


























1680 J. Hammer

Introducing the shorthand notation

Loy sttin) =S f(fGuo)y ) i)

we can write

Yi :fi(y, Ugy .-y Ui 1)

A state y' € R is reachable from the state y € R” in i
steps if there is an input list wg,...,u; ; for which
f'(y,ug,...,u; 1) =y'. The set of all states that are
reachable from y in i steps is then given by

Im f'(y,) == {f ,ug,...,u;1) : g, ..., u;_, € R™}

The relaization (1.0.3) is globally reachable if there is an
integer n > 0 for which the following is true: every state
y' € R is reachable from every state y € R’ in n steps;
i.e.if Im /" (y,-) = R’ for all y € R”. Hammer (1998, §4)
contains computational tests for the verification of glo-
bal reachability; it is shown there that many systems of
practical interest are globally reachable.

The realization (1.0.3) is everywhere locally reachable
if there is an integer ¢ > 1 for which the iterated func-
tion f(y,) is an open function for all states y € R”. A
computational test for local reachability is listed in
Hammer (1998, Proposition 2); for this test, one can
take g = p, where p is the dimension of the state space.

Let X be a system with the realization (1.0.3), and
assume that X is globally reachable as well as every-
where locally reachable. Let n be the smallest integer
satisfying (i) Im f"(y,-) = R? for all y € R”, and (ii)
f"(y,-) is an open function for all states y € R”. Then,
we call n the reachability integer of the system (see
Hammer 1998 for a discussion). Although the notion
of local reachability is not directly mentioned below, it
is instrumental for proving the existence of some of the
quantities, as seen in Hammer (1998, §4).

Let then X be globally reachable with the reachabil-
ity integer n, and consider for a moment the nominal
case (where all disturbances are set to zero). Let &, be the
initial condition of the model M, and let v be the input
sequence of M. The output sequence &,&),&,,... € RP
of M is then given by the recursion &, = @(&, vi).

Assume that X starts from the initial condition
yo = &, as does M. Then, using global reachability of
2, we can construct an input sequence u € S(R") that
drives X so that its output values match the output
values of M at steps that are integer multiples of the
reachability integer n. Indeed, we have £, = y,; and
global reachability implies that there is an input list
uy(0), ..., u,_1(0) such that

Yn :f"(y07 llo(O), ceeyUpg (O)) =&,

Repeating the same process every n steps, we obtain for

every integer j >0 a list uy(j),...,u, ((j) of input
values for which

Y(j+1)n :f”(yjm llo(j), o mmy un—l(j))
= §(j+l)n = @”(gjna Viny ++ 5 V(j+1)n l) (411)
Concatenating these lists into the sequence
u=1up(0),...,u, 1(0),u(1),...,u, (1),... (4.1.2)

yields an input sequence that drives X so that its
response sequence y satisfies

Yin = gjn
for all integers j > 0. In other words, with this input
sequence, the output values of X and of M are identical
at all steps that are integer multiples of the reachability
integer n. Note that by (4.1.1), this input sequence of X
can be calculated from the known initial conditions and
the known input sequence v of M. We show later that
the sequence u can be generated by a feedback control-
ler.

It is important to emphasize that although (4.1.3)
can be satisfied in all cases when X is globally reachable,
it is still possible that there is no input sequence u of X
for which

(4.1.3)

e — &l < A—-26

for all integers k > 0. Substantial divergence between
the two trajectories y and £ may occur at steps that
are not integer multiples of the reachability integer n.
Whether or not (4.1.4) can be achieved for all steps
k > 0 depends, of course, on the dynamical properties
of the systems X and M.

The notion of reachability helps transform the prob-
lem of finding the infinite sequence u into a problem of
solving the » inequalities

i=1,2,...,n— 1}

Ifi(y07u07"',ui—l) - Etl S A —267
(4.1.5)

(4.1.4)

If”(y0~ Upy - - vun—l) =l ‘Sn| =0

Assume there is a solution uy(yg, &), u1( Yo, g, &2), - - - »
u,_1 (Yo, gy - - -y Up_2,&,) Of (4.1.5), where we have made
explicit the dependence of #; on all relevant variables.
Then, the entire sequence u can be assembled by using
the concatenation (4.1.2) with the values

llo(j) = uO(yjm §jn+l) = uO(yjm (p(é-jm vjn))
wi(7) = (Vs Wi - - » Winsi=1> Enerir1)
= ui(yjm Ujpy o oo s Ujpsio1s ()D(Ejn+i> vjn+i))
i=1,...,n—=1,j=0,1,2,.... This process divides the
infinite sequence u into segments of length n, allowing
a finite dimensional computation for each step.

