, using v = x + yu, then yu = v - x, and, since x 0 = 0, it follows that 

so that 

Con seq uen tl y, 

lul = IKzl ~ IKI lzl ~ IKl[lrlb + IZ0 l(b + IFlb + w~)J 

= (IKI lrl + IKI IZol + IKI IZol lFl)b + IKI IZolw~ 
Also, 

lxl ~ Iv - yuj ~ lvl + lyul = lvl + lzl ~ b + lrlb + IZ0 I ( b + IFl[J + w~) 

= (1 + lrl + IZol + IZol lFl)b + IZolw~ 
Now, choose~> 0 so that 

. { 1 1 } 
w < mm (21KI IZo I) ' (21Zo I) 

and choose [J > 0 so that 

b <(~)min {(IKI Jrl + JKI 1z!1 + JKI IZol lFI)' (1 + Jrl + IZ~I + IZol lFI)} 

For the choice of o, it is clear that 

lul < ~ and lxl < ~ 

(so that also l(x, u)I <~)whenever v E S(om). However, lul <~implies that 1:; 1 [S([Jm)] 
c S(~m), or S(bm) c :Ey[S(~m)] and Condition 1 holds with a==~. D 

Now consider the question of dynamics assignment, which is one of our major 
concerns in this paper. Let :E: S(!Rm) ~ S(!Rm) be a system satisfying Condition 1, and 
let y be a matrix described in that condition. In order to be able to assign the 
dynamical behaviour of the closed-loop system, the following procedure is adopted, 
using the notation of Theorem 5. First, replace the unimodular transformation {JI in 
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(3.4) by an arbitrary recursive, bicausal, unimodular, and uniformly Z00 -continuous 
transformation M: S(!Rm) ~ S(!Rm) for which M- 1 [S((58)m)] C S((m). (Recall that e is 
a desired bound for the amplitudes of the input sequences of the final closed-loop 
system.) Now, the following systems are constructed: 

A== M - t:Q*: S(!Rm) ~ S(!Rm) } 

and 

B ==el: S(!Rm) ~ S(!Rm) 

(3.7) 

Letting S' == M- 1 [S((50r)J, and recalling the discussion leading to Theorem 5, it 
follows that 

APv + BQv = (M - t:Q)I 1 v + t:Qv = (Mv - t:Qv) + t:Qv = Mv 

for all elements v ES', and it is easy to see that A and B satisfy all the conditions of the 
Corollary. Thus, with the compensators n == n- 1 = ( 1/t:)l and <p == A, the 
configuration L<y,1r,cpJ becomes internally stable for all input sequences bounded bye. 

Now, using the compensators n and <p constructed in the previous paragraph, 
consider the dynamical behaviour of the internally stable system Ly(1r,cpJ, namely, the 
transmission from the input u to the output z in Fig. 2. Recalling that the coprime 
fraction representation Ly = PQ - 1 used here has P = I over the applicable subspace 
( due to the choice of y), then from ( 1.5) it follows that the input/output relation 
induced by Ly(1r,cpl satisfies 

Ly<1r,cp> = M- 1 (3.8) 

Thus, the dynamical behaviour of Ly(1r,cpJ can be assigned arbitrarily, subject only 
to the requirement that M is recursive, unimodular, bicausal, and uniformly 
Z00 -continuous. The explicit construction of the matrix y is described in the proof 
of Propositions 4-10. 

Regarding the internally stable closed-loop system L(y,1r,cpJ, namely, the trans­
mission from the input u to the output y in Fig. 2, it follows from (2.7) that 

L<y,1r,cp> = Pa M- 1 
( 3.9) 

where Pa is the (stable) numerator of the right coprime fraction representation 
L = Pa Q - 1 of the original system L. Since Q = :r; 1 is used here then 

Pa= LQ = LL; 1
: S((m) ~s(!Rm) 

As seen from (3.9), the dynamical behaviour of L<y,1r,cpJ is determined by the 
unimodular system Mand by the (stable) numerator Pa. The dynamics of Pa depend 
on the choice of y. Of course, interactions ( or 'cancellations') between Pa and M- 1 are 
allowed here. 