The requirement (4.1.3) is overly strict, as it does not
allow for errors at steps that are integer multiples of #;

(4.1.6)
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(4.1.3) needs to be weakened by permitting some dis-
crepancy among the values of y;, and §;,. For this pur-
pose we introduce a design parameter given by the real
number p > 0 and replace (4.1.3) by the requirement

Win — &ul < o, j=0,1,2,... (4.1.7)

We assume that (4.1.7) is also valid for the initial con-
ditions, i.e. for the case j =0. Since disturbances of
amplitude ¢ can be added to y and to &, the restriction

p+26< A (4.1.8)

is needed to guarantee that the total discrepancy never
exceeds A. From (2.1.1) and (4.1.7) we obtain

for all integers j > 1.

To conform with common practical issues, we
require all input sequences of the system X to be
bounded by a specified amplitude bound p > 0. The
value of p is determined by the physical characteristics
of 2.

We now turn to a detailed description of the process
of calculating relative eigensets. It is convenient to intro-
duce at this point some projections that are utilized in
the ensuing discussion.

Hi : (Rm)j - ('Rm)i+l : (MO’ £ 7uj—l) = (u01 EEE ui)

mi (R™) = R™: (ug, ..., uj_y) —u;

where 0 < i <j — 1. Our goal at this point is to achieve
the following objective, as a step toward deriving a sol-
ution to the approximate model matching problem.

(4.1.10) Ohbjective: Satisfy the requirements (4.1.4)
and (4.1.7), while allowing disturbances of amplitude
not exceeding ¢ to be added to y and to &.

Let & and y, be initial conditions of M and X, and
let wg,...,w, ; and sg,...,s, | be input lists of M and
2, respectively. As mentioned earlier, the nominal values

SatiSfy |£0| <0, |y0| <O TP 805581 € [—/"'a :u']m’
and wg,...,w,_| € [—0,6]", so all quantities are
bounded. For an integer i € {1,2,...,n— 1}, construct
recursively a subset (f,©)s(¥0,&0,50y -« - »Si—1, Wos -+ -
w;_1) of R” x RP as follows

(f,9)s = (y0,&);  and

k
(f7 W)g(J’o’ﬁo,So, sy Sk—1, Wy ey wk—l) :
fe—
= (f? (p)[Nﬁ((f: 90)6 I(y0>§07307 ey Sk—2,Wo,y -0y Wk—Z))a

Nis(s5—1), Ns(wi_1)]

k=1,...,i. In intuitive terms, the set (f, ©)s(Vos
£0y 50y -+ 5 Si_1, W, ---,W;_1) consists of pairs (x,()
where x is a state of 2 and ( is a state of M, that can
be reached at the step i under the following conditions:

(a) The system X starts from the nominal initial con-
dition y, and is driven by the nominal input list
So,---,8;1, while at each step (including the
initial step) the state value as well as the input
value are disturbed by a disturbance of ampli-
tude not exceeding 6.

(b) The system M starts from the nominal initial
condition &, and is driven by the nominal input
list wy, ..., w; , while at each step (including the
initial step) the state value as well as the input
value are disturbed by a disturbance of ampli-
tude not exceeding 6.

Now, for fixed intial conditions y, and &;, and
for a fixed input list wgy,...,w,_; of M, let
W (yg, &, Wo, - .-, W,—1) be the set of all input lists
50y +3Su_1 € [—u, )™ of X for which the following hold

|Hy—f[(f7 90):50’0750,50, sy Sic1, Woy ek Wi—l)“ <A-26

(4.1.11)
foralli—1,...,n—1; and
IH}’—E[(fa (p)g(y07€0)s[]a sy Sp—1,Wo, - - .,W,,_[)]l < P
(4.1.12)

Note that relations (4.1.11) and (4.1.12) represent
a finite set of inequalities based on the two given recur-
sion functions f and . The solution set
W (yo, &, Wo, - .- ,w,—1) of these inequalities forms the
basis of our construction of a (6, A)-eigenset of f relative
to . We assume that the reachability properties of the
system 2 are such that

W(y07£07 Woyevvs wlz—l) 7& Q

for all yg,&,wo,...,w,_; satisfying |y < O +p,
|&] < @, and wy,...,w,_; € [6,6]"; this guarantees
the existence of input sequences for which (4.1.4) and
(4.1.7) hold.

The calculation of the set W(yy, <&y, wo,- -, Wy_1)
from the inequalities (4.1.11) and (4.1.12) may involve
non-causal operations, since, for instance, the value s;
for i < n—1 may depend on w,_;. To guarantee caus-
ality, further restrictions must be imposed, as follows.
For n > 1, define the set V;(yg, &, wo, - .., w;) by

(4.1.13)

Vi(y0)§07 Wo,- -0 Wi) :
= ﬂ H,-W(yOafmw(]a”'awn—l)a
Wi ety 1 €[-0,0]"

i=0,...,n—2 (4.1.14)

Then, Vi(yg,&, wo,---,w;) depends only on the input
values wy,...,w; (and the initial conditions yy, &), and
whence can be calculated from information available at
the step i.
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Next, define the set U(yq, &, Wo, - - -, W,_1) as the set
of all lists (sg,...,s, 1) € W(yg, &, wo, - .-, W, ) satisfy-
ing

(s, -, 54-1) € Vi(yo, &, wo, - -

The set U(yy, &, wq, - - -, W,_1) consists then of input lists
Sg,---,S, 1 that can be calculated causally; namely, for
each i€ {0,...,n—1}, the values sg,...,s; can be
obtained from information available at the step i.

From our construction so far it follows that
Objective (4.1.10) can be met if

U(y0a§07 Woy ooy l")nfl) 7é Q

for all || <@, for all |yg| <@+ p, and for all
Wo, ..., W, | €[—6,6]". We refer to U(yg,&,Wo,---»
w,_ 1) as the causal solution set of (4.1.11) and (4.1.12).

Assuming that U(yq, &y, W, - .-, W,_1) # &, We con-
struct the sets

Lw),i=0,...,n—2

(1,6) = (£, 0)5(0:£0sS05 -+ +8i- 15 Wos -+ s Wi 1)
s =mU(yo, €0 Wos -5 Wy1)
we[-6,6"
S; =< (3,5,&w) &l <o
[yo =&l <p
500 »Sio1 =11; 1 Uos&os Wos -2 W1)
\ Woy ooy Wy | € [—6,0"

i=0,...,n—1. It follows then by the definition of
(f, ¢)s by (4.1.12), and by (4.1.9) that

(fs9)[INs(Si)] C I ye[Sisil,
(f,©)[Ns(S,-1)] C e[Sy

so that we have a cyclical situation. Thus, the set

s= |J lS,- (4.1.15)

i=0,...,n—

i=0,...,n—2, and

has the property
(f,9)INs(S)] C I,¢[S]

and S is a conditional invariant subset for the function
(f, ). Furthermore, (4.1.16) indicates that the con-
ditional invariance of S is not destroyed by disturbances
of amplitude not exceeding é. In this way, the concept of
reachability allowed us to build S by considering only n
steps of the systems M and X.

Further, (4.1.11), (4.1.12) and (4.1.8) also imply that
I, ¢[S;]]| < A—26foralli=0,...,n—1, so that

[, ¢[S]| < A—-26 (4.1.17)

Combining (4.1.16) and (4.1.17), it follows that S is a
(6, A)-eigenset of frelative to . Thus, we have obtained
a constructive procedeure for the derivation of relative
eigensets. As we can see, the critical step in this pro-
cedure is the solution of (4.1.11) and (4.1.12): a set of

(4.1.16)

algebraic inequalities determined by the given recursion
functions f and ¢. The following statement summarizes
our discussion in this regard.

(4.1.18) Theorem: Let 2~ and M be systems with the
recursive representations Vi, =f (i, u) and & =
o(&, ), respectively, where M is output bounded by
the real number © > 0. Let U(yg,&y, Wos ..., W,_1) be
the causal solution set of (4.1.11) and (4.1.12). Assume
there are real numbers A > 0,6 > 0,p > 0,0 > 0, where
p+26 <A, for which U(yy, &y, Wo, - - -y Wy_1) 7 & for all
Y0:&0, Woy - -y Wa1 satisfying  |§| < O, |yo| <O +p,
lvo — &l < p and wy,...,w, | € [—6,0]". Then, the set
S of (4.1.15) is a (6, A)-eigenset of f relative to ¢, input
complete with amplitude 6.