Remark 

Note that, in view of the stability of M- 1, the condition M- 1 [S((50r)] C S((m) is 
simply an amplitude-scaling relation, and has no dynamical implications. To see why 
this is so, notice that the stability of M- 1 implies that there is a real number~> 0 such 
that M - 1 [S((58)m)] c S(~m). In case ~ > (, define the constant .,l == ~/(. Then, the 
system M;. == M..l, obtained by premultiplying the input sequences to M by ..l, clearly 
satisfies 



1208 J. Hammer 

Thus, by replacing M with M ;., the amplitude restriction is satisfied without affecting 
the dynamical behaviour. 

To summarize the discussion of the problem of dynamics assignment, it can be said 
that the dynamics of the internally stable system Ly(1t,tp) can be arbitrarily assigned, 
and the following can be stated. 

Theorem 6 
Let L: S(!Rm) ~ S(!Rm) be a strictly causal homogeneous system, let Ly be given by 

(3.1), and let()> 0 be a real number. Assume there is an m x m constant non-singular 
matrix y and a real number /J > 0 such that S(/Jm) c Ly[S(exm)] for some real ex> 0. Let 
(, c: > 0 be real numbers satisfying ( < /J and c: < ()/ex. Let M: S(!Rm) ~ S(!Rm) be any 
unimodular, bi causal, and uniformly l()'j-continuous system satisfying M - 1 

[ S( ( 5er)] 
c S((m). Then, for the compensators n == B- 1 and <p == A, where A and Bare given by 
(3.7) and Q* is given by (3.2), the closed-loop system Ly(1t,tp) is internally stable for all 
input sequences bounded by (), and it satisfies Ly(1t,tp) = M- 1

• Furthermore, the system 
L<y.1r,q,J is also internally stable for all input sequences bounded by (}, and it satisfies 
L<y,1t,q,J = P(1M -

1
• 

Thus, it can be seen that roughly arbitrary assignment of dynamical properties is 
possible for non-linear systems. The compensators n and <p of Theorem 6 will be 
recursive whenever L and M are recursive, as seen from (3.7). A step-by-step 
description of the construction of n and <pis provided below. First, however, the class 
of solutions described by (3.7) is extended. 

Employing the method described in (2.4), the class of solutions described by (3.7) 
can be widened as follows, again using the notation of Theorem 5. In view of (2.5) and 
its relevant discussion, a left fraction representation of the injective homogeneous 
system Ly over the needed subspace is given by Ly = G - 1 T, where 
G==L ; 1 :Ly[S(exm)]~S(exm) and where T:=/:S(exm)~S(exm) is the identity system. 
Now, let h: S(!Rm) ~ S(!Rm) be any strictly causal, recursive, stable, and uniformly l(X)­
continuous system, for which lhvl <()for all v E S(exm). Recalling the definition of Q* 
and (2.4), define the systems 

A'== M -(c:l + h)Q*: S(!Rm) ~ S(!Rm)} 

and 

B' := (c:l + h): S(!Rm) ~ S(!Rm) 

(3.10) 

Then, using the notation employed in the discussion of (2.4), and not1cmg that 
Gv = Q*v for all v E S((m), it is easy to see that A'Pv + B'Qv = Mv for all elements 
VE S' ( = M- 1 [S((5ern C S((m)). In view of the strict causality of hand the fact that 
c: =I 0, it is also easy to see that B' is bicausal and A' is causal, and that the conditions of 
the Corollary are satisfied. Thus, the compensators n == B' - 1 and <p := A' yield 
internal stabilization of L<y,1t,q,J for all input sequences u E S( em). Moreover, we clearly 
still have Ly(1t,q,J = M - 1 and L<y,1r,q,> = P(1M -

1
, as before. 

A discussion follows on the general case of systems for which the dimension of the 
input space is not necessarily equal to the dimension of the output space. Let L: S(!Rm) 
~s(!Rq) be a strictly causal homogeneous system. The assumption at the beginning of 
this section, that the dimension of the input space of Lis equal to the dimension of its 
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output space, namely that m = q, can easily be eliminated as follows. First recall the 
general definition of the system Ly given in (2.1), which is now rewritten for 
convenience. 

(3.11) 

Here, y is a constant p x p invertible matrix. Recalling the definitions of J 1 and J 2 

from § 2, the two cases are distinguished: m ~ q and m < q. When m ~ q, then 
p = max { m, q} = m, and the injection J 1 is in fact the identity system/: S(IRm)--+S(IRm). 
This implies that Im l:1' = S( [RP) = S( !Rm) and the previous discussion of the case m = q 
also applies to this case. 

Probably the easiest way to include the case where q >min the discussion is to add 
some 'dummy' inputs to the system l:: S(!Rm)--+ S(!Rq) so that the number of its inputs 
becomes equal to the number of its outputs. The easiest way to achieve this is as 
follows. Assume that q > m, and let I1: !Rq--+ IRm be the standard projection onto the 
first m coordinates. With a slight abuse of notation, denote by I1 the analogous 
projection II: S(!Rq)--+ S( IRm). Then, the system 

(3.12) 

has an input space of dimension equal to the dimension of its output space. It is very 
easy to implement the system l:'. Indeed, given an input sequence u ES( IRq) with 
u = (u 1

, u2
, ... , uq), where u1, u2

, ... , uq E S(IR), it follows that l:'u = l:(u1, u2 , ••. , um), 
namely the last q - m components of u are simply ignored. In practice, this simply 
amounts to not feeding these components into the system. Furthermore, it is easy to 
see that the system l:' is recursive, strictly causal, and homogeneous whenever l: is 
recursive, strictly causal, and homogeneous. Thus, all the discussion in this section 
applies to l:', and stabilization with dynamics assignment for l:' will evidently also 
yield stabilization with dynamics assignment for the original system l:. The case where 
q > m could also be dealt with in a more direct way without increasing the number of 
inputs, but this would involve a more lengthy discussion. 

The procedure of stabilization and dynamics assignment is now summarized in the 
form of a step-by-step algorithm. For the sake of conciseness, the form of the 
compensators determined by the systems A and B and given by (3.7) is used. Let 
l:: S(IRm)--+ S(!Rq) be a recursive system having a recursive representation of the form 
xk+ 1 =f(xk, uk) with the initial condition x 0 = 0. 

Step 1 

Choose a real number()> 0. This number will serve as the bound on the amplitude 
of the input sequences of the final stabilized closed-loop system. 

Step 2 
Let p == max { m, q}, and notice that p ~ m. Let I1: [RP--+ !Rm be the standard 

projection onto the first m co-ordinates, so that I1 is the identity map when p = m. 
Define the system l:' == J 2 l:I1: S(IRP)--+ S(IRP). Using the notational convention of the 
paragraph following (2.1), this system is represented by xk+ 1 = f(xk, Iluk), x0 = 0. 

Step 3 
Find a constant p x p non-singular matrix y satisfying Condition 1 for I:'. Some 

methods through which such a matrix can be computed are described in the proofs of 



1210 J. Hammer 

Propositions 4-10. Let lJ > 0 be a real number such that S(lJP) c 1:;[S(c,:P)J for some 
real c,: > 0, as described in Condition 1. Notice that 1:; is bicausal. Choose constant 
positive numbers ( < lJ and t: < 8/o:. Choose a recursive, unimodular, bicausal, and 
uniformly /00 -continuous system M: S(IRP)-+ S(IW) satisfying M- 1 [S((58)P)J c S((P). 
The system M will determine the dynamical behaviour of the closed-loop system. 

Step 4 

Let E: S( IRP) -+ S( (P) be the static system constructed in Lemma 2. Define the 
system Q* == :E~ - 1 E: S( IRP)-+ S( c,:P). This system is a combination of the two recursive 
systems 1:~-1 (whose recursive representation is given by (2.2)) and E (whose recursive 
representation is given by (3.3)), and therefore can readily be implemented on a digital 
computer. 