Once a (6, A)-eigenset S of f relative to ¢ has been
derived, we can build a controller that solves the
approximate model matching problem by following
the procedure of Theorem (3.2.5). As Theorem (3.2.5)
suggests, the contraction radius § of S determines dis-
turbance amplitudes that the closed loop system is guar-
anteed to tolerate. Consequently, when solving the
inequalities (4.1.11) and (4.1.12), it is beneficial to find
the largest value of 6 for which a solution exists.

(4.1.19) Example: Consider the model M given by
the system

vt = 0.58 + wy

so that ¢(&, w) = 0.5 + w in this case. Suppose that the
initial condition of M satisfies |{y| < 1 and the input
amplitude bound is 8 = 1. It follows readily from well
known properties of linear systems that M is BIBO-
stable, and one can use the output bound & = 2.

Let the system X that needs to be controlled be given
by

Verr = [0%)” + sk

so that f(p,s) = (»* + 1)s here. A slight reflection shows
that 2 is globally as well as locally reachable, and its
reachability integer is n = 1.

Assume that the specified discrepancy bound is
A =1, and that p = 1/2. The objective is to find a con-
troller, as well as a maximal value for the contraction
radius 6. Note that according to (4.1.8), we must have
6§<1/4.

Now, the function (f, ) here is given by

(f, ), 5,w) = (77 + 1)5,0.5¢ + w)
Inequalities (4.1.11) and (4.1.12) reduce to a single

inequality here (since n = 1), given by

[+ )’ +1s+8) —[0.5(C+7) +(w+e)] < p=1/2
(4.1.20)
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where «, 3, v and ¢ represent disturbances. Note that
(4.1.20) has to be valid for all

o] <6, 18] <6, lv] < 6, le] <6
I¢| <2, w <1, |y—¢I<1/2  (4121)

The amplitude bound on M implies that |[¢]| < 2, so the
inequality |y —¢| <1/2 implies that [y| <2.5 in the
nominal case. We use the controller template (1.0.6).

We first find a feedback function o that minimizes
the discrepancy among the responses of the controlled
system and the model M in the nominal case. For this
function o, we calculate the maximal value of 6 for
which the discrepancy between the responses of the con-
trolled system and the model M does not exceed A = 1.
Direct observation shows that in this case one can
achieve a zero nominal discrepancy between the
responses of the controlled system and the model M
by using the feedback function

0.5¢+w
¥ +1

Substituting this value into (4.1.20), we obtain the
inequality

0+ + (5554 )

s=o(y,{w) =

—[0.5(¢+7) + (w+e)] <1/2

which has to be valid for all quantities satisfying
(4.1.21). Reorganizing terms we obtain

ya+ o] (O.5C +w

) o+ e+ 110

—[0.5y+¢] < 1/2 (4.1.22)

A slight reflection shows that the worst case of (4.1.22)
subject to (4.1.21) occurs for a =06, =46, v= -6,
e=-6, (=2, and w= 1. Substituting these values
into (4.1.22) we obtain the inequality

2
6 2
[2y +6](y2+1

A numerical calculation then shows that in order for
this inequality to hold for all nominal values |y| < 2.5,
one must have approximately § < 0.048. Thus, the nom-
inal feedback controller in this case is given by

et = 0.5k + vk

S = a(yka Cka vk) =

> +{+6+1)6+156<1/2

05(k + Vi
) +1

while the maximal contraction radius is approximately
6 =~ 0.048.

C:

As we can see from the example, the largest value of
the contraction radius 6 can be calculated directly in

each case. This value of § determines the largest permis-
sible disturbance amplitudes compatible with Theorem
(3.2.5), in the sense of Proposition (3.2.7).

By an argument similar to the one used to prove
Hammer (1998, Theorem 4), the following statement
can be shown to be true. When the system X is globally
as well as locally reachable, and when the model M is
output bounded, there are real numbers A, §, p,§ > 0 for
which the relative eigenset S of (4.1.15) is not empty.
When this is combined with Theorem (3.2.5), it implies
that every recursive system whose formal realization is
reachable, can be robustly stabilized by a controller of
the form (1.1.7); stability here is in the BIBO sense.