Step 5 
Construct the system 

A:= M - t:Q*: S(IRP)-+ S(IRP) 

and 

B := t:l: S(IRP)-+ S(IRP) 

where I:S(IRP)-+S(IRP) is the identity system, as in (3.7). Using these systems, 
construct the precompensator rr = n- 1 = ( 1/t:)J, which is simply an amplifier in this 
case, and the feedback compensator <p ==A= M - t:Q*. Then, the closed-loop system 
:Ecy,1t,q,) around :E' will be internally stable for all input sequences from S( 8P), and 
:E~Cit,q,l = M- 1 and :Ecy,1t,q,l = Pu M- 1. 

Of course, similar steps can also be used in conjunction with (3.10) to obtain more 
general compensators. 

The discussion is concluded with an example on the computation of the stabilizing 
compensators rr and <p. As stressed throughout this paper, and as will be clearly seen in 
the example, this procedure yields the stabilizing compensators rr and <pin an explicit 
form and in terms of quantities that are directly derived from the given recursion 
functions of the original system :E and the unimodular system M. In order to avoid 
cluttering the presentation unnecessarily, a rather simple example is provided. The 
situation in general is similar. 

Example 
Consider the system :E: S( IR)-+ S( IR) described by the recursive representation 

xk+ 1 = 2xk + cos (xkuk) + ub x0 = 0 

It is easy to see that this system is not stable. Follow Steps 1- 5 of the stabilization 
procedure to compute the stabilizing compensators. First, choose 8 = 1. The recursion 
function here is 

f(x, u) = 2x + cos (xu) + u 

so that the conditions of Proposition 5 are satisfied with t/J = cos (xu). Thus, lJ can be 
chosen as any real positive number, so, for example, take lJ = 2. Further, following the 



Dynamics of non-linear recursive feedback systems 

notation of the proof of Proposition 5, a = 2 and b = 1 so that 
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and, choosing }' =-!-, then n(y) = 0, so the requirement O ~ ln(y)I < 1 is satisfied. For 
this choice, it follows from the proof of Proposition 5 that c = 2b + 1 = 5. Using (3.5) 
and the fact that n(y) = 0, we have 

Since }' = ! then lul ~ 14, or S(2) c Ly[S( 14)], and a= 14. Now, choose ( = 1, and 
M = {JI as in (3.4) and Theorem 5. Since /J ~ 5 must be true, choose /J = 5. Also, since 
e < /4 must also be true, choose e = lo. Next, the system Q* is given by the following 
equations, where w is the input sequence of Q* and v := Q*w is the output sequence. 
Here, since ( = 1, the function e is defined by e(wk) := wk if lwkl ~ 1 and 
e(wk) == sign (wk) if lwkl > 1, where sign ( ·) = ± 1, depending on the sign of the 
argument. 

zk=e(wk), k=0,1,2, ... 

vk+ 1 = 2{zk+ 1 - 2zk - cos [(zk - vk/2)vk]}, k = 0, 1, 2, ... 

v0 = 2[z 0 - x0 ] = 2z0 

Finally, with /J, e and Q* available, the systems A and B of (3.4) can directly be 
constructed, and from them the compensators n = B- 1 and <p = A. Note that the 
precompensator n here is simply an amplifier of 20. Regarding <p, for any input 
sequence w, the output sequence s := <pw it generates is given by sk = 5wk - ( l0)vk, 
k = 0, 1, 2, ... , where the sequence v == Q*w is given by the above recursive equations. 
The closed-loop system :E(y,1r,q,J here is internally stable for all input sequences 
bounded by 1 (since e = 1 was chosen), and, since M = {J, it easily follows that 

1 1 
Ly<1r,cp> = p = 5 

which is a static system. This gives a demonstration of the wide range of dynamics 
assignment that is obtainable. Notice however that L<y,1r,cp) here is not static. 

Finally, the following remark is made. Throughout this discussion, the quantity}' 
in the control configuration in Fig. 2 has been interpreted as an invertible constant 
matrix. In some cases, better results can be obtained by using a continuous and 
continuously invertible non-linear function y( u) in place of}', or possibly even by using 
an appropriate dynamical system. 
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