To conclude, we have presented a rather general
theory for the design of controllers for non-linear recur-
sive systems. For the case of systems whose state is pro-
vided as output, the controllers use state feedback; for
systems whose output is not a state, the controllers use
output feedback, and no observers are involved. The
theory is computational, and the calculation of control-
lers is based on the solution of a set of algebraic inequal-
ities. As can be seen from the basic controller template
(1.0.6), the controllers used in this framework ae always
BIBO-stable (when the model M is BIBO-stable). The
results presented here also provide a general computa-
tional methodology for the stabilization of non-linear
recursive systems.

(4.1.23) Remark: The causality condition (4.1.14) is a
relatively strict requirement, which may limit the fidelity
by which X can follow the model M. In some applica-
tions, the causality requirement can be eliminated by
approximating a delayed version of the model M, as
follows. Let D denote the on-step delay operator.
Then, one could require the closed loop system X, to
approximate the delayed model D"~'M, rather than
approximating M. This would eliminate the need of
imposing (4.1.14), since the (7 — 1)-step delay has the
effect of replacing W (yq, &y, wo, - -, Wa_1) by W (¥, &0,
W_,41,-.-,Wp), S0 that only past input values of M are
involved. This, of course, changes the design require-
ments, and is only possible in applications where delays
are non-disruptive.

5. Proofs and technicalities

The present section contains the proofs of Theorem
(3.2.5) and Proposition (3.2.7).

Proof (of Theorem 3.2.5): We use the notation of
Theorem (3.2.5), and assume that the disturbance am-
plitude bounds satisfy ny < 6 and n; < §/3. Also, by
the assumptions of Theorem (3.2.5), the initial con-
ditions satisfy (yo,&) € IT,¢[S]. Let (o be the initial
condition of the controller C of (1.0.6), and note the
sequence ¢ € S(R) generated inside C. We can write
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Co = & + wp, where |wy| < 8. Further, let s € S(R™) be
the output sequence of the controller C as generated
by the assignment (3.2.4). The response sequence
y € S(RP) of the closed loop system is then given by
the recursion

Vi1 =S Vo Sk +vig) + v (5.0.1)

where s, satisfies (3.2.2). Recall that, according to
(2.1.2), our objective is to approximate the response of
the disturbed model M having the representation

Erp1 = O(& + Vs o1, Vi + Vag) + Vs (5.0.2)

we set here vs | := wy to accommodate the initial con-
dition error. This then yields £ = ¢, where ( is the
sequence generated by the implementation of M inside
the controller C of (1.0.6).

At the step k + 1, the discrepancy between the out-
put value y,,; of the closed loop system X, and the
output value &, of the disturbed model M is given by

Virr = &kst] = [Vka1 = G| = [[F s Sk + v1k) + v
— [ + Vs g1, Vi + Vag) — Usil|

where

Sk = o(Vk + U3 4, G, Vi + Vag)

We need to show that under the assumptions of
Theorem (3.2.5), one has

Vet — & <A

for all integers k =0,1,2,....

To that end, let £k >0 be an integer, and let
(ax, by, vi) be a point in the set IT,[S]. Consider the
recursion

(5.0.3)

i1 = fag +vap—i, Sk +U1)
biy1 = (b + Vs g1, Vi + Vg )

Sk = 0@ + Vag—1 + Vs, b + Us 1, Vi + Va)
(5.0.4)
Refer to the point
(2k Gy Wit) == (@ + Vagemt + V3, b + Us 1, Vi + Vag)
(5.0.5)
which is the argument of o in (5.0.4). Then, |z—
ar| <2ny <26/3  and  [(zg, G, wi) — (ar, b, vi)| <

max {2n;,ng,np} <6  under our  assumptions.
Consequently, the set A4(-) of (3.2.1) (ii) satisfies

A(zg, Gk, wi) # . Since
S = 0(2k, Gk Wi) € Us (2, Ger i)

it follows by (3.2.1) that there is a point
(CY, /87 ’Y) € A(Zk?Ck7wk) such that

(a,56,8,7) €S (5.0.6)

here, by the definition of the set 4, one has

le—*(Xl S26/3, lCJ»_ﬂl S5 and
W —~| <6 (5.0.7)
so that (zj, s, G, wi) € Ns(S).
Using (5.0.7) together with the equalities

Zp = @ +Uyp 1 + V3, G = b+ Uspq, and wp = v+
vy ;. implied by (5.0.5), we obtain

(@ + Va1, Sk + V1 b + Us 15V + Vag) — (2,5, 8,7))]
= max {|a; + var1 — af, [vigl, [G — B, [we — 7}

< max {|[a; + vy — 2] — [ — ]|, 6}

= max {|[-vs,] — [@ — z]|, 6}

,6}

< max {6/3 +26/3,6} = 6

< max {|us| + |a — 2

where the last inequality is by (5.0.7). Since
(a, 81, B,7y) € S according to (5.0.6), this shows that

(@ + Vag—1, Sk + Vi ey b + Us 15 Vi + Vag) € No(S)

But then, using the fact that S is a (6, A)-eigenset of f
relative to ¢, it follows that (a;.,b;.) of (5.0.4) satis-
fies (apy1,bi41) € I ¢[S].

By (50.1), (504) and (5.0.2), we have
Vir1 = G + o and &y = Gyt = bryy + sy Since
I, S| < A —26 we have |aj — by | < A —26; and
since |vy| < 6/3, and |vus,_;| < 6, we obtain

[Ves1 = &er1] = |@iqr + Vo — (brgr + s )| < @k
— by |+ [vag] + Jusg| < A

Finally, in view of the fact that the initial conditions
satisfy (yo,&) € I,¢[S], it follows by induction that
(5.0.3) is valid for all integers k > 0. This concludes
our proof. O

Next, we provide the proof of Proposition (3.2.7).

Proof (of Proposition 3.2.7): The proof consists of con-
structing an example for which the statement is true.
The example we provide is of single-input single-output
systems M, X : S(R) — S(R); we take the model M to
be the zero system, while the system X has the nominal
recursive representation.

Vi1 =S ks i) == p[0.1 — max (|ygl, [ux )]
+ p[0.1 — max(|yy — o, lux — af)] — 1

where u denotes the unit step function, and o > 0.1 is a
fixed number (to be selected later). We take A = 0.3,
6=0.1, p=0.1, 6=1. A direct observation shows
that the set

S = {(0,0,0,[~1.1]), (@, @, 0, [~ 1.1])}
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is a (6,A)-eigenset of f relative to the zero function
here, and that § = 0.1 is the largest contraction radius
possible in this case.

We assume that all disturbances have the same
amplitude bound € > 0, and we take a = 4¢. Note that
by Theorem (3.2.5), a possible value for e is e = §/3. We
show below that in the present case e = §/3 is indeed the
maximal permissible value of €, so that the disturbance
amplitude bound of Theorem (3.2.5) is tight in this ex-
ample.

To show that it is so, let £ > 0 be an integer, and
consider the particular case where X is at the nominal
state x; = 0, and the disturbance values are v,;_; = ¢,
v3, = €. Recall that when disturbances are included, the
recursive representation of 2 is given by (1.0.5), so that
the state value y, that appears in the argument of f for
the step k& is actually

Vi =Xg + U1 =0+ vy =€
Using the notation of diagram (1.0.2), we have
Zx =Yrt Uz =2¢

Now, z, is the value received by the feedback func-
tion o of (1.0.6) as an estimate of the state of 2. Since the
point z, = 2¢ in the middle between the two possible
states 0 and a = 4¢ of S, there is no preference to any
side. Suppose the assignment of o was made so that
0(2¢,0,0) := «, as if the nominal state was x;, =«
(which is the wrong estimate in this case); then,
s = a. (If the assignment was o(2¢),0,0) := 0, then a
similar situation occurs when the nominal state is
X =)

Under these conditions, the arguments of f at the
step k become (y,s;) = (€,a) = (¢,4¢). In order not
to exceed the discrepancy A, we must have then that
(e,4€) € I1,,N4(S), which in this case reduces to the
requirement (e,4¢e) € Ns{(0,0), (4¢c,4¢e)}. The largest
value of £ > 0 that satisfies this requirement must be
such that 4e — e < 6, or 3e < 4. Thus, for the present
example, the model matching problem can be solved
(if and) only if € < §/3, where § is the contraction radius
of the eigenset. This concludes our proof. O
